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Richard Feynman and the polaron problem

You can’t wait for inspiration. You have to go
after it with a club.

(Jack London)

One day, towards the end of August 1954, Feynman was feeling low, with nothing to do, and
felt like goo�ng o�. At that time, there was a pretty librarian working at the Caltech library,
so he went to the library to look at her. There, as a cover, he just picked up a journal in order
to have something to do to appear busy, and it was an issue of A dvances in Physics: there
was an article in it by Herbert Fröhlich on slow electrons moving in a polarizable crystal like
sodium chloride. Fröhlich described the problem, and said that if this problem were solved it
would go a long way toward understanding superconductivity, a remark which Feynman did
not understand in the slightest; it was, in fact, not correct.

[...]

On 8 September 1954, Richard Feynman wrote to Herbert Fröhlich: “W e have very pretty
librarians. Last week I went to enjoy the scenery and picked up A dvances in Physics as a cover.
I read your article. I became more interested in it than in the librarians and resolved to accept
your challenge to �nd a method uniformly valid over the entire range of [the coupling constant].
Enclosed is my solution. . . .What do we have to do to understand superconductivity?”

From T he beat of a di�erent drum by J. Mehra [1].





Abstract
Strongly correlated electron-phonon models with dispersionless phonons and a coupling term
of the Holstein type are studied using quantum Monte Carlo (QMC), cluster perturbation the-
ory (CPT), exact diagonalization (ED) and variational approaches. The emphasis lies on the
adiabatic regime, which represents a serious challenge and cannot be accurately described ana-
lytically at intermediate or strong electron-phonon coupling. The calculations focus on spectral
properties, which contain a wealth of information about the excitations of the systems.

The small-polaron cross over in the Holstein model with one electron is investigated in one to
three dimensions at zero and �nite temperature. Using CPT together with the Lanczos method,
the one-electron spectral function is obtained at continuous wavevectors. A novel QMC method
is developed based on the canonical Lang-Firsov transformation. It is free of any autocorrela-
tions and employs an exact sampling of the phonon degrees of freedom. Consequently, it can
be used to study any phonon frequency and electron-phonon coupling strength. It is found that
the physics of the Holstein polaron can be described by a simple variational approach, based
on an extended Lang-Firsov transformation, which is shown to yield surprisingly good results
in parameter regimes where the standard strong-coupling approach fails completely.

Furthermore, the one-electron spectrum of the Holstein-Hubbard model with two electrons
is studied by means of CPT. It reveals the competition between polaron and bipolaron states
as the electron-phonon coupling and the Coulomb interaction are varied. The dispersion of
the bipolaron band is found to display signi�cant deviations from a simple tight-binding band,
which may be attributed to next-nearest-neighbor hopping processes. The one-electron QMC
algorithm is extended to study the Holstein-Hubbard bipolaron in the adiabatic regime. Inves-
tigating the evolution of bipolaron states with increasing temperature, a thermal dissociation
of the intersite bipolaron is found at high temperatures, as predicted for the paramagnetic state
of some manganites. A variational approach is presented which reproduces qualitatively the
e�ect of retardation on bipolaron formation.

Finally, the spinless Holstein model with many electrons is studied in one and two dimen-
sions using CPT in combination with the exact atomic-limit Green function, QMC and the ker-
nel polynomial method. The combination of an improved determinant QMC method and ED
calculations on shared-memory systems produces accurate results in the adiabatic regime over
the whole range of electron-phonon coupling. Most importantly, starting from the low-density
limit, we observe a cross over from a polaronic state to a metallic state with increasing band
�lling in the intermediate coupling regime. Similar e�ects are expected to play an important
role in materials with strong electron-phonon interaction and high carrier density such as, e.g.,
the manganites.
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Kurzfassung

Die Wechselwirkung zwischen Elektronen und Gitterschwingungen (Phononen) spielt eine
wesentliche Rolle in stark korrelierten Materialien wie, z.B. Manganaten. Da für den Bereich
kleiner Phononenfrequenzen und mittlerer oder starker Elektron-Phonon Kopplung keine ver-
lässlichen analytischen Zugänge existieren, erfordert eine theoretische Beschreibung dieser
Systeme die Verwendung numerischer Verfahren. Die Komplexität der zugehörigen Modelle
schränkt Rechnungen mit herkömmlichen Methoden oft stark ein, was die Entwicklung neuer
Zugänge motiviert. Im Mittelpunkt dieser Arbeit stehen eine neue Quanten Monte Carlo Meth-
ode, sowie die Anwendung der kürzlich entwickelten Cluster Perturbation Theory auf Elektron-
Phonon Systeme. Zusätzlich kommen einfache Variationsansätze und exakte Diagonalisierung
zum Einsatz. Gemeinsam erlaubt dies die Berechnung von statischen und dynamischen Größen,
sowohl bei endlichen Temperaturen als auch im Grundzustand. Zur Vereinfachung beschränkt
sich die vorliegende Arbeit auf Modelle mit Holstein Phononen. Die obengenannten Methoden
werden verwendet, um den Übergang von freien Elektronen zu Polaronen und Bipolaronen mit
zunehmender Stärke der Wechselwirkung, sowie den Ein�uss von endlichen Temperaturen,
der Phononenfrequenz, der Coulombwechselwirkung und der Ladungsträgerdichte zu unter-
suchen. Insbesondere richtet sich das Augenmerk auf die Berechnung von Photoemissions-
spektren.
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1 Introduction

Everything should bemade as simple as pos-
sible, but not simpler.

(Albert Einstein)

The coupling of charge carriers to the lattice degrees of freedom is known to play an important
role in many s trongly correlated materials, in which the strong mutual interaction between
electrons and electrons, on the one hand, and between electrons and phonons, on the other
hand, gives rise to new collective phenomena which cannot be described within the approx-
imation of independent electrons. Upon the most prominent members of this family are the
high-temperature superconductors, e.g., the cuprates. Despite the still hotly debated key mech-
anism for the high transition temperature in these systems, electron-lattice e�ects have been
identi�ed as a nonnegligible component for realistic models [2]. Apart from this very active
�eld, electron-phonon interaction is also of great importance in more recently discovered tran-
sition metal oxides, namely the manganites [3] and the vanadates [4].

As a result of the above discoveries, interest in electron-phonon models has revived. Owing
to the complexity of such systems, theoretical e�orts usually rely on rather crude approxi-
mations. In fact, even for the simple and therefore widely studied Holstein molecular-crystal
model, no exact solution—valid over the entire range of parameters—exists except for the case
of a single electron with a relativistic band structure [5, 6] or in in�nite dimensions [7, 8]. As
a consequence, a lot of numerical work has been devoted to an understanding of the e�ects of
strong electron-phonon interaction. While the model with one and two electrons is by today
quite well understood, the many-electron case—realized in experiments—is still in the focus of
intensive research. Despite the known shortcomings of, e.g., small-polaron theory [9], unjusti-
�ed approximations are still widely used to explain experimental data [3]. This often leads to
inconsistent and confusing descriptions and makes progress towards a more complete under-
standing of electron-phonon models highly desirable.

In this work, numerical methods are employed to study the Holstein model, with and without
Coulomb interaction. To be more speci�c, we use quantum Monte Carlo (QMC), which has
contributed a lot to the advances in condensed matter theory in the last decades [10], cluster
perturbation theory [11, 12] and exact diagonalization. In combination, these techniques, which
are reviewed in Chap. 2, will enable us to study the ground state as well as �nite temperatures
by calculating static and dynamic properties.

As the complexity of the physics increases signi�cantly with the number of electrons, we
shall �rst consider the one-electron case. To this end, we study in Chap. 3 the cross over
from a weakly dressed quasiparticle for weak electron-phonon coupling, to a heavy small
polaron in the strong-coupling regime. We then proceed to the case of two electrons in the
Holstein-Hubbard model (Chap. 4), which can form a bound state even in the presence of strong
Coulomb repulsion due to the phonon-mediated, attractive interaction. Although theories of
high-temperature superconductivity based on a condensation of bipolarons into a Bose-Einstein
state have been shown to exhibit several shortcomings [13, 14], similar to other approaches,
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1.1. Some physics of the manganites

e1
gt2g
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3
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Figure 1.1: Energy levels of Mn3+ in the presence of crystal-�eld and JT splitting. Here EJT is
the JT splitting energy.

they are capable of explaining several experiments. Some authors also argue that bipolarons
play a dominant role in the manganites, and may even account for the metal-insulator transition
and colossal magnetoresistance (CMR) [15]. Finally, in Chap. 5, we study the spinless Holstein
model with many electrons, which represents a system of interacting polarons. In addition to
the purely numerical methods, we present simple variational approaches to the Holstein model
with one and two electrons, as well as a strong-coupling perturbation theory, based on the exact
atomic-limit Green function, for the spinless Holstein model at half �lling.

In the remainder of this chapter, we �rst give a short review of the manganites (Sec. 1.1)—
focusing on the ferromagnetic regime—and brie�y discuss angle-resolved photoemission spec-
troscopy, which has proved to be extremely useful to obtain information about the electronic
states of strongly correlated materials (Sec. 1.2). Finally, in Sec. 1.3, we derive the model Hamil-
tonians considered in this work, and motivate the study of Holstein models.

1.1 Some physics of the manganites

Interest in manganites of the form R1−xAxMnO3, where R is a trivalent rare-earth ion such
as La or Nd, and A is a divalent alkaline-earth ion such as Ca or Sr, has revived in the 1990’s
due to the discovery of CMR. Originally, these compounds have already been studied by Jonker
and van Santen in the 1950’s [16, 17], and an extensive review of the early work on perovskite
manganites is by Coey et al. [18]. Similar to the high-temperature superconductors, the metallic
state obtained by su�ciently large doping x is very di�erent from ordinary metals. In fact, the
understanding of its properties was the starting point for a lot of research activity which has
recently been reviewed by Edwards [3].

Two of the most studied materials are La1−xSrxMnO3 (LSMO) and La1−xCaxMnO3 (LCMO).
The parent compound LaMnO3 (x = 0) is an antiferromagnetic insulator, in which each Mn
ion has four d electrons corresponding to a Mn3+ con�guration. As illustrated in Fig. 1.1, the

2



Chapter 1. Introduction

Figure 1.2: The ideal cubic perovskite structure of LaMnO3 [19].

crystal �eld splits the 3d orbitals into a lower-lying t2g triplet of xy, yz and zx symmetry, and
a higher-lying eg doublet of x2 − y2 and 3z2 − r2 symmetry. Due to Hund’s rule, the d elec-
trons align their spins to form a t3

2ge1
g state with total spin S = 2. Upon doping, x electrons

per Mn atom are removed, and a narrow eg band—resulting from the overlap with the p levels
of bridging O−2 ions—gives rise to metallic behavior with n = 1 − x carriers per atom. The
insulating state for x = 0 can be understood within the Mott-Hubbard picture, with the strong
correlations due to Hund’s rule suppressing double occupation of sites. For x > 0, the three
t2g electrons are usually regarded as forming a localized spin with S = 3/2 [3]. The itiner-
ant eg electrons are completely spin-polarized, and align the local spins ferromagnetically via
the so-called double exchange (DE) mechanism. The latter involves strong Hund’s exchange
interaction at two neighboring lattice sites, and has �rst been proposed by Zener [20].

The crystal structure of LaMnO3 is based on the perovskite structure shown in Fig. 1.2. In
the manganites, the lattice is modi�ed by two types of distortions of the oxygen octahedrons
surrounding each Mn site (see Fig. 1.2). The �rst consists of a rotation and tilting due to the
smaller size of the La3+ ions compared to the O2− ions, and the second is a tetragonal dis-
tortion due to the Jahn-Teller (JT) e�ect. The latter splits the degeneracy of the eg orbitals
(see Fig. 1.1), and gives rise to strong electron-phonon interaction. The resulting distortions in
LaMnO3 are large, with displacements of the oxygen ions from their ideal positions of about
0.15 Å, compared to a typical Mn–Mn spacing of 4 – 5 Å [19]. The JT e�ect will be discussed
in more detail in Sec. 1.3.1, where we derive a model Hamiltonian for the manganites. As dis-
cussed by Edwards [3], the Mn–O–Mn bond angle is a very important parameter. Even small
reductions from the ideal value of 180◦ as a result of lattice distortions lead to a narrowing of
the eg conduction band which dramatically a�ects the physical properties.

In Fig. 1.3, we show phase diagrams as a function of doping x and temperature T , both
for LSMO and LCMO. At low temperatures, there is a transition from an antiferromagnetic
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(a) (b)

Figure 1.3: Phase diagrams for (a) LSMO [21] and (b) LCMO [22]. The various states are:
paramagnetic insulating (PI), paramagnetic metal (PM), canted insulating (CI), fer-
romagnetic insulating (FI), ferromagnetic metal (FM), antiferromagnetic insulating
(AFI) and charge-ordered insulating (COI). TC, TN are Curie and Neél temperatures,
respectively.

insulator near x = 0, to a ferromagnetic insulator up to x ≈ 0.2, to a ferromagnetic metal for
x > 0.2. As we approach x = 0.5, charge and orbital order set in, but for x ' 0.2 – 0.4, such
e�ects are expected to be negligible. At �rst sight, the diagrams for LSMO and LCMO look very
similar for x < 0.5. However, a closer look reveals important di�erences. While LSMO remains
metallic upon heating from the ferromagnetic state, LCMO exhibits a metal-insulator transition
with a relatively large resistivity in the paramagnetic phase above the Curie temperature TC.
The latter takes on a maximum near x ≈ 1/3 in both materials. The di�erences between
LSMO and LCMO are better illustrated by the dc resistivity data depicted in Fig. 1.4. For LSMO
[Fig. 1.4(a), x = 0.3], we see that the resistivity R increases with temperature in the whole
range of T shown. This is in strong contrast to LCMO [Fig. 1.4(b)], for which the behavior
of R changes from ∂R/∂T > 0 for T < TC to ∂R/∂T < 0 for T > TC. Additionally, TC

is signi�cantly lower in LCMO (≈ 260 K) than in LSMO (≈ 370 K), and the value of ρ above
the Curie temperature is about one order of magnitude larger in LCMO. Keeping in mind the
minimal size di�erence between Ca and Sr ions, this is very surprising. A consistent analytical
theory explaining many of the observed phenomena has been proposed by Green [25]. It is
based on the assumption of a slightly stronger electron-phonon interaction in LCMO, caused
by a reduced bandwidth due to smaller Mn–Mn bond angles [3].

For completeness, we would like to brie�y discuss the CMR e�ect, which can be seen in
Fig. 1.4(b). In the vicinity of TC, the resistivity of LCMO can be reduced by about 50% by
applying a magnetic �eld of about 5 T, while no such e�ect occurs for LSMO. This suggests
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(a) (b)

Figure 1.4: (a) Resistivity versus temperature for La1−xSrxMnO3 crystals. Arrows indicate the
Curie temperature TC for the ferromagnetic phase transition [23]. (b) Resistivity
(solid lines) of La0.65Ca0.35MnO3, acquired in applied �elds ranging from 0 to 5.5T,
and the bulk magnetization in an in-plane applied �eld of 50 G (•), both as a function
of temperature [24].

that the underlying mechanism is closely related to the metal-insulator transition. Actually,
it was the CMR e�ect and its potential application in magnetic sensors used, e.g., in storage
devices, which drove much of the recent work on manganites. However, despite the fact that
the CMR e�ect can be increased to relative changes in resistivity of up to 105 [26] by using
thin �lms instead of bulk samples, the future use in, e.g., hard drives is unlikely. The reasons
for this are on the one hand the large required �elds as compared to giant magnetoresistance
materials currently in use and, on the other hand, the high sensitivity of CMR to small changes
in temperature.

1.2 Angle-resolved photoemission spectroscopy

In recent years, angle-resolved photoemission spectroscopy (ARPES) has emerged as one of the
most important tools for studying strongly correlated systems. The increasing popularity of
this method is a result of the continuous improvement of experimental techniques, which has
signi�cantly increased the accuracy (energy and momentum resolution) and reliability. One of
the main advantages of ARPES, which also makes it very attractive to theoretical physicists, is
the fact that results can often [27] be compared directly to the one-electron spectral function,
a quantity of great importance in the description of many-particle systems. Here we shall only
give a brief discussion of the physical ideas, without going into details about the experimental
setup. For more information, see, e.g., [28].

The principle underlying ARPES is the photoelectric e�ect. Using, e.g., a helium-discharging
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lamp, light of a single frequency ω0 is emitted onto a small, thin specimen of the material of
interest. The incident photons cause emission of electrons, which are then analyzed in terms
of intensity, momentum and kinetic energy. This provides one with information about the
properties of the electron after it has left the specimen, which can be related, for example, to
the energy of the particle before the emission process by exploiting the conservation of energy.
This is expressed in the equation

~ω0 = Ekin + φ+ |EB| , (1.1)

where ~ω0 is the photon energy, Ekin and EB denote the kinetic and binding energy of the
electron, respectively, and φ corresponds to the so-called work function. The latter is a property
of the material, and equals the minimum energy required to emit a single electron.

Similarly, the conservation of momentum, together with the measured angles at which the
electron leaves the sample, can be used to extract the momentum of the electron before the
emission from the specimen. We would like to point out that, owing to the discontinuity of the
surface of the sample, only the component of momentum parallel to the surface is conserved.
Moreover, the momentum of the photon can be neglected in the analysis.

Using these ideas, ARPES yields the intensity of electrons as a function of energy and mo-
mentum. As a consequence of scattering processes, the peaks obtained with ARPES are always
broadened. Nevertheless, the results provide detailed information about the nature and lifetime
of quasiparticle states, which can be compared to theoretical calculations.

1.3 Microscopic models
As pointed out above, progress in condensed matter theory is often based on the use of sim-
pli�ed models, which can be treated either by analytical or numerical techniques. To illustrate
the process of �nding a microscopic model for a given material, we present here a derivation of
the model Hamiltonian for the electron-phonon interaction in the manganites. Since an exact
quantum-mechanical treatment of the lattice degrees of freedom is not yet possible, we will
then restrict ourselves to models of the Holstein type.

1.3.1 Electron-phonon interaction in the manganites

In general, the orbital states of electrons are strongly coupled to the lattice. In the manganites,
the double degeneracy of the eg orbitals gives rise to a JT e�ect, which consists of the splitting
of otherwise degenerate orbitals by lattice distortions, so as to reduce the symmetry. This
lowers the energy of the orbitals involved, since the energy cost is proportional to the square
of the displacement, while the gain in energy—given by twice the JT energy EJT (see Fig. 1.1)—
depends linearly on the size of the distortion [29]. Therefore, for small enough displacements,
the JT splitting always wins and the orbitals will be energetically split. In the sequel, we shall
derive the Hamiltonian for the JT e�ect in LaMnO3, neglecting the dynamics of the lattice. The
discussion follows closely the article by Allen and Perebeinos [30].
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Figure 1.5: The MnO6 octahedron.

The key structural element here is the MnO6 octahedron, shown in Fig. 1.5. As discussed
by Yosida [29], only vibration modes with distortions along the bonds between neighboring
Mn ions, corresponding to the x-, y- and z-axes in Fig. 1.5, couple to the eg orbitals. To derive
the form of the electron-phonon interaction, it is useful to work in the following overcomplete
basis of the eg subspace [30]

ψx = 3x2 − r2 , ψy = 3y2 − r2 , ψz = 3z2 − r2 , (1.2)

where ψx + ψy + ψz = 0, and r2 = x2 + y2 + z2 = 1. We assume a harmonic restoring
force −Kuα for a distortion uα of an oxygen ion along the α direction, with α = x, y, z. The
distortion of the O6 octahedron surrounding the Mn ion at lattice site i along the α axis can
be described in terms of the variable Qiα = uα(i + 1

2
α̂) − uα(i − 1

2
α̂). Here α̂ denotes a unit

vector pointing along the α direction on the Mn lattice. For an undistorted lattice, the positions
of the oxygen ions around site i are thus given by i± 1

2
α̂.

The change of energy associated with a distortionQα may be written as ∂εα/∂Qα = −4g/
√

3,
where εα denotes the energy of the orbital α [Eq. (1.2)]. Neglecting any lattice dynamics, the
electron-phonon Hamiltonian takes the form [30]

He–ph = − 4g√
3

∑
iα

c†iαciαQiα +
K

2

∑
iα

[uα(i+ α̂/2)]2 , (1.3)

where c†iα is a creation operator for an electron at site i in orbital state α, and spin indices
have been omitted for simplicity. The second term in Eq. (1.3) corresponds to the elastic energy
associated with distortions of the O6 octahedrons. A more useful representation of the electron-
phonon interaction can be obtained by a transformation to the orbitals [30]

ψX =
1√
6

[
(
√

3 + 1)ψx + (
√

3− 1)ψy

]
, ψY =

1√
6

[
(
√

3− 1)ψx + (
√

3 + 1)ψy

]
.

In terms of these states, the �rst term of the Hamiltonian (1.3) separates into JT and breathing
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Figure 1.6: The relevant phonon modes in the cubic manganites. Arrows indicate the distor-
tions of the MnO6 octahedron.

parts, i.e., Hel-ph = HJT +Hbr, with

HJT = −g
∑
i

(
c†iX , c

†
iY

)( Qi2 Qi3

Qi3 −Qi2

)(
ciX
ciY

)
,

Hbr = −
√

2g
∑
i

Qi1[c†iXciX + c†iY ciY ] . (1.4)

Here, Qi1, Qi2 and Qi3 denote the vibrational eigenmodes [30]

Qi1 =

√
2

3
(Qix +Qiy +Qiz) ,

Qi2 = Qix −Qiy ,

Qi3 =
1√
3

(2Qiz −Qix −Qiy) (1.5)

The JT modesQ2 andQ3 (we omit site indices) are of eg symmetry and have the same frequency
[29], while the Q1 distortion corresponds to a simple breathing mode.

It is instructive to rewrite the complete electron-phonon Hamiltonian (1.4) in the form

Hel-ph =− g
∑
iσ

[
Qi3(n̂iXσ − n̂iY σ) +Qi2(c†iXσciY σ + c†iY σciXσ)

]
−
√

2g
∑
iσ

Qi1(n̂iXσ + n̂iY σ) +
1

2

∑
i

[
kbrQ

2
i1 + kJT(Q2

i2 +Q2
i3)
]
.

(1.6)

Here we have restored spin indices, and introduced spring constants kbr, kJT for the energy as-
sociated with the breathing and JT modes, respectively. The density operator n̂iXσ, measuring
the number of electrons with spin σ in orbital X at lattice site i, is de�ned as n̂iXσ = c†iXσciXσ.
From Eq. (1.6), one can see that the coupling to the mode Q2 allows a transfer of electrons be-
tween eg orbitals X and Y on the same lattice site. As we shall see in the following section,
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Chapter 1. Introduction

the coupling to the breathing mode is exactly of the Holstein type. Approximations inherent
to Hamiltonian (1.6) are the restriction to static distortions, and the neglect of the coupling
between distortions of neighboring oxygen octahedrons, which give rise to long-range orbital
order in the manganites. The JT distortion in the latter is predominantly of the Q2 type. While
static displacements have been observed in undoped LaMnO3, there is no experimental evi-
dence for such frozen-in distortions in the metallic compounds with x > 0.2, and doped man-
ganites therefore have a much more nearly cubic crystal structure. However, dynamical JT
e�ects—in which itinerant eg electrons cause a local lattice distortion at the site they occupy—
are likely to occur, and the compound object consisting of an electron and the accompanying
lattice distortion is often referred to as a J T polaron. Although the Holstein models discussed
in the following section only include a coupling of electrons to a breathing mode distortion,
they do contain the important dynamical lattice e�ects, in contrast to Eq. (1.6).

1.3.2 Holstein models
If lattice �uctuations are taken into account, even the simpli�ed electron-phonon coupling de-
scribed by Hamiltonian (1.6) usually requires further approximations before numerical meth-
ods such as QMC can be applied. While existing work on the manganites often treated the
phonons classically, or even on a mean-�eld level, here we wish to address the case of quantum
phonons. The importance of the lattice dynamics results from the fact that the manganites fall
into the adiabatic regime of small phonon frequencies, as compared to the width of the conduc-
tion band. Therefore, substantial zero-point �uctuations of the MnO6 octahedrons around their
equilibrium positions occur, which makes a static treatment highly questionable. Moreover, the
above-mentioned dynamic JT e�ects can not be described using a model with classical phonons.
Apart from the Holstein model, several other models for electron-phonon interaction have been
proposed. Among them are the Fröhlich model [31] with a long-range electron-phonon inter-
action, and the Su-Schrie�er-Heeger (SSH) model [32], in which the phonons couple to the
electronic hopping. However, in the context of the manganites, a local coupling as in the Hol-
stein model seems to be most reasonable, since (a) long-range interactions are screened by the
itinerant eg electrons, and (b) the coupling to the charge density models well the JT e�ect.

In principle, it is possible to study a model with dynamical phonons and a coupling term as
given in Eq. (1.6) using numerical methods. However, such calculations face severe restrictions
of the accessible range of temperature, phonon frequency, electron-phonon coupling strength
and system size. We would like to mention that a small cluster of four Mn sites—including all
relevant degrees of freedom—has been studied by Weiße and Fehske [33] using exact diagonal-
ization. Moreover, the dynamic JT polaron and bipolaron have been investigated by El Shawish
et al. [34].

Many interesting phenomena such as, e.g., charge and orbital order, which have been ob-
served in experimental studies of the manganites, can only be described when the cooperative
nature of the lattice distortions is taken into account. Work along this line has been done by
Benedetti and Zehyer [35] using dynamical mean-�eld theory (DMFT), and by Vergés et al.
[36] using the Monte Carlo method. In both approaches, the phonon degrees of freedom are
treated in the static approximation. Furthermore, to understand the magnetic phase diagram
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for x > 0.5 (see Sec. 1.1), it is crucial to take into account the degeneracy of the eg band. Corre-
sponding models, either with local or cooperative JT modes, have been considered by Millis et
al. [37], Zang et al. [38], Benedetti and Zehyer [35], Allen and Perebeinos [30], and Hotta et al.
[39]. Except for the work in [38], which used a variational Lang-Firsov transformation to treat
the lattice degrees of freedom, all these studies were restricted to classical phonons.

In the doping regime x ' 0.2 – 0.4, the only experimentally relevant phases are the ferro-
magnetic and paramagnetic phases, which can be described even within a one-band model [25].
Furthermore, the manganites fall into the regime JHS � t [3], where JH ≈ 1 eV denotes the
Hund’s rule coupling between local and itinerant spins, t ≈ 0.1 – 0.2 eV [19] is the electron
hopping integral, and S = 3/2. This leads to a splitting of the two eg orbitals at each site,
which is of the order of JH(2S + 1). If JHS � kBT , t, double occupancy of a site is strongly
suppressed, and the use of a one-band model is reasonable. Moreover, the degeneracy of the eg

orbitals is also lifted by JT distortions for x . 0.4, and the distortions of Q2 and Q3 symmetry
(see Sec. 1.3.1) may be modeled by one e�ective phonon mode of the Holstein type [40]. As long
as we are not interested in states with orbital order, this does not represent a loss of generality.

Double exchange model

While Eq. (1.6) approximately describes the electron-phonon coupling in the manganites, sev-
eral other relevant contributions are still missing. Among them is the DE interaction, which
is commonly believed to give rise to the ferromagnetism observed at low temperatures in the
manganites. The D E model is de�ned as

HDE = −t
∑
〈ij〉σ

c†iσcjσ − JH

∑
i

σi · Si . (1.7)

Here the �rst term describes the hopping of electrons with amplitude t which gives rise to a
free band of width

W = 4tD (1.8)
in D dimensions. The symbol 〈ij〉 in Eq. (1.7) stands for the hopping processes i→ j and j → i,
and we have therefore dropped the usual hermitian conjugated term c†jσciσ. The second term
accounts for the (ferromagnetic) coupling between the itinerant eg electrons—described by spin
operators σi—and the local t2g spins of magnitude 3/2, denoted as Si. The components of the
spin operator σi = (σxi , σ

y
i , σ

z
i ) of an eg electron at site i are de�ned by

σ+
i = σxi + iσyi = c†i↑ci↓ , σ−i = σxi − iσyi = c†i↓ci↑ , σzi =

1

2
(n̂i↑ − n̂i↓) . (1.9)

Within the DE model, the mobile carriers can maximize their kinetic energy by aligning all
local spins ferromagnetically. However, with increasing temperature, spin �uctuations start to
develop, and there is a transition to a paramagnetic state at a Curie temperature TC [3]. The
disorder of the local spins leads to a narrowing of the eg band. However, in the vicinity of
TC, an applied magnetic �eld will line up the local spins, thereby increasing the bandwidth. In
principle, this explains the decrease of resistivity in a magnetic �eld near TC, but the e�ect is
much smaller than observed experimentally (see Sec. 1.1).
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In addition to the DE term, there is an antiferromagnetic coupling of neighboring Mn spins,
which is responsible for the antiferromagnetic ground state of the undoped parent compound
LaMnO3. The corresponding term in a model Hamiltonian takes the familiar Heisenberg form
JAF
∑
〈ij〉 Si · Sj . However, for doping x ' 0.2 – 0.4, the regime in which we are interested

here, the antiferromagnetic coupling is much weaker than the ferromagnetic DE interaction,
and may therefore be neglected.

In the case of the manganites, JH in the DE term in Eq. (1.7) is positive. For JH < 0, the
antiferromagnetic coupling between local and itinerant spins gives rise to the Kondo e�ect,
and the Hamiltonian (1.7) is usually referred to as the Kondo lattice model. Although this name
is also used for the ferromagnetic case JH > 0 by some authors, it is misleading since there is
no connection with the Kondo e�ect.

As discussed above, the manganites fall into the strong-coupling or DE limit JHS � t. There-
fore, low-spin states—with an eg electron having its spin antiparallel to the local spin—are
strongly suppressed. In a one-band model like Hamiltonian (1.7), this has the same e�ect as
strong Coulomb repulsion between eg electrons at the same site. For the manganites, this on-
site repulsion, which has been left out of the discussion until now, is the largest energy (≈ 8
eV for both the repulsion of electrons in the same and di�erent eg orbitals [41]). As pointed out
by Held and Vollhardt [41], a two-band DE model with electron-electron interaction cannot
account for, e.g., the CMR e�ect. Nevertheless, the Coulomb repulsion between electrons at
the same lattice site plays an important role. For example, it gives rise to the Mott insulating
state for x = 0, in which electrons cannot hop due to strong correlations. In principle, the
above-mentioned Hund’s rule coupling is a direct consequence of the intraatomic Coulomb in-
teraction [42]. However, while the one-band DE model without Coulomb interaction and large
JH correctly describes the insulating behavior for x = 0 [3], a two-band model without an
onsite repulsion—as employed, e.g., by Millis et al. [43]—exhibits a spurious metallic state for
x = 0 (n = 1) even for JH =∞.

Holstein double-exchange model

Whereas the pure DE model can explain the origin of ferromagnetism in the doped manganites,
as well as some properties of LSMO, Millis et al. [44] have pointed out the necessity to include
electron-phonon coupling. Green [25] has proposed the following H olstein double-exchange
(Holstein-DE) model

HHDE = −t
∑
〈ij〉σ

c†iσcjσ − JH

∑
i

σi · Si + ω
∑
i

b†ibi − g
∑
i

n̂i(b
†
i + bi ) . (1.10)

The third and fourth terms in Eq. (1.10) describe Einstein phonons with frequency ω, created
(annihilated) by operators b†i (bi ), which couple to the local electron density n̂i with coupling
strength g. Here n̂i ≡

∑
σ n̂iσ and n̂iσ ≡ c†iσciσ. The description of the phonon degrees of

freedom in terms of an Einstein model with a constant dispersion ω(k) = ω for all k is justi�ed
for optical phonon modes [42]. In contrast to acoustic modes, the latter correspond to non-
cooperative, local distortions similar to the JT e�ects discussed above. The electron-phonon
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interaction in Eq. (1.10) is of the Q1 breathing mode type [see Eq. (1.6)], but in the context of
the manganites it is regarded as an e�ective JT coupling of Q2 symmetry.

Green [25] developed a many-body coherent potential approximation for the model (1.10),
which can explain the di�erences between LSMO and LCMO discussed in Sec. 1.1 by assuming a
slightly stronger electron-phonon interaction in LCMO. Moreover, it can qualitatively account
for the CMR, pressure and isotope e�ects, as well as for some spectral properties observed
experimentally [3, 25, 45]. At the moment, Green’s work [25] represents the only theory which
provides a satisfactory description of the cross over from quantum to classical phonons, and
from weak coupling to the small-polaron limit.

For the manganites, a common simpli�cation consists in treating the local spins as classical
vectors of magnitude S = 3/2. Although this is only exact in the limit S → ∞, it is usually
regarded as a reasonable approximation. Moreover, many authors also take the limit JH →∞,
in which double occupation of a given site is forbidden by the Pauli exclusion principle. This is
justi�ed by the fact that in the manganites we have JHS � t, as mentioned before. In the limit
S = JH =∞, the Holstein-DE model simpli�es to

HHDE = −t
∑
〈ij〉

c†icj cos(θij/2) + ω
∑
i

b†ibi − g
∑
i

n̂i(b
†
i + bi ) , (1.11)

where θij denotes the relative angle between the local spins Si, Sj . The cosine factor arises
from the scalar product of two spin-1

2
eigenstates with di�erent axes of quantization. Obvi-

ously, the assumption of classical spins and JH = ∞ has reduced the problem to the case of
spinless fermions interacting with local phonons, and with a hopping amplitude that depends
on the orientation of the local spins. Our motivation for studying the pure Holstein model in
the context of the manganites comes from the fact that Eq. (1.11) reduces to the pure Holstein
Hamiltonian in the completely saturated ferromagnetic state [cos(θij/2) = 1] or the paramag-
netic state above TC, in which the average over all spin orientations gives 〈cos(θij/2)〉 = 2/3.
Hence, in these cases, the coupling to the local spins only manifests itself in terms of a uniform
modi�cation of the bare hopping integral t. We shall see below that even the simple Holstein
model—for parameters as realized in the manganites—represents a serious challenge for nu-
merical methods. Therefore, in this work, we restrict our attention to pure electron-phonon
models, not taking into account the dynamics of the localized t2g spins.

Holstein model

As discussed in the previous section, the Holstein-DE model is equivalent to the pure Holstein
model if the local spins are either completely aligned or completely disordered. The Holstein
Hamiltonian, which has �rst been studied by Holstein [46] to understand the e�ects of electron-
phonon interaction in molecular crystals, takes the form

HH = −t
∑
〈ij〉σ

c†iσcjσ +
∑
i

(
p̂2
i

2M
+
k

2
x̂2
i

)
− α′

∑
i

n̂ix̂i . (1.12)

Here k is the spring-constant, andM denotes the mass of the vibrating described by coordinates
x̂i and momenta p̂i. The phonon degrees of freedom in the Holstein model are equivalent to
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independent harmonic oscillators at each lattice site, which couple to the local electron density
with coupling strength α′.

The second-quantized representation of the model can be obtained by setting JH = 0 in
Eq. (1.10), leading to

HH = −t
∑
〈ij〉σ

c†iσcjσ + ω
∑
i

b†ibi − g
∑
i

n̂i(b
†
i + bi ) . (1.13)

The phonon operators in �rst and second quantization are related as follows (~ = 1):

bi =

√
Mω

2
x̂i + i

√
1

2Mω
p̂i , b†i =

√
Mω

2
x̂i − i

√
1

2Mω
p̂i

or, equivalently,

x̂i =

√
1

2Mω
(b†i + bi ) , p̂i = i

√
Mω

2
(b†i − bi ) . (1.14)

Moreover, we have
α′ =

√
2Mω g . (1.15)

For the QMC simulations presented in this work, it is more convenient to work with Eq. (1.12),
and to express the phonon variables in terms of their natural units

x̂i 7→ (Mω)−1/2 x̂i , p̂i 7→ (Mω)1/2 p̂i . (1.16)

Setting M = 1 and k = ω2, and de�ning α = α′/
√
ω =

√
2g, the Holstein Hamiltonian

becomes
HH = −t

∑
〈ij〉σ

c†iσcjσ +
ω

2

∑
i

(p̂2
i + x̂2

i )− α
∑
i

n̂ix̂i . (1.17)

For future purposes, we introduce the dimensionless electron-phonon coupling constant

λ =
α′2

ω2W
=

α2

ωW
=

2g2

ωW
, (1.18)

where W has been de�ned in Eq. (1.8), and the a diabatic ratio

ω = ω/t . (1.19)

In the sequel, we shall also use the p olaron binding energy

EP = λW/2 , (1.20)

which emerges as a natural parameter from the Lang-Firsov transformation [47]. Furthermore,
we take the lattice constant to be unity.
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1.3. Microscopic models

Holstein-Hubbard model

The Holstein-Hubbard model is de�ned by the Hamiltonian

HHH = −t
∑
〈ij〉σ

c†iσcjσ +
ω

2

∑
i

(p̂2
i + x̂2

i )− α
∑
i

n̂ix̂i + U
∑
i

n̂i↑n̂i↓ (1.21)

or, equivalently,

HHH = −t
∑
〈ij〉σ

c†iσcjσ + ω
∑
i

b†ibi − g
∑
i

n̂i(b
†
i + bi ) + U

∑
i

n̂i↑n̂i↓ . (1.22)

It describes the competition between the attractive interaction between electrons mediated by
the coupling to phonons, and an onsite Coulomb repulsion between two electrons of opposite
spin.
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2 Numerical methods

The purpose of computing is insight, not
numbers.

(Richard Hamming)

In condensed matter theory, strongly correlated materials such as the manganites are described
using simpli�ed models, which only contain the most important interactions. However, despite
the approximations, exact solutions of the resulting models are usually not attainable. There-
fore, one has to resort to analytical treatments involving uncontrolled approximations, or based
on perturbation theory which is bound to fail in certain parameter regimes. Consequently, if
calculations disagree with experiment, it is not clear whether the discrepancies are a result of
the approximations made, or if the model is not su�cient to explain the actual physics. More-
over, a particular method can rarely be applied to other problems in the �eld.

Recently, the combination of analytical and numerical techniques has led to considerable ad-
vances in the understanding of many aspects of condensed matter physics. While analytical
methods often give a rough overview of the properties of the system under consideration, nu-
merical calculations can be used to test the validity of the assumptions made, and to investigate
whether a given model contains all the physics that is seen in experiment. Hence, numerical
techniques are no longer regarded as mere tools to check analytical results, but represent an
alternative way to predict new physics. In other words, numerically exact approaches such as,
e.g., QMC or exact diagonalization (ED), open up the possibility of carrying out unbiased stud-
ies of di�erent models, both at zero and �nite temperature. The price to be paid in many cases is
the restriction to relatively small clusters, often in low dimensions D = 1, 2. This drawback can
be overcome by combining analytical and numerical techniques as, e.g., in the case of cluster
perturbation theory and DMFT.

This chapter provides an introduction to the computational methods used here, and is orga-
nized as follows. In Sec. 2.1, we present the principles of the QMC method, which has experi-
enced a tremendous development over the last decades. A review focusing on the application
to strongly correlated models has been given by von der Linden [10]. In contrast, cluster per-
turbation theory, which is reviewed in Sec. 2.2, has been proposed only a couple of years ago,
and belongs to the so-called cluster methods [48]. The latter, which also include DMFT and its
various extensions, are in the focus of much recent theoretical work, since they bridge the gap
between numerical studies of small, one- and two-dimensional systems, and realistic calcula-
tions for three-dimensional, in�nite solids. Section 2.3 introduces the Lanczos method for the
diagonalization of very large sparse matrices. Finally, in Sec. 2.4, we brie�y discuss the kernel
polynomial method which allows one to perform accurate calculations of spectral functions.
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2.1. �antum Monte Carlo

2.1 �antum Monte Carlo
The �rst application of a Monte Carlo (MC) method dates back to von Neumann and Ulam
(1950), who used it so stochastically evaluate the inverse of a matrix [10]. Since a complete
review of the development of the MC approach is far beyond the scope of this work, here we
shall focus on those aspects which are necessary for an understanding of simulations of coupled
electron-phonon systems on a lattice. For a comprehensive overview of the �eld, we refer the
reader to the book by Landau and Binder [49], and to [10].

In the �eld of strongly correlated systems, the QMC method has been used extensively, as it
allows simulations on relatively large lattices and gives quasiexact results1 also at �nite tem-
peratures. This permits one to study fascinating phenomena such as high-temperature super-
conductivity or CMR.

Despite some principle advantages, QMC methods are often limited by (a) the minus-sign
problem, which restricts simulations to high temperatures and/or small systems, (b) the fact
that the calculation of dynamical properties, e.g., the one-electron Green function, requires
analytic continuation to the real-time axis which is an ill-posed problem (see Sec. 2.1.6), and (c)
by strong autocorrelations and large statistical errors.

This section outlines the basic ideas behind MC simulations for quantum-mechanical sys-
tems. Speci�c details concerning the application to the Holstein and Holstein-Hubbard model
will be discussed in the corresponding chapters.

2.1.1 Basic ideas and importance sampling
The p artition function of a quantum-mechanical system is de�ned as

Z = Tr e−βH =

∫
dX 〈X| e−βH |X〉 (2.1)

where β = (kBT )−1 denotes the inverse temperature, H is the Hamiltonian, and the integral
is over all possible con�gurations (states) |X〉. The expectation value of an operator Ô, corre-
sponding to a physical observable, can be obtained from2

〈O〉 =
1

Z
Tr (Ô e−βH) =

1

Z

∫
dX 〈X| Ô e−βH |X〉 . (2.2)

Upon identifying the inverse temperature β with a so-called imaginary time iτ , statistical me-
chanics can be directly related to Feynman’s path-integral formulation of quantum mechanics
[50], which is the starting point of many QMC simulations. The expectation value in Eq. (2.2)
is then given by

〈O〉 =
1

Z

∫
DXe−S(X)O(X) , Z =

∫
DXe−S(X) . (2.3)

1That is, exact apart from statistical errors which can, in principle, be made arbitrarily small.
2Throughout this work, we will denote an operator associated with an observable, matrix or scalar variable O

by Ô.
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Chapter 2. Numerical methods

Here S denotes the action de�ned in Euclidean (imaginary) time, and the integrals are over all
possible con�gurations X of the classical “a uxiliary” �elds on which Ô and S depend. Using
the path-integral approach, any quantum-mechanical problem in D dimensions can be mapped
onto a classical problem in D+1 dimensions, with the additional dimension being the imaginary
time. The di�culty consists in �nding an appropriate set of basis states for this mapping, as
the choice strongly depends on the problem under consideration.

For many-particle systems, the dimensionality of the integrals in Eq. (2.3) is far beyond any-
thing that can be handled using standard integration techniques, and an illuminating discussion
of these di�culties is given by Negele and Orland [51]. The basic idea of (Q)MC is to exploit
the fact that from the whole of phase space, usually only a very small number of con�gurations
contributes signi�cantly to the average in Eq. (2.3). Hence, one sets out to sample an ensemble
of con�gurations Xi, labeled by i = 1, 2, . . . , Nmeas, which are distributed according to

ρ(Xi) =
e−S(Xi)∑
i e
−S(Xi)

. (2.4)

Using this i mportance sampling, the expectation value in Eq. (2.3) becomes

〈O〉 = lim
Nmeas→∞

1

Nmeas

Nmeas∑
i=1

O(Xi) . (2.5)

For a �nite number Nmeas of samples, an estimate for 〈O〉 is given by

O =
1

Nmeas

Nmeas∑
i=1

O(Xi) . (2.6)

Owing to the limited number of measurements, the random variableOwill �uctuate around the
true expectation value as O = 〈O〉 ±∆O. The statistical error ∆O depends on the (unknown)
intrinsic variance

σ2
O = 〈O2〉 − 〈O〉2 . (2.7)

If the Nmeas con�gurations Xi are all statistically independent, ∆O can be obtained from

(∆O)2 =
σ2
O

Nmeas
, σ2

O =
1

Nmeas(Nmeas − 1)

Nmeas∑
i=1

[
O(Xi)−O

]2
. (2.8)

Equation (2.8) reveals one of the most important features of MC methods. The statistical error
decreases with the number of measurements, so that, in principle, one can obtain results of
arbitrary accuracy. Moreover, the number of con�gurations required for a certain accuracy does
not explicitly depend on the dimensionality of the problem, in strong contrast to the necessary
number of grid points in standard integration methods [51].
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2.1. �antum Monte Carlo

2.1.2 Markov chains and updating schemes
From the above discussion, it becomes clear that it is not necessary to sample con�gurations
from all regions of phase space. Instead, one can restrict the simulation to those states of the
system which have a signi�cantly large probability. Given a physically relevant con�guration,
we are confronted with the question of how the system should be evolved so that subsequent
con�gurations are also distributed according to ρ [Eq. (2.4)]. A very common way to sample
new con�gurations is the M etropolis algorithm [52]. Starting from the current state of the
system, denoted as X , a new con�guration X ′ is proposed by making a small change ∆X , i.e.,
X ′ = X + ∆X , and calculating the ratio

P (X → X ′) =
ρ(X ′)

ρ(X)
, (2.9)

where ρ is given by Eq. (2.4). We next draw a random number r from a uniform distribution
between 0 and 1, and accept the state X ′ if r < P . Hence, a new con�guration is always
accepted if it has a larger weight ρ than the current state (P > 1). Otherwise, it is accepted
with the probability P < 1, given by Eq. (2.9). This procedure generates a sequence of states
X1, X2, . . . distributed according to Eq. (2.4), which is called a M arkov Chain if the probability
P (Xn → Xn+1) exclusively depends on the current con�guration Xn but not on the previous
states X1, . . . , Xn−1. The initial con�guration is usually chosen at random, and a w arm-up
phase is required to allow the system to reach thermal equilibrium before measurements can
be made.

The reason for the restriction to small changes is that, according to Eqs. (2.4) and (2.9), the
acceptance is determined by the change of the action S. Since large changes in the state of the
system are usually accompanied by large variations of S, such moves in phase space are very
unlikely to be accepted. On the other hand, depending on the structure of ρ, it may take a large
number of attempts to leave a given region of phase space and traverse to other important states.
This gives rise to a utocorrelations between successive con�gurations, and to the phenomenon
of c ritical slowing-down in the vicinity of phase transitions. The issue of autocorrelations,
which are particularly pronounced in the case of electron-phonon systems, will be addressed
in Sec. 2.1.5. Here we would like to mention that physically motivated global updates can often
be used to increase the e�ciency of MC simulations [53].

Finally, there exist two necessary conditions for sampling procedures to produce exact re-
sults. First, the algorithm has to be e rgodic, i.e., all states of phase space must be accessi-
ble within a �nite time period, and second, the sampling has to ful�ll d etailed balance, i.e.,
P (X → X ′)

!
= P (X ′ → X).

2.1.3 Sign problem
To move from one state of the system to the next using, e.g., the Metropolis algorithm, we
have interpreted ρ(X) as the probability of the con�guration X . Clearly, this requires ρ(X)
to be nonnegative. Unfortunately, in QMC simulations, this condition is sometimes violated.
In fact, negative values of the weight ρ often occur in the most interesting parameter regimes,
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Chapter 2. Numerical methods

making accurate simulations di�cult or even impossible. This is referred to as the s ign prob-
lem. Although the latter can sometimes be overcome by, e.g., appropriate transformations of
the Hamiltonian, a general solution has not yet been found. Despite the occurrence of a sign
problem, simulations can often be carried out using the modi�ed weights

ρ̃(X) =
|ρ(X)|∫
DX |ρ(X)|

. (2.10)

Thereby, the sign of ρ is absorbed in the observables, which are calculated as

〈O〉 =

∫
DX OX sign(ρX) ρ̃X∫
DX sign(ρX) ρ̃X

≡ 〈O sign〉
〈sign〉

, (2.11)

with the notation OX ≡ O(X), et cetera. While this approach can be expected to work well
as long as 〈sign〉 ≈ 1, it will clearly break down if 〈sign〉 → 0, due to the large �uctuations
caused by the denominator in Eq. (2.11). As illustrated in [10], the number of measurements
for a given relative error of an observable increases as 〈sign〉−2. In practice, simulations can
usually be carried out down to 〈sign〉 & 0.1.

2.1.4 Suzuki-Tro�er decomposition
While the weight of a given con�guration X can easily be evaluated for classical systems, such
as the Ising model, the calculation of ρ(X) is much more di�cult for quantum-mechanical
problems. The reason is that the di�erent parts in the Hamiltonian do not commute, so that the
latter can in general not be diagonalized. Let us denote the kinetic and interaction parts as K
and V , respectively, so that H = K + V . Clearly, for [K,V ] 6= 0 we have

e−β(K+V ) 6= e−βKe−βV . (2.12)

For general operators Â, B̂, Suzuki and Trotter have proved the following identity [10]

eÂ+B̂ = lim
L→∞

[
e

1
L
Âe

1
L
B̂
]L

, (2.13)

where L is an integer number. For a �nite value of L, one �nds

eÂ+B̂ =
[
e

1
L
Âe

1
L
B̂
]L

+O(L−2) . (2.14)

Equation (2.14) is often used in the context of QMC simulations to separate the kinetic and
interaction terms inH . To this end, we divide the imaginary time interval [0, β] into L intervals
of size

∆τ = β/L , (2.15)

so that for each interval we obtain

e−∆τH = e−∆τ(K+V ) = e−∆τKe−∆τV +O(∆τ 2) . (2.16)
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2.1. �antum Monte Carlo

Since each of the exponentials can be diagonalized separately in an appropriate basis, Eq. (2.16)
represents a very useful starting point for the evaluation of the path integral in Eq. (2.3) for
quantum-mechanical systems.

The error associated with the approximation in Eq. (2.16) can be systematically reduced by
using smaller values of ∆τ . In practice, there are two strategies to handle this so-called S uzuki-
Trotter error. Owing to the large numerical e�ort usually required to perform QMC simulations,
∆τ is often chosen such that the systematical error is smaller than the statistical errors for
observables. A second, more satisfactory, but also more costly method is to run simulations
at di�erent values of ∆τ , and to exploit the ∆τ 2 dependence of the results to extrapolate to
∆τ = 0. Finally, in some variants of QMC, the Suzuki-Trotter approximation can be avoided
completely by working in continuous imaginary time [53].

2.1.5 Autocorrelations and the Jackknife method
Autocorrelations

We have pointed out above that the use of small changes to move through phase space causes
statistical correlations between successive con�gurations. Since the relation (2.8) is only valid
for statistically independent samples Xi, it is crucial to check any results for autocorrelations.
This can be done, for example, by looking at the time-series of measurements obtained in the
course of a simulation. Typically, there occur visible periodic transitions between values char-
acteristic of di�erent regions of phase space, and the number of MC steps between two such
cross overs gives a measure for the autocorrelation time. To quantify these ideas, we follow
[10] and [54] by de�ning the a utocorrelation function

ΦO(k) =

1
Nmeas−k

∑Nmeas−k
i=1 O(Xi)O(Xi+k)−

[
1

Nmeas

∑Nmeas
i O(Xi)

]2

1
Nmeas

∑Nmeas
i=1 [O(Xi)]2 −

[
1

Nmeas

∑Nmeas
i=1 O(Xi)

]2 . (2.17)

For large time separations k, ΦO(k) decays exponentially,

ΦO(k)
k→∞→ const.e−k/τ

exp
O , (2.18)

where τ exp
O is the e xponential autocorrelation time for the observableO. For practical purposes,

one usually de�nes the i ntegrated autocorrelation time

τ int
O =

1

2
+

Nmeas∑
k=1

Φ(k) . (2.19)

As discussed by Janke [54], one can show that τ int
O ≤ τ

exp
O . The integrated autocorrelation time

governs the statistical error of the expectation value O via

∆O =
2τ int
O

Nmeas
σ2
O ≡

σ2
O

Ne�
, (2.20)
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where the e�ective number of measurementsNe� = Nmeas/(2τ
int
O ). A comparison with Eq. (2.8)

reveals that in the presence of autocorrelations, the statistical error of an observable O for a
given number of measurements Nmeas increases with the integrated autocorrelation time τ int

O .
In particular, the neglect of autocorrelations yields too small statistical errors, and therefore
incorrect results. Once the longest autocorrelation time has been identi�ed, correct statistical
errors can be obtained by skipping a large enough number Ñ of MC steps between successive
measurements so that Φ(Ñ) . 0.1 [10]. This way, the computationally expensive calculation
of observables in each step can be avoided. Nevertheless, a possibly signi�cantly larger number
of steps will be required to obtain a certain accuracy compared to uncorrelated simulations.

Jackknife

Equations (2.8) and (2.20) for the statistical error only hold for observables which can be mea-
sured directly in each MC step and with no autocorrelations. In contrast, the calculation of the
error of a nonlinear quantity of the form

〈C〉 =
〈A〉
〈B〉

(2.21)

can be rather cumbersome. Observables of this structure occur quite frequently, e.g., in simu-
lations with a sign problem [cf. Eq. (2.11)].

A very elegant way to deal with such situations is the J ackknife method [55]. For simplicity,
we restrict the discussion to the special case of Eq. (2.21). Given a set ofNmeas measurements of
A andB, we employ Eq. (2.6) to calculate the expectation valueC(0)

= A/C , using all available
data. We then divide the measured values of A and B into k groups of length l = Nmeas/k,
where l must be large compared to the longest autocorrelation time to ensure correct results.
We proceed by evaluating the quantities C(j) for j = 1, 2, . . . , k, by using all data except those
in group j. The Jackknife estimate for the expectation value of 〈C〉 is then given by [53]

C = C
(0) − Bias , (2.22)

where

Bias = (k − 1)(C
av − C(0)

) , Cav =
1

k

k∑
i=1

C
(i)
. (2.23)

Finally, the corresponding statistical error can be calculated via

∆C =
√
k − 1

[
1

k

k∑
i=1

{(C(i)
)− (Cav)}2

]1/2

. (2.24)

2.1.6 Maximum entropy method
An instructive review of the maximum entropy method has been given by Jarrell [56]. Here we
only discuss the most important ideas, as necessary for the applications in this work.
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2.1. �antum Monte Carlo

It has been pointed out earlier that an important limitation of many QMC methods is that
dynamical quantities such as, e.g., the energy- and momentum-dependent one-electron Green
functionG(k, ω), can only be calculated in imaginary time, usually at discrete points τl = l∆τ ,
l = 0, . . . , L. In order to compare results to experiment, a continuation to real frequencies is
required. Here we are mainly interested in the one-electron spectral function, which is related
to G by

A(k, ω) = − 1

π
Im G(k, ω) . (2.25)

Conversely, the time-dependent Green function can be obtained from

G(k, τ) =

∫ ∞
−∞

dωA(k, ω)K(τ, ω) , K(τ, ω) =
e−τω

1 + e−βω
. (2.26)

In principle, if G(k, τ) is known from a QMC simulation, an inversion of Eq. (2.26) yields
A(k, ω). However, di�culties arise owing to the form of the kernel K(τ, ω), which becomes
exponentially small for large ω. For a �nite numberM of points ωi, i = 1, . . . ,M , on the energy
axis, the integral in Eq. (2.26) can be written as a matrix equation

Gt =
∑
w

KtwAw , (2.27)

where G, A correspond to vectors of length L+ 1 and M , respectively, and K is a (L+ 1)×M
matrix. Clearly, a calculation of A(k, ω) requires a solution which, if inserted in Eqs. (2.26)
or (2.27), reproduces the Green function G(k, τ) within the errorbars of the QMC data. The
inversion of Eq. (2.27) leads to the system of linear equations

K−1G = A . (2.28)

The matrix K−1 is usually extremely ill-conditioned, i.e., the ratio of the largest to the smallest
singular value—referred to as the c ondition number—is very large [57]. Consequently, Eq. (2.28)
cannot be solved using standard methods. It can be shown that small changes inG (within the
statistical errors) are magni�ed by the condition number, thereby leading to large variations in
the solution forA.

The maximum entropy method represents a consistent and reliable way of performing the
inversion of Eq. (2.26). It is based on the rules of probability theory, and yields the most probable
spectral function A(k, ω), compatible with the measured Green function G(k, τ) and all other
available information about A(k, ω), such as sum rules, nonnegativity, et cetera.

Denoting the QMC result for the time-dependent Green function byG, obtained by averaging
over Nmeas measurements for each time slice, B ayes’ Theorem yields the following result for
the probability of a certain solution A for the spectral function

P (A|G) =
P (G|A)P (A)

P (G)
. (2.29)

22



Chapter 2. Numerical methods

Here P (A|B) denotes the conditional probability for a proposition A provided B is true. For a
given G, P (G) is a constant and may thus be ignored. P (G|A) is referred to as the l ikelihood
function, and P (A) is called the p rior. Skilling [58] proposed a prior of the form

P (A|m,α) ∼ eαS , (2.30)

where S is the entropy de�ned as

S =
M∑
i=1

Ai −mi − Ai log(Ai/mi) (2.31)

with the d efault modelmi ≡ m(ωi). In the absence of any data forG, the entropy is maximized
by the choice A = m. In practice, one usually choses m to be a small constant, corresponding
to no previous knowledge about the structure of the spectrum. Alternatively, it is possible to
use, e.g., exact limits of the spectral function as a guiding function [56]. As pointed out by
Jarrell [56], the r egularization parameter α governs the competition between the entropy and
the mis�t of the data, and is determined by maximizing the probability P (α|G,m). The m is�t
χ2 enters via the likelihood function

P (Gt|A) =
1√
2πσ

e−
1
2
χ2
t (2.32)

and is de�ned as [56]

χ2
t =

1

σ2

(
Gt −Gt

)2
, σ2 =

1

Nmeas(Nmeas − 1)

Nmeas∑
i=1

(
Gt −Gi

t

)2
, (2.33)

Equation (2.33) only holds for uncorrelated data. For the more general case of nonnegligible
autocorrelations, we refer the reader to [56]. We would like to emphasize that a detailed anal-
ysis of autocorrelations, both between measurements for the same and di�erent time slices, is
crucial to ensure reliable results. Finally, the maximum entropy algorithm used in this work
incorporates an improved evidence approximation [59], which generally reduces ringing and
yields more stable results with respect to statistical errors.

2.2 Cluster perturbation theory
While the �rst ideas similar to cluster perturbation theory (CPT) in the form used here date
back to Gros and Valentí [60], the widespread use of this method was initiated by the work
of Sénéchal et al. [11, 12]. Since then, it has been applied to a variety of models, including
(extended) Hubbard models [11, 12, 61–63] and the t–J model [64, 65]. The following review is
largely based on the article by Sénéchal [66].

The principle idea behind CPT is to divide the in�nite crystal lattice into identical clusters
of N sites. While the model Hamiltonian is then solved exactly on one of these clusters, the
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1 2 3
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Figure 2.1: Examples of possible cluster tilings in one (left) and two (right) dimensions, with
N = 4 and N = 9, respectively. Filled circles represent lattice sites within the clus-
ter, while empty circles correspond to sites of neighboring clusters. Solid (dashed)
lines indicate intracluster (intercluster) hopping processes.

hopping between di�erent clusters is treated within strong-coupling perturbation theory. As a
detailed derivation can be found in [12], we restrict the discussion to the resulting equations.

To settle the notation, we consider a Hamiltonian of the form

H =
∑
ijσ

tijc
†
iσcjσ +H1 , (2.34)

where H1 denotes a local interaction, e.g., a Hubbard term. We set out to calculate the one-
electron Green function

G(k, z) = 〈Ψ0| ck
1

z − (H − E0)
c†k |Ψ0〉︸ ︷︷ ︸

Ge

+ 〈Ψ0| c†k
1

z + (H − E0)
ck |Ψ0〉︸ ︷︷ ︸

Gh

, (2.35)

where Ge and Gh represent the photoemission and inverse photoemission part, c†k creates an
electron with momentum k, and we have omitted spin indices for simplicity. E0 denotes the
energy of the ground state |Ψ0〉, and z = ε+ iη. The most interesting observable which can be
calculated within CPT, namely the one-electron spectral function, is related to G via

A(k, ε) = − 1

π
lim
η→0+

Im G(k, ε+ iη) , (2.36)

the negative-frequency part of which can often be directly measured in ARPES experiments
(see Sec.1.2).

Typical cluster sizes in CPT range from N = 1 to N . 16, depending on the available com-
puter resources and the model under consideration. Examples for the simplest cluster shapes in
one and two dimensions are shown in Fig. 2.1. In more than one dimension, it is often advanta-
geous to choose more complicated tilings (see, e.g., Fig. 1 in [12]), although di�erent tilings may
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lead to slightly di�erent results. This possibility has been investigated for the Hubbard model,
and the e�ect of the cluster shape on A(k, ε) was found to be rather small [12]. The hopping
integrals in Hamiltonian (2.34) can be labeled as tmnab , where the superscripts correspond to dif-
ferent clusters, and the subscripts denote sites inside a given cluster. For an isolated cluster
(m = n), the Hamiltonian (2.34) can be solved using, e.g., the Lanczos method (Sec. 2.3). To this
end, we have to calculate the c luster Green function

Gc
ab(z) = 〈Ψ0| ca

1

z − (H − E0)
c†b |Ψ0〉︸ ︷︷ ︸

Gc
ab,e

+ 〈Ψ0| c†b
1

z + (H − E0)
ca |Ψ0〉︸ ︷︷ ︸

Gc
ab,h

(2.37)

for all nonequivalent pairs of cluster sites (a, b). While Gc
ab contains all the information of the

model de�ned on a single cluster, the hopping between di�erent clusters is taken into account
in an approximate manner. It may be written as

tmnab = tcabδmn + V mn
ab , (2.38)

where tcab is the amplitude for hopping within a cluster. CPT treats the remaining intercluster
hopping V using a strong-coupling perturbation expansion in orders of |V |/|U |, with |V | and
|U | denoting the strength of the hopping and the local interactionH1 in Eq. (2.34), respectively.
To obtain a tractable algorithm, only the lowest order terms are kept. In matrix notation, this
can be expressed as

G−1 = [Gc]−1 − V . (2.39)

As discussed by Sénéchal [66], this may also be interpreted as approximating the self-energy
of the full problem by that of a �nite cluster, i.e.,

G−1 = G−1
0 − Σc . (2.40)

Here, G0 corresponds to the Green function of the noninteracting system, and Σc is the self-
energy for a single, isolated cluster.

The Lanczos procedure to obtain the cluster Green function (2.37) will be described in Sec. 2.3.
Once Gc

ab is known, we can proceed to calculate the CPT approximation to the full Green func-
tion G. Owing to the di�erent treatment of inter- and intracluster hopping, translational sym-
metry is broken and has to be restored in some way. We begin by Fourier-transforming the
intercluster hopping matrix V , which can be reduced to a N ×N matrix Vab(K), where K is
a wavevector of the Brillouin zone of the superlattice of clusters. The result reads [66]

Vab(K) =
∑
n

t0nab e
iK·rn . (2.41)

Here rn is the position of the nth cluster relative to the b ase cluster having n = 0. Using the
above expression, Eq. (2.39) becomes

G−1(K, z) = [Gc(z)]−1 − V (K) , (2.42)
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which is equivalent to

Gab(K, z) =

(
Gc(z)

1− V (K)Gc(z)

)
ab

. (2.43)

The Green function G in Eqs. (2.42) and (2.43) is in a mixed representation—real space within
a cluster and reciprocal space between clusters. To obtain the energy- and momentum depen-
dent Green function de�ned in Eq. (2.35), and to restore translational symmetry, the following
procedure has been proposed [11, 12]

G(k, z) =
1

N

N∑
a,b=1

Gab(k, z)e
−ik·(ra−rb) . (2.44)

In practice, the method proceeds as follows.

1. calculate the poles and corresponding weights of the cluster Green functionGc
ab [Eq. (2.37)]

using the Lanczos method,

2. insert the Lehmann representation of Gc
ab with a smearing parameter η in Eq. (2.43) to

obtain Gab,3

3. carry out the Fourier transformation (2.44).

Since CPT is based on a perturbation expansion in the intercluster hopping, the method can
be expected to work especially well in the strong-coupling regime, i.e., if H1 dominates [see
Eq. (2.34)]. This is also illustrated by the fact that it becomes exact in the atomic limit tij = 0.
On the other hand, for weak or intermediate coupling, the electronic kinetic energy is not
small compared to the local interactions. Consequently, the size of the cluster has to be large
enough in order to obtain accurate results. In fact, from previous applications of CPT, e.g., to the
one- and two-dimensional Hubbard model [11, 12, 61], the cluster size N emerged as the main
control parameter of the method. For the one-dimensional Hubbard model, for example,N = 1
is identical to the Hubbard I approximation [67], while N = 2 already gives a spectral function
that contains most of the relevant features such as short-range antiferromagnetic ordering [12].
With increasing N , the CPT Green function approaches systematically the exact result for the
in�nite system. Finally, CPT also becomes exact for H1 = 0 since in this case Σc = 0 so that
Eq. (2.40) yields the correct Green function.

For identical clusters, the CPT spectrum contains many more poles with signi�cant residues
than the corresponding results of ED. This is a consequence of the Dyson-like equation (2.43),
which corresponds to a summation of all diagrams consisting of one-particle Green functions
to in�nite order. We shall see in Sec. 2.3 that one drawback of using Lanczos to calculate spec-
tra is the relatively small number of poles compared to more advanced methods such as, e.g.,
Chebyshev recursion techniques (Sec. 2.4). However, in combination with CPT, this disadvan-
tage is largely compensated since the real-space Green function obtained with Lanczos only

3A nonzero smearing parameter is necessary in order to render the matrix inversion in Eq. (2.43) numerically
stable.
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serves as an input to Eq. (2.43). An additional advantage of CPT is the possibility to evaluate
G(k, ε) at continuous wavevectors k, in contrast to ED which restricts k to the N vectors of
the �rst Brillouin zone of the cluster, of which onlyN/2+1 are physically distinct. While other
methods such as DMFT also yield results for any k, CPT does not rely on the approximation of
a local self-energy, which only becomes exact in the limit of in�nite dimensions. Finally, �nite
temperature Lanczos methods may also be combined with CPT to calculate thermodynamic
properties [68].

We want to point out that CPT does not, in principle, rely on the Lanczos method. The
cluster Green function may be calculated using any suitable technique [12]. Indeed, we will
see in Sec. 5.2 that it is possible to combine the exact analytic solution for the atomic-limit
Green function with CPT to obtain results which agree surprisingly well with the many-body
coherent potential approximation [45] for the spinless Holstein model.

A drawback of CPT when used in combination with ED is the fact that the diagonalization
has to be performed using open boundary conditions. It is therefore not possible to exploit
translational invariance to save computer memory (Sec. 2.3). Attempts have been made to use
periodic BC’s and subtract the corresponding terms afterward in the perturbative treatment of
the intercluster hopping, but it has been found that the accuracy of the results is much better for
the case of open BC’s [66]. Other symmetries, such as the inversion group, can be incorporated
in principle, but are usually not as e�ective at reducing the dimension of the Hilbert space.
At this point we would like to mention that most of the CPU time for applications of CPT in
combination with Lanczos goes into the calculation of the cluster Green function. For example,
the number of Lanczos runs required to determineGc

ab increases proportional toN2. In contrast,
the e�ort for the subsequent evaluation of the Green function according to Eqs. (2.43) and (2.44)
for the in�nite system is negligible, with typical run times of less than 100 seconds.

In addition to the spectral function considered here, other physical properties of the system
can also be calculated with CPT. This includes, e.g., the ground-state energy of the in�nite
system, the electronic kinetic energy, or the Fermi surface [12]. However, the strength of CPT
lies in the calculation of the one-particle Green function and related quantities such as the
density of states.

Concerning the shortcomings of CPT, we would like to mention that, within the current
formulation, two-particle Green functions cannot be calculated. Consequently, it is not possible
to compute, for example, optical conductivities. On top of that, the method is in principle
restricted to models with local interactions, although it has been applied with some success
to the t–J model [64, 65]. Moreover, an extension of CPT to Hubbard models with nearest-
neighbor interaction has recently been proposed by Aichhorn et al. [63].

Finally, CPT may also be compared to other cluster methods, such as the cluster DMFT
(CDMFT) or the dynamical cluster approximation (DCA). The main di�erence to CPT is that,
in the latter, the surroundings of the cluster are not treated self-consistently, as is the case, e.g.,
for the b ath in DMFT. Attempts to include self-consistency in the CPT lead to the same results
as for periodic boundary conditions [66], which are further away from the exact solution than
the approach presented here. An important advantage of CPT over CDMFT and DCA is that it
can use larger clusters, since no bath sites are required. For a detailed discussion of the relation
between these di�erent approaches, we refer the reader to [48, 69].
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2.3 Lanczos method
The Hilbert space of typical cluster problems which can be treated numerically has dimen-
sion 105 –1010. As a result, it is not possible to calculate all eigenvalues and eigenstates of the
corresponding Hamiltonian matrix. The Lanczos method represents one of the most popular
algorithms for the diagonalization of very large sparse matrices. In this work, it is used, e.g.,
to calculate the real-space cluster Green function required for CPT. Moreover, the method by
itself allows one to calculate static and dynamic properties of strongly correlated systems. This
section gives an overview of the most important ideas, while a general discussion can be found
in [70].

2.3.1 Basis states and Hilbert space truncation
Basis states

For electron-phonon models of the Holstein type considered here, the Hilbert space is spanned
by the set of basis states [71]

{|Φuv〉 = |u〉el ⊗ |v〉ph} (2.45)

with

|u〉el =
N∏
i=1

∏
σ

(c†iσ)niσ,u |0〉el , niσ,u ∈ {0, 1} ,

|v〉ph =
N∏
i=1

1√
νi,v!

(b†i )
νi,v |0〉ph , νi,v ∈ {0, 1, . . . ,∞} . (2.46)

Here u = 1, . . . , Del and v = 1, . . . , Dph are labels for the basis states of the electronic and
phononic subspaces with dimensions Del =

(
N
Nσ

)(
N−Nσ
N−σ

)
and Dph =∞, respectively.4

The total number of electrons Ne =
∑

σNσ and the z component of the total spin Sz are
conserved quantum numbers. The basis states can therefore be restricted to given values of
Ne and Sz , which reduces the dimension of the Hilbert space. Furthermore, one can exploit
the point group symmetries of the cluster, or translational symmetry—given periodic boundary
conditions. As pointed out above, the latter possibility does not exist in the context of CPT due
to the need for open boundary conditions in the calculation of the cluster Green function (2.37).
Finally, we would like to emphasize that the symmetrized basis states, which can be obtained by
applying suitable projection operators [71], may still be written as a tensor product of electronic
and phononic states.

Hilbert space truncation

In principle, an in�nite number of phonons can be excited at each lattice site, as expressed by
Eq. (2.46). Since a diagonalization can only be carried out for �nite dimensions, a truncation of

4Nσ denotes the number of electrons with spin σ.
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the phonon subspace is required. Following previous work [72], we use the the basis states

{|v〉ph ; νv =
N∑
i=1

νi,v ≤ Nph} , (2.47)

leading to DNph
ph = (Nph + N)!/(Nph!N !) allowed phonon con�gurations [73]. This scheme

takes into account all possible dynamical phonon modes, i.e., we do not make any assumptions
about the distribution of the Nph phonons either in real or momentum space. This ensures a
correct description of both local polaron e�ects and long-range order.

The convergence of the results withNph can be monitored using the ground-state energyE0.
To this end, we de�ne the relative error

∆(Nph) =
|E0(Nph + 1)− E0(Nph)|

|E0(Nph)|
. (2.48)

Typical values for the results of this work are ∆ ≈ 10−4 – 10−7.
For the ED calculations in Chap. 5, an additional condition has been used to ensure conver-

gence. It it based on the phonon distribution function

|c(ν)|(Nph) =

Del∑
u=1

D
Nph
ph∑
v=1
{νv=ν}

|cuv|2 (2.49)

for which we require that it becomes independent of Nph and |c(Nph)| ≤ 10−6. Here the cuv
denote the coe�cients of the ground state in the basis {|Φuv〉} with maximally Nph phonons.5
Equation (2.49) corresponds to the weight of the state with ν phonons in the ground state.

2.3.2 Ground state and static properties
In a �rst Lanczos iteration, the Hamiltonian matrix is transformed into a tridiagonal represen-
tation, while a second Lanczos run yields the actual ground state. In the (n + 1)th iteration
step, one calculates the vector

|φn+1〉 = H |φn〉 − an |φn〉 − b2
n |φn−1〉 , (2.50)

with the coe�cients

an =
〈φn|H |φn〉
〈φn |φn〉

, b2
n =

〈φn |φn〉
〈φn−1 |φn−1〉

, (2.51)

and the initial conditions b0 = 0, |φ−1〉 = 0. The initial state |φ0〉 can be chosen as a random
vector having �nite overlap with the true ground state. In every step, it is su�cient to keep only

5In Eq. (2.49) we have not taken into account a possible reduction of the electronic Hilbert spaceDel → D̃el < Del
due to symmetry operations.
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three vectors in memory. After L steps, the Hamiltonian, represented in the basis consisting of
the states |n〉 = |φn〉 /

√
〈φn |φn〉, becomes

H =


a0 b1 0 0 · · · 0
b1 a2 b2 0 · · · 0
0 b2 a3 b3 · · · 0
...

...
...

... . . . ...
0 0 0 0 · · · aN

 . (2.52)

There exist three di�erent criteria to stop the Lanczos iteration:

1. convergence has been achieved for the lowest eigenvalue of H ,

2. the latest o�-diagonal element b2
n in Eq. (2.50) is identical to zero within the �nite accuracy

available on a computer,

3. the number of iterations has reached an upper limit (typically 50–500).

The ground state
∣∣ΨL

0

〉
corresponds to the eigenvector belonging to the lowest eigenvalue EL

0 .
At the end of the �rst Lanczos iteration,

∣∣ΨL
0

〉
is known in the basis |φn〉, n = 1, . . . , L. However,

since the vectors have not been stored in the course of the iteration process, a second run is
required to obtain the desired representation of the ground state in the original basis (2.45),
using the known coe�cients

〈
ΨL

0 |φn
〉

in each step. Once
∣∣ΨL

0

〉
has been calculated in the

basis (2.45), the ground-state expectation value of any static observable Ô may be obtained
from

〈O〉 =
〈
ΨL

0

∣∣ Ô ∣∣ΨL
0

〉
(2.53)

using the matrix representation of the operator Ô.

2.3.3 Dynamic properties
The Lanczos method also permits the calculation of dynamical correlation functions. Let us
consider a general Green function of the form

GO(z) = 〈Ψ0| Ô
1

z − (H − E0)
Ô† |Ψ0〉︸ ︷︷ ︸

GOe

+ 〈Ψ0| Ô†
1

z + (H − E0)
Ô |Ψ0〉︸ ︷︷ ︸

GOh

, (2.54)

where z = ε+iη as before and Ô is a fermionic operator. In the sequel, we restrict the discussion
to GO

e . Inserting a complete set of eigenstates {|ψν〉} of H , it may be written as

GO
e =

∑
ν

| 〈ψν | Ô† |Ψ0〉 |2

z − (Eν − E0)
. (2.55)

The eigenstates {|ψν〉} can be expressed in the Lanczos basis {|φi〉} obtained from a further
Lanczos run with the start vector
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|φ0〉 =
Ô†
∣∣ΨL

0

〉√
〈ΨL

0 | Ô Ô† |ΨL
0 〉

(2.56)

yielding [71]

GO
e =

〈
ΨL

0

∣∣ Ô Ô†
∣∣ΨL

0

〉 L−1∑
ν=0

|cLν,0|2

z − (EL
ν − EL

0 )
, (2.57)

where cLν,0 =
〈
φν |ΨL

0

〉
. A similar expression can be derived for GO

h in Eq. (2.54).
While this so-called s pectral decoding method works well for Green functions of the form (2.54),

it cannot directly be used to calculate the real-space cluster Green function (2.37) since the lat-
ter generally involves two di�erent operators c†a 6= [cb]

† for a 6= b. Consider the �rst term
Gab,e in Eq. (2.37). In order to proceed in this case, we construct the states |φ〉 = c†b

∣∣ΨL
0

〉
and

|φ′〉 = ca
∣∣ΨL

0

〉
. After normalization, |φ〉 serves as the initial state for a Lanczos run which gives

an approximate eigenbasis {
∣∣ψLν 〉} of H . The latter can be inserted in Eq. (2.37) in the form of

an approximate unity operator so that we obtain

Gab,e(z) =
L−1∑
ν=0

〈
φ′ |ψLν

〉 〈
ψLν |φ

〉 1

z − (EL
ν − EL

0 )
. (2.58)

The scalar products in Eq. (2.58) are best calculated by expanding the eigenstates in the basis
of Lanczos vectors.

From what has been said so far it is evident that the Lanczos Green function contains L
poles, while the true Green function consists of D ≡ DelD

Nph
ph delta peaks. The positions and

weights of the peaks in the Lanczos spectrum converge to the true values as L→∞. Problems
associated with the Lanczos method are (a) the nonuniform convergence of eigenvalues and
eigenvectors over the whole energy range, (b) the occurrence of so-called ghost states which
appear and disappear in the course of the Lanczos run, and (c) the need for time-consuming
reorthogonalization of the Lanczos vectors for large values of L.

We conclude with a discussion of the numerical e�ort of the Lanczos method. The main
limitation is the available computer memory, since three Lanczos vectors have to be stored for
the calculation. As the dimension of the Hilbert space depends exponentially on the number of
lattice sites, even shared-memory systems only allow one to include a few additional sites com-
pared to standard personal computers. Moreover, the computer time also increases signi�cantly
with the size of the vectors as D lnD.

2.4 Kernel polynomial method
The shortcomings of the Lanczos method pointed out in the preceding section have led to the
development of improved algorithms to calculate dynamical properties of strongly correlated
systems. One of these approaches, belonging to the general class of Chebyshev recursion tech-
niques, is the so-called kernel polynomial method (KPM) used here. Following [71], this section
reviews the basics of KPM, while a much broader discussion can be found in [74, 75].
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We de�ne the spectral function associated with an operator Ô as

AO(ε) = − 1

π
lim
η→0+

Im

[
〈Ψ0| Ô

1

z − (H − E0)
Ô† |Ψ0〉

]
=

D−1∑
ν=0

| 〈ψν | Ô† |Ψ0〉 |2δ[ε− (Eν − E0)] . (2.59)

The general idea of Chebyshev recursion techniques is to expand the δ functions in Eq. (2.59)
in a series of Chebyshev polynomials Tm(x),

AO =
1

π
√

1− x2

(
µO0 + 2

∞∑
m=1

µOmTm(x)

)
, (2.60)

with the coe�cients or m oments

µOm =

∫ 1

−1

dxTm(x)AO(x) = 〈Ô†Ψ0|Tm(X̂)|Ô†Ψ0〉 (2.61)

and
x =

(ε− b)
a

, a =
(Emax − Emin)

2(1− η̃)
, b =

(Emax + Emin)

2
. (2.62)

Since the Tm(x) are de�ned on the interval [−1, 1], the Hamiltonian H has to be replaced by
the rescaled operator X̂ = (H − b)/a with eigenvalues xn ∈ [−(1 − η̃), 1 − η̃]. The small
constant η̃ has been introduced to circumvent convergence problems near the endpoints of the
interval. For typical values of η̃ ∼ 0.01 the impact on the energy resolution is merely 1% [75].

The in�nite series in Eq. (2.60) is truncated at µO
L̃−1

. From the resulting L̃ moments, the
spectrum can be reconstructed in di�erent ways. Within the KPM, which represents a linear
approximation of the spectrum, we set AO ≈ AO

L̃
, where AO

L̃
is given by Eq. (2.60) with∞ re-

placed by L̃−1. The cuto� of the series gives rise to Gibbs oscillations, which can be minimized
using properly chosen damping factors [76].

The actual procedure of the KPM is as follows:

1. use the Lanczos method to calculate the smallest and largest eigenvalues Emin, Emax as
well as the ground-state vector |Ψ0〉,

2. determine the initial conditions

|Φ0〉 = Ô† |Ψ0〉 , |Φ1〉 = X̂ |Φ0〉 ,
µO0 = 〈Φ0 |Φ0〉 , µO1 = 〈Φ0 |Φ1〉 , (2.63)

3. exploit the recurrence relations for Chebyshev polynomials to calculate the L̃ moments
via

|Φm〉 = 2X̂ |Φm−1〉 − |Φm−2〉 ,
µO2m = 2 〈Φm |Φm〉 − µO0 ,

µO2m−1 = 2 〈Φm |Φm−1〉 − µO1 . (2.64)
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The algorithm only requires the simultaneous storage of two (large) vectors, and L̃/2+1 matrix-
vector multiplications yield L̃moments for the spectral function. The KPM is numerically very
stable, allowing calculations of thousands of moments with good accuracy [71].

To further enhance the energy resolution, we make use of the maximum entropy method to
calculate from the L̃ moments obtained with the KPM a representation of the reconstructed
spectral function AO(φ) = AO(x) sinφ with x = cosφ [75]. The resulting spectral function
corresponds to a Chebyshev series with L̃e� = FL̃ moments, where typical values of F range
from 4, . . . , 32. Within the maximum entropy method, the L̃e� moments

µOm =

∫ π

0

dφ cos(mφ)AO(φ) (2.65)

are determined by maximizing the entropy [cf. Eq. 2.31]

S =

∫ π

0

dφ

[
AO(φ)− AO0 (φ)− AO(φ) ln

(
AO(φ)

AO0 (φ)

)]
. (2.66)

The constraints or boundary conditions are that the �rst L̃ moments have to be identical to the
L̃ moments of the default model AO0 , which in our case is the spectral function from the KPM.

Similar to the continuation of QMC dynamical correlation functions from imaginary time to
real frequencies (Sec. 2.1.6), the computationally expensive part here is the KPM, as it involves
matrix-vector multiplications with very large arrays. Finally, for a comparison of spectra ob-
tained with the KPM, Lanczos and the maximum entropy method we refer the interested reader
to [71, 75].
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3 Holstein polaron

All science is either physics or stamp collecting.
(Ernest Rutherford)

The H olstein polaron problem—corresponding to the Holstein model with a single electron—is
one of the most studied problems in condensed matter theory, and dates back to the original
work of Holstein [46] in the 1950’s. Despite the restriction to a single fermion, one is still
confronted with a complex many-body problem, due to the coupling to the phonon degrees of
freedom. The term p olaron, �rst coined by Landau [77], describes an electron dressed by a
phonon cloud or, equivalently, a distortion of the surrounding lattice.

Obviously, in connection with materials such as the cuprates or manganites, we are ulti-
mately interested in studying the many-electron system. However, the one-electron case rep-
resents an important �rst step towards an understanding of more general situations. Moreover,
this chapter introduces several important new ideas which will be used for the QMC methods
in later chapters.

In this chapter, we use three di�erent approaches. After a review of existing work on the
Holstein polaron in Sec. 3.1, we apply CPT to calculate the one-particle spectral function of
the Holstein polaron (Sec. 3.2). Section 3.3 describes canonical transformations of the Holstein
Hamiltonian, which will be the starting point of both the variational polaron approach (Sec. 3.4)
and the QMC method presented in Sec. 3.5. While both the CPT and VPA are restricted to
ground-state properties, the QMC approach permits calculations at �nite temperature.

3.1 Holstein polaron
The Holstein model has been de�ned in Eqs. (1.13) and (1.17), and can be described using the
dimensionless parameters λ [Eq. (1.18)] and ω [Eq. (1.19)]. Moreover, we express all energies in
units of the hopping t.

The polaron problem has been investigated intensively in the past, using a great variety of
methods. Here we focus the discussion on recent progress in the �eld, and on numerical meth-
ods. A comprehensive overview of earlier work can be found, e.g., in the books of Alexandrov
and Mott [78] and Mahan [9].

Weak-coupling perturbation theory has been found to be accurate only for very small cou-
pling strengths λ when the phonon frequency is low [79]. In the strong-coupling regime, an
adiabatic small-polaron approximation [46, 80] works very well for small values of ω [81], while
a perturbation theory based on the Lang-Firsov transformation [47] gives accurate results for
ω � 1 [79, 81]. More recently, the Holstein polaron has been investigated using weak- and
strong-coupling perturbation theory (SCPT) [82, 83]. Discrepancies remain, however, in the
regime of intermediate coupling and phonon frequency [9]. To bridge this gap, a lot of numer-
ical work has been done using ED, DMRG, QMC and variational methods. ED is limited in the
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accessible parameter range, since it requires a truncation of the Hilbert space associated with
the phonon degrees of freedom (Sec. 2.3). With increasing electron-phonon coupling strength,
for example, an increasing number of phonon states have to be included to obtain converged
results [72, 79, 81, 84–89], which makes it di�cult to study clusters of reasonable size in the
strong or even intermediate coupling regime, especially for small phonon frequencies. The
same is true for �nite-cluster SCPT [90] and CPT (Sec. 2.2), which exactly diagonalize small
clusters—for which enough phonon states can be included in the calculation—and extrapolate
the results to the thermodynamic limit by treating the rest of the system as a perturbation. The
application of CPT to the Holstein polaron will be discussed in Sec. 3.2. DMRG, in particular
when implemented on shared-memory systems [91], allows to study large systems by using
an optimized phonon basis to reduce the size of the Hilbert space [92–95]. Moreover, several
variational methods have been developed which yield very accurate results over a wide range
of parameters [96–105]. Nevertheless, it is important to keep in mind that such approaches of-
ten rely on assumptions about the ground-state wavefunction, and are therefore not as reliable
as exact numerical techniques. Various QMC methods have been developed for the Holstein
model, as discussed in Sec. 3.5. The polaron problem considered here has been investigated by
Hirsch et al. [106, 107], de Raedt and Lagendijk [108–110], Kornilovitch [111–113], Kornilovitch
and Pike [114], and Mishchenko et al. [115]. Finally, the Holstein polaron has also been studied
in the in�nite-dimensional limit using DMFT [7, 8, 89, 116, 117], which allows an exact analyti-
cal solution.

From all this work, many properties of the Holstein polaron are well understood. A cross over
occurs from a quasiparticle (QP) with slightly increased e�ective mass to a heavy small polaron
as the electron-phonon coupling strength increases. The two conditions for the existence of
a small polaron1 are λ > 1 and

√
EP/ω > 1, expressing the fact that a “localized” state2 is

formed if (a) the gain in potential energy of the electron exceeds its loss in kinetic energy, and
(b) a large enough lattice distortion exists so as to trap the carrier [88]. We will �rst discuss
the weak-coupling state. Concerning its nature in higher dimensions, there exist two di�erent
views. From calculations based on the adiabatic approximation, i.e., taking the limit ω → 0,
one expects a qualitatively di�erent behavior in one dimension compared to D > 1, also for
ω > 0. Wellein et al. [85] distinguish between the adiabatic (ω < 1) and the nonadiabatic
(ω > 1) regime. In the adiabatic case, and for D > 1, the electron is expected to remain
quasifree with an almost unchanged e�ective mass and kinetic energy for λ < 1, corresponding
to a QP with in�nite radius. This contrasts strongly with one dimension, where the electron
is always self-trapped by the surrounding lattice distortion and forms a polaron with �nite
radius for any λ > 0. On the other hand, in the nonadiabatic regime ω > 1, the behavior is
very similar in all dimensions, and a very gradual decrease of the kinetic energy (or increase
in e�ective mass) is observed as the coupling strength increases. Due to the large energy of
the phonon excitations, only the zero-phonon state contributes signi�cantly. Moreover, the

1A small polaron corresponds to an electron surrounded by a lattice distortion which only extends over a single
site.

2In this work, we mean by a localized state a polaron (or bipolaron) wavefunction with small spatial extent. Such
a state is still Bloch-like, i.e., the quasiparticle moves in a coherent band, in contrast to localized carriers which
are pinned, e.g., by impurities.
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phonons are fast and react almost instantly to the motion of the electron. Consequently, a
lattice distortion only persists in the immediate vicinity of the electron, and this rather small
QP is sometimes called a n onadiabatic Lang-Firsov polaron [85]. Romero et al. [83] take on a
slightly di�erent viewpoint. Based on results from their variational Global-Local method, they
argue that the large polaron state is essentially the same in any dimension, and that the only
e�ect of increasing the dimension of the system is the observed sharpening of the cross over.
For λ > λc, the critical coupling being determined by the aforementioned conditions λ > 1 and√
EP/ω > 1, both views agree on the existence of a a small-sized so-called H olstein polaron

[85]. The latter is a heavy QP with a strongly reduced mobility. The cross over at λc is very
sharp, especially for ω � 1, but it does not represent a real phase transition [118], as expected
for a translational invariant system. Even though the electron is trapped in the potential well
originating from the response of the lattice to its motion, the ground state is still Bloch-like.

3.2 One-particle spectral function

3.2.1 Introduction

Spectral properties, such as the one-electron spectral function, provide valuable insight into the
complex physics of strongly correlated systems. However, reliable results for such quantities
are generally di�cult to obtain. Analytical methods are often restricted to very simple limiting
cases, and results usually cannot be extended to more general situations. Two remarkable ex-
ceptions are the Holstein model with a linear electron dispersion [5, 6] and the Hubbard model
[119], both in one dimension (1D), which have been solved exactly. Additionally, an exact solu-
tion of the polaron problem can be obtained in in�nite dimensions [7, 8, 89, 116, 117]. Numerical
methods such as ED and QMC have received much attention over the last decades, since they
can be used to study more general models. ED methods allow very accurate calculations of
ground-state as well as �nite-temperature spectral properties, but are restricted to rather small
clusters due to the large dimension of the corresponding Hilbert space. QMC can be used to
obtain results on large clusters even in higher dimensions, but here the sign-problem and the
ill-posed analytic continuation required to obtain dynamic correlation functions for real fre-
quencies (Sec. 2.1.6) are detrimental for many interesting applications. The recently developed
CPT [11, 12], which has been reviewed in Sec. 2.2, marks an important improvement of the
situation.

For coupled electron-phonon systems, such as the Holstein model and its extensions—e.g., the
Holstein-Hubbard or the Holstein-DE model (Sec. 1.3)—the application of ED methods is ham-
pered by the in�nite number of possible phonon con�gurations, which gives rise to a rapidly
growing requirement of computer memory and/or CPU time as the number of lattice sites or
phonon states increases. Improved methods such as DMRG, or the use of variational phonon
bases allow one to extend the accessible parameter range. Nevertheless, as electron-phonon
interaction has been identi�ed as an important ingredient in, e.g., high-temperature supercon-
ductors [2] and manganites [3] (Sec. 1.3.1), further progress along these lines is highly desirable.

In this section, we show that CPT can be successfully applied to electron-phonon models with
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a (local) coupling of the Holstein type [46]. The results for the one-electron spectral function
of the Holstein polaron in one and two dimensions reveal that the use of CPT strongly reduces
�nite-size e�ects, as compared to ED.

3.2.2 Application of cluster perturbation theory
Following other authors [72, 81, 84, 87, 120, 121], we calculate the Green function

G(k, ε) = 〈0| ck
1

ε−H
c†k |0〉 , (3.1)

where |0〉 represents the ground state of the phonons and the vacuum state for the electrons.
Spin indices can be suppressed owing to the symmetry of the problem. The corresponding
one-electron spectral function is given by Eq. (2.36).

To obtain the cluster Green function (2.37), we apply the Lanczos recursion method as de-
scribed in Sec. 2.3. As discussed in Sec. 2.3, the Hilbert space of the electron-phonon problem
has to be truncated to permit a numerical diagonalization. Here, the convergence with the max-
imal number of phonon states Nph is monitored according to Eq. (2.48) using the ground-state
energy E↑0 of the the cluster with open boundary conditions and one electron.3 For the results
presented in this chapter, Nph was chosen such that ∆(Nph) < 10−5. We �nd that convergence
of E↑0 also ensures a well-converged spectral function. Moreover, the in�uence of the number
of phonons kept in the calculation is much larger for the incoherent part of the spectrum than
for the coherent, low-energy QP peak which determines E↑0 (Sec. 3.2.3).

Before we come to a discussion of the results obtained with CPT, we want to comment on
some of the existing work on spectral properties of the Holstein polaron. As indicated before,
the most reliable method to calculate dynamic quantities, such as A(k, ε), is ED which has
been used extensively in the past [72, 81, 84–87, 101, 120, 121]. Most of this work has focused
on the polaron band structure, denoted here as E↑(k), instead of the spectral function, since
it is often easier to interpret, especially in the strong-coupling regime where the structure of
A(k, ε) is rather complicated. However, as pointed out by Wellein et al. [85], the two quantities
are closely related. In fact the position of the lowest-energy peak in A(k, ε), obtained from
the Green function (3.1), follows exactly the polaron band structure for di�erent k. Moreover,
the integral over this �rst peak is equivalent to the QP weight z(k) = |〈ψ(1)

0,k|c
†
k|0〉|2, where

ψ
(1)
0,k denotes the lowest-energy single-polaron state in the sector with total momentum k [86].

Other numerical methods which have been used to calculate spectral properties include DMRG
(in one dimension) [92, 94], �nite-cluster strong coupling perturbation theory (1D, 2D) [90],
QMC (1D–3D) [112, 113], and variational methods (1D–4D) [96–98].

3.2.3 Comparison with exact diagonalization
As noted in Sec. 2.2, the critical parameter of CPT is the number of sites in the cluster. To
demonstrate the advantage of CPT over the Lanczos method we present in Fig. 3.1 the spectral

3The convenience of this notation will emerge in Chap. 4. Owing to the spin symmetry of the one-electron case,
here we have E↑

0 = E↓
0 .
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Figure 3.1: Comparison of the one-particle spectral function A(0, ε) of the one-dimensional
Holstein polaron obtained with ED (left column) and CPT (right column) for various
numbers of lattice sites N in the cluster. The plot is for ω = 2.0, λ = 0.5, and
Nph = 6. An arti�cial smearing parameter η = 0.02t has been used.

function A(0, ε) in one dimension for di�erent cluster sizes N . We chose ω = 2 and λ = 0.5,
which is the regime where an extended polaron exists (Sec. 3.5.3). Consequently, signi�cant
�nite-size e�ects can be expected for small clusters, which is exactly what we see in the ED
results for periodic boundary conditions. Figure 3.1 clearly shows that the shape of the large
QP peak at ε ≈ −2.4 changes very little with increasingN for both ED and CPT, but a noticeable
shift can be observed in the ED spectra as we go from N = 2 to N = 4. The in�uence of N is
much larger for the incoherent part of the spectrum, which lies about a distance ω above the
QP peak. The ED spectra display sharp, well-separated peaks, whereas the corresponding CPT
data—containing many more poles—resemble much closer the expected results for an in�nite
system. The latter has been investigated by Marsiglio [72] using Migdal-Eliashberg theory. For
the same parameters, he found that the QP peak remains almost unchanged as N →∞, while
the incoherent part evolves into a continuous band that �ts well to the CPT results even for
rather small clusters N & 6. We have also compared A(k, ε) for k 6= 0, and the observed �nite-
size e�ects agree perfectly with previous work [86]: As k increases from k = 0 to k = π, the size
of the polaron increases, and the deviations of the ED data from the CPT results become larger.
In the strong-coupling or small-polaron regime, not shown here, �nite-size e�ects are known
to be small. Consequently, even for very small clusters, ED and CPT both give well-converged
results for the QP peak which determines, e.g., the ground-state energy. However, in the case
of ED, the incoherent part of the spectrum for wavevector k, corresponding to excitations of
an electron with momentum q and a phonon with momentum k − q, still exhibits the typical
multipeak structure of a �nite system, whereas the CPT results again reproduce much better
the incoherent band found in the thermodynamic limit. Moreover, as mentioned in Sec. 2.2,
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Figure 3.2: Left: One-particle spectral functionA(k, ε) of the one-dimensional Holstein polaron
calculated with CPT for N = 14, Nph = 6, and η = 0.02t. Right: Density plot of the
same data for 100 points in k space. Symbols represent results of Bonča et al. [96].

CPT allows us to calculate A(k, ε) for continuous k, while ED on a N -site cluster is restricted
to N/2 + 1 physically nonequivalent wavevectors.

A closer look at the CPT results in Fig. 3.1 reveals small additional peaks—not present in the
ED spectra—which move from the incoherent part ofA(k, ε) towards the QP peak with increas-
ing N . Calculations for larger clusters have shown that these peaks vanish systematically with
increasingN , so that the CPT spectrum approaches the exact result in the thermodynamic limit
N = ∞, as expected. Consequently, these peaks are not a defect of CPT, but represent �nite-
size e�ects which arise from the approximate treatment of intercluster hopping. The latter, in
combination with the open boundary conditions used to calculate the cluster Green function,
leads to a system which does not have perfect translational symmetry. The situation is equiv-
alent to ED with open boundary conditions: For N → ∞ the spectrum approaches that of an
in�nite cluster. However, in contrast to CPT, the e�ects for �nite N are much more signi�cant.
Moreover, these �nite-size e�ects manifest themselves in a slightly di�erent way than in the
case of periodic boundary conditions, where no additional peaks—showing the aforementioned
behavior—are found. In CPT, already for the small cluster sizes shown in Fig. 3.1, the spectral
weight of these peaks is extremely small compared to the rest of the spectrum. For other values
of ω and λ, a similar behavior has been found. Although not discussed by the authors, similar
e�ects can also be expected for the Hubbard model [11, 12, 61], although they may be larger
for the Holstein polaron due to the higher sensitivity of phonon excitations to the boundary
conditions.

3.2.4 Results in one dimension

The physics of the one-dimensional Holstein polaron—as it emerges from existing work—has
been discussed in Sec. 3.1. In Fig. 3.2 we present results for A(k, ε) for ω = 0.8, λ = 0.25
and N = 14 as well as a density plot of the same data. As mentioned before, the spectrum
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Figure 3.3: Left: One-particle spectral functionA(k, ε) of the one-dimensional Holstein polaron
calculated with CPT for N = 12, Nph = 6, and η = 0.02t. Right: Density plot of the
same data for 100 points in k space. Symbols represent results of Bonča et al. [96].

consists of a low-lying QP peak and an incoherent part at higher energies. The physics behind
the observed behavior of A(k, ε) has been discussed, e.g., by Stephan [90], and is typical for
electronic systems weakly interacting with dispersionless optical phonons. For small k, most
of the spectral weight resides in the QP peak which corresponds to a weakly dressed electron.
For the case considered here, in which the phonon energy lies inside the bare electron band,
electron and phonon hybridize and repel each other near the point where they would be de-
generate, i.e. for |E↑(k) − E↑(0)| ∼ ω. This coincides with the region where the �attening
of the polaron band occurs and, in fact, for larger k the phonon becomes the lowest-energy
excitation. However, most of the spectral weight is contained in the broad, incoherent band
which follows the free-electron band dispersion. The density plot in Fig. 3.2 also contains data
for the polaron band structure E↑(k) which have been obtained by Bonča et al. [96] using their
variational diagonalization method. The latter has been shown to give very accurate results for
the in�nite system, although it becomes somewhat less accurate in the strong coupling regime
and for large values of k [96]. As mentioned before, E↑(k) corresponds to the lowest-energy
band inA(k, ε) and we �nd a very good agreement with our data throughout the Brillouin zone.

Figure 3.3 shows results for a similar phonon frequency ω = 1.0 but for stronger electron-
phonon coupling λ = 0.5 and N = 12. Compared to the weak-coupling case discussed above,
the polaron band is separated more clearly from the incoherent part of the spectrum and, as
expected, the bandwidth is further reduced. Additionally, even more spectral weight has been
transfered to the high-energy, incoherent band. On top of that, a gap shows up in the upper
band at about k = π/2. Again the polaron band �ts very well the results for E↑(k) [96].

We next consider intermediate coupling λ = 1.0, with ω = 1 and N = 8 (Fig. 3.4). For these
parameters, an extended polaron exists which still has a relatively large bandwidth, compared
to the small-polaron case discussed below. Moreover, the incoherent part of the spectrum has
split up into several subbands separated in energy by ω, which correspond to excitations of
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Figure 3.4: Left: One-particle spectral functionA(k, ε) of the one-dimensional Holstein polaron
calculated with CPT for N = 8, Nph = 9, and η = 0.02t. Right: Density plot of the
same data for 100 points in k space. Symbols represent results of Bonča [122].

an electron and one or more phonons. As before, we �nd a very good agreement between the
low-energy band in A(k, ε) and the polaron band dispersion E↑(k) [122].

Finally, in Fig. 3.5, we report the spectral function for ω = 1 and λ = 2.0. The results have
been obtained using only a four-site cluster, which is su�cient to get a very good agreement
with Bonča’s data for E↑(k), with only minor deviations at large values of k where �nite-size
e�ects are most pronounced. This is a consequence of the predominantly local e�ects in the
strong-coupling regime, which also manifest themselves in terms of a very narrow polaron
band.

3.2.5 Results in two dimensions

To illustrate the applicability of CPT, we also calculated the spectral function of the Holstein
polaron on a two-dimensional cluster of size

√
8×
√

8, i.e., with eight sites, which has the shape
of a tilted square. The in�uence of the cluster geometry has been discussed in Sec. 2.2. For the
Holstein polaron, where the physics is dominated by local correlations, it is expected to be very
small.

The two-dimensional Holstein polaron has been reviewed in Sec. 3.1. Here we simply aim
to demonstrate the possibility of calculating the 2D spectral function with CPT. Therefore, we
restrict ourselves to one set of parameters, namely ω = 2.0 and λ = 0.945, which has also
been treated using f inite-cluster SCPT [90]. In contrast to standard SCPT based on the Lang-
Firsov transformation, the latter has been shown to give reliable results also for intermediate λ
and ω, which is a consequence of the inclusion of longer-ranged e�ects [86, 90]. While in the
one-dimensional case the density plot of A(k, ε) contains all 100 values of k used in CPT, in
two dimensions we have used 400 points in k space. However only 60, lying along ΓMXΓ, are
shown in Fig. 3.6.

From the above discussion, and for the parameters considered here, we expect a rather wide
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Figure 3.5: Left: One-particle spectral functionA(k, ε) of the one-dimensional Holstein polaron
calculated with CPT for N = 4, Nph = 25, and η = 0.02t. Right: Density plot of the
same data for 100 points in k space. Symbols represent results of Bonča [122].

polaron band. This is clearly con�rmed by the spectral function shown in Fig. 3.6, and the
lowest-energy band in our data resembles closely to the �ndings of Stephan (Fig. 2 of [90]). In
particular, as in the one-dimensional case considered in Sec. 3.2.4, a �attening of the polaron
band near (π/2, π) is found which has also been noted by Wellein et al. [85]. Above the po-
laron band, also similar to 1D, there lie several other incoherent bands which correspond to
multiphonon excitations.

In summary, the results of this section clearly demonstrate that CPT is applicable not only in
the strong-coupling regime, but also for weak and intermediate electron-phonon interaction.
The quality of the resulting spectra is superior to ED data for the same cluster size, and a very
good agreement has been found with the variational method of Bonča et al. [96] in one dimen-
sion. Moreover, we have shown that CPT also permits accurate calculations in two dimensions.

3.3 Transformed Hamiltonians
In this section, we present the canonical e xtended Lang-Firsov transformation of the Holstein
Hamiltonian. The original Lang-Firsov (LF) transformation [47] has been used extensively to
study Holstein models of various kinds. A well-known approximation due to Holstein [46]
consists of replacing the transformed hopping term by its expectation value with respect to a
zero-phonon state, thus neglecting phonon emission and absorption during the hopping pro-
cess. This approach, which we shall call the Holstein-LF (HLF) approximation, yields reliable re-
sults only in the nonadiabatic strong-coupling limit4 [85, 86, 94], while more re�ned approaches
based on strong-coupling perturbation theory provide an accurate description of the Holstein
polaron over a larger range of parameters [79, 81]. In the limit λ = ∞, the hopping term in
Hamiltonian (3.2) can be neglected, and the LF transformation permits an exact solution of the

4This limit corresponds to ω, g →∞ with g/ω → 0 and g2/ω = EP �nite [cf. Eq. (1.13)].

43



3.3. Transformed Hamiltonians

-8 -6 -4 -2 0 2 4 6 8

ε / t

k = (0,0)

k = (π,0)

k = (π,π)

k = (0,0)

ω = 2.0, λ = 0.945

-6

-4

-2

0

2

4

6

ε
 /

 t

(0,0) (0,π) (π,π) (0,0)

k

Figure 3.6: Left: One-particle spectral function A(k, ε) of the two-dimensional Holstein po-
laron calculated with CPT for N =

√
8 (see text), Nph = 9, and η = 0.02t. Right:

Density plot of the same data (see text).

resulting single-site problem [9]. The transformation has also been used in combination with
numerical methods [87, 101, 121]. While the extended LF transformation will be the starting
point for the variational approach of Sec. 3.4, Sec. 3.5 discusses, to the best of our knowledge,
the �rst QMC method based on the LF transformation.

The Holstein Hamiltonian (see also Sec. 1.3.2) can be written as

H = −t
∑
〈ij〉σ

c†iσcjσ︸ ︷︷ ︸
K

+
ω

2

∑
i

(
p̂2
i + x̂2

i

)
︸ ︷︷ ︸

P=Pp+Px

−α
∑
i

n̂ix̂i︸ ︷︷ ︸
I

, (3.2)

with the abbreviationsK for the electron hopping, P for the kinetic (Pp) and elastic (Px) energy
of the lattice, and I for the electron-phonon interaction.

We de�ne the unitary operator

ν̂ = ei
∑
ij γij n̂ip̂j ≡ eS , (3.3)

where i and j run over all N lattice sites, and with real parameters γij . ν̂ as de�ned in Eq. (3.3)
has the form of a translation operator, and we have ν̂† = ν̂−1. Given an electron at lattice site
i, ν̂ mediates displacements γij of the harmonic oscillators at all sites j = 1, . . . , N . Hence the
transformation describes a nonlocal phonon cloud surrounding an electron, corresponding to
an extended (large) polaron

Operators have to be transformed according to ˜̂
A = ν̂Âν̂†. Introducing the function f(η) =

eηŜÂe−ηŜ we obtain
f ′(η) = eηŜ[Ŝ, Â]e−ηŜ , (3.4)

where f ′ ≡ ∂f/∂η. A straight-forward calculation leads to

[Ŝ, ciσ] = −i
∑
l

γil p̂l ciσ , [Ŝ, c†iσ] = i
∑
l

γil p̂l c
†
iσ . (3.5)
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Inserting these results in Eq. (3.4), integrating with respect to η and setting η = 1 gives

c̃†iσ = c†iσ e
i
∑
j γij p̂j , c̃iσ = ciσ e

−i
∑
j γij p̂j . (3.6)

For the bosonic operators, the relation

˜̂
A = eŜÂe−Ŝ = Â+ [Ŝ, Â] +

1

2!
[Ŝ, [Ŝ, Â]] + · · · , (3.7)

yields
˜̂xi = x̂i +

∑
j

γijn̂j , ˜̂pi = p̂i . (3.8)

With these results, the transformed Hamiltonian becomes

H̃ = −t
∑
〈ij〉σ

c†iσcjσe
i
∑
l(γil−γjl)p̂l

︸ ︷︷ ︸
K̃

+P

+
∑
ij

n̂jx̂i(ωγij − αδij)︸ ︷︷ ︸
Ĩep

+
∑
ij

n̂in̂j

(
ω

2

∑
l

γljγli − αγij

)
︸ ︷︷ ︸

Ĩee

. (3.9)

Here the term Ĩep describes the coupling between electrons and phonons, while Ĩee represents
an e�ective electron-electron interaction. Hamiltonian (3.9) will be the starting point for the
variational polaron approach presented in the following section.

For QMC simulations, however, it is more suitable to require that the electron-phonon terms
cancel. This can be achieved by setting γij = γδij with

γ =

√
λW

ω
, (3.10)

with the bare bandwidthW given by Eq. (1.8). Using the de�nition (3.10), we obtain the standard
LF transformation with the transformation operator

ν̂0 = eiγ
∑
i n̂ip̂i . (3.11)

Following the same steps as above, we �nd for the transformed operators

c̃†iσ = c†iσeiγp̂i , c̃iσ = ciσe−iγp̂i (3.12)

and
˜̂xi = x̂i + γn̂i , ˜̂pi = p̂i . (3.13)

In contrast to the nonlocal transformation de�ned by Eq. (3.3), now only the oscillator at the
site of the electron is a�ected, as illustrated in Fig. 3.7. The transformed Hamiltonian reads

H̃0 = −t
∑
〈ij〉σ

c†iσcjσe
iγ(p̂i−p̂j)

︸ ︷︷ ︸
K̃0

+P −1

2
γ2ω

∑
i

n̂2
i︸ ︷︷ ︸

Ĩ

. (3.14)
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Figure 3.7: Illustration of the energy shift EP and lattice displacement γ described by the LF
transformation (3.11).

In the HLF or small-polaron approximation, the ground state of the transformed Hamiltonian is
approximated by assuming that no phonons are excited. It has been shown [94] that the small-
polaron wavefunction becomes exact in the strong-coupling, nonadiabatic limit, and agrees
qualitatively with the exact results also in the intermediate coupling regime. As discussed by
Zhang et al. [94], the HLF approximation gives an overestimated shift γ of the equilibrium
position of the oscillator in the presence of an electron, and does not reproduce the retardation
e�ects when an electron hops onto a previously unoccupied site. Nevertheless, the local lattice
distortion at the site of the electron contains the crucial impact of the electron on the lattice.
Consequently, the transformed Hamiltonian (3.14) should be a good starting point to perform
QMC simulations, which merely need to account for the rather small �uctuations around the
new equilibrium positions. In principle, it would also be possible to develop a QMC algorithm
starting with Hamiltonian (3.9), with the parameters γij being determined by the variational
method discussed in the following section. However, we will see that the simple (local) LF
transformation is already su�cient to obtain a very e�cient QMC method.

From Eq. (3.14) it is obvious that the LF transformation (3.11) on the one hand removes the
electron-phonon coupling term, but on the other hand introduces complex-valued hopping inte-
grals which depend on the phonon momenta at the lattice sites involved in the hopping process.
Moreover, as we shall see in Chap. 4, for more than one electron in the system the last term
Ĩ introduces a Hubbard-like attractive interaction. In the case of the extended transformation,
the electron-phonon interaction term cannot be eliminated entirely, the hopping term involves
all phonon momenta p̂i as well as the parameters γij , and the electron-electron interaction be-
comes long ranged [Eq. (3.9)]. For these reasons it is expedient to base the QMC simulation on
the Hamiltonian (3.14).

For a single electron considered here, we have n̂in̂j = n̂iδij , so that the electron-electron
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interaction term in Hamiltonian (3.9) becomes

Ĩee =
∑
i

n̂i

(
ω

2

∑
l

γ2
li − αγii

)
, (3.15)

while the corresponding term in Hamiltonian (3.14) reduces to

Ĩ = −EP . (3.16)

Equations (3.15) and (3.16) both describe a shift in energy resulting from the original electron-
phonon interaction. The polaron binding energy EP [Eq. (1.20)] corresponds to the energy
shift of the oscillator potential in the presence of an electron (see Fig. 3.7). For two electrons
occupying the same site, corresponding to a small bipolaron (Chap. 4), we have ni = 2 and
Eq. (3.14) yields an energy shift of 4EP.

3.4 Variational polaron approach
Here we present a simple variational method which is based on the extended transforma-
tion (3.3). Similar work along these lines using di�erent transformations of the Hamiltonian
as well as physically motivated wavefunctions can be found, for example, in [102–105]. As
noted above, the zero-phonon ansatz of the simple HLF approximation gives reliable results
only in the limit of large ω and λ. Whereas in HLF the parameter γ of the LF transformation
is chosen such that the electron-phonon coupling term Ĩep vanishes, in the variational polaron
approach (VPA), we treat the γij as variational parameters which are determined by minimizing
the ground-state energy in a zero-phonon basis. Like the HLF approximation, the VPA becomes
exact in the noninteracting limit (λ = 0) and in the nonadiabatic strong-coupling limit. We will
see in Sec. 3.4.1 that the VPA also gives very accurate results for ω � 1 and �nite λ. This
can easily be understood keeping in mind the discussion of the validity of the HLF approxima-
tion given in the preceding section. While the HLF ansatz overestimates the displacement of
the local oscillator in the presence of an electron, the VPA determines this shift variationally.
Moreover, the missing retardation e�ects in the response of the oscillators to the motion of the
electron become negligible as ω →∞. Therefore, in addition to the cases stated above, the VPA
also becomes exact in the nonadiabatic limit ω →∞. Furthermore, it yields the exact solution
for classical phonons (ω = 0). Although the limitations of the VPA in or near the adiabatic
regime ω . 1 will clearly emerge when we discuss results in Sec. 3.4.1, it works surprisingly
well if we keep in mind the simplicity of the method. Moreover, the reasons for the failure of the
VPA in certain parameter regimes are physically clear and can easily be interpreted. Although
it is straight forward to extend the VPA to in�nite systems, here we restrict ourselves to �nite
clusters with periodic boundary conditions.

For translational invariant systems the displacement �elds satisfy the condition γij = γ|i−j|.
Inserting this relation into Eq. (3.15), the expression inside the brackets becomes independent
of the index i. For the single-electron case with

∑
i n̂i = 1 we have

Ĩee =
ω

2

∑
l

γ2
l − αγ0 . (3.17)

47



3.4. Variational polaron approach

We solve the eigenvalue problem of the transformed Hamiltonian (3.9) in a zero-phonon basis
for which we make the ansatz

{|l〉 = c†lσ |0〉 ⊗
N∏
ν=1

|φ(ν)
0 〉 , l = 1, . . . , N} , (3.18)

where |φ(ν)
0 〉 denotes the ground state of the harmonic oscillator at site ν. For simplicity, we

restrict ourselves to one dimension. The matrix elements of the transformed hopping term in
this basis are

〈l| K̃ |l′〉 = −tll′
∏
ν

〈φ(ν)
0 |ei(γlν−γl′ν)p̂ν |φ(ν)

0 〉

= −tll′
∏
ν

∫
dxφ(x+ γlν)φ(x+ γl′ν)

= −tll′e−
1
4

∑
ν(γν−γν+l−l′ )

2

, (3.19)

where tll′ = tδ〈ll′〉 is nonzero for nearest-neighbor hopping pairs l′ = l ± 1 and φ(x) is the
harmonic oscillator ground-state wavefunction in coordinate space. The matrix elements of
the other terms of Hamiltonian (3.9) are easily evaluated as

〈l|P |l′〉 = δll′
ω

2
,

〈l| Ĩep |l′〉 = 0 ,

〈l| Ĩee |l′〉 = δll′

(
ω

2

∑
l

γ2
l − αγ0

)
. (3.20)

The eigenstates of the transformed Hamiltonian (3.9) in the zero-phonon subspace, spanned by
the basis states de�ned in Eq. (3.18), are

|ψk〉 = c†kσ |0〉 ⊗
∏
ν

|φ(ν)
0 〉 (3.21)

with energy

E(k) = Ek +
ω

2
N +

ω

2

∑
l

γ2
l − αγ0 ,

Ek = −t
∑
δ=±1

eikδe−
1
4

∑
ν(γν−γν+δ)

2

, (3.22)

Ek denoting the kinetic energy of the electron. De�ning the Fourier-transformed parameters
γ̃q as

γ̃q =
1√
N

∑
l

eiqlγl (3.23)
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and using (γl ∈ R) ∑
ν

γνγν+δ =
∑
q

γ̃qγ̃−qe
iqδ =

∑
q

γ̃2
q cos qδ , (3.24)

it can be written as

Ek = −t
∑
δ

eikδe−
1
2

∑
q(1−cos qδ)γ̃2

q

= ε̃0(k)e−
1
2

∑
q(1−cos q)γ̃2

q

= ε̃e�(k) , (3.25)

where ε̃0(k) = −2t cos k is the tight-binding band dispersion in one dimension. Using these
results the ground-state energy �nally becomes

E(k) = ε̃e�(k) +
Nω

2
+
ω

2

∑
q

γ̃2
q −

α√
N

∑
q

γ̃q . (3.26)

The variational parameters γ̃p are determined by the condition

∂E

∂γ̃p
= −γ̃pε̃e�(p)(1− cos p) + ωγ̃p −

α√
N

!
= 0 . (3.27)

The values for γ̃p which minimize E can then be obtained from

γ̃p =
α√
N

1

ω + ε̃e�(p)(1− cos p)
. (3.28)

As ε̃e� depends on the set of parameters γ̃p, this equation has to be solved self-consistently.
Equation (3.28) has a typical random-phase approximation form, which is reasonable since a
variational ansatz for the ground state of the untransformed Hamiltonian can be written as

ν̂†|ψk〉 =
1√
N

∑
j

eikj c†jσ e
−i

∑
l γjlp̂l |0〉 ⊗

∏
ν

|φ(ν)
0 〉 , (3.29)

with ν̂ as de�ned in Eq. (3.3).
In addition to the total energy given by Eq. (3.26), we are also interested in the QP weight for

momentum k = 0, de�ned as √
z0 = 〈0| c̃k=0,σ |ψ0〉 . (3.30)

Here |ψ0〉 denotes the ground state with one electron of momentum p = 0 and the oscillators
in the ground state |φ0〉. Fourier transformation leads to

√
z0 =

1

N

∑
ij

〈φ0| 〈0| c̃iσc†jσ |0〉 |φ0〉

=
1

N

∑
i

〈φ0| e−i
∑
k γikp̂k |φ0〉

= e−
1
4

∑
q γ̃

2
q , (3.31)

where we have used the same steps as in Eq. (3.19).
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Figure 3.8: Total energy E (left) and QP weight z0 (right) as functions of the electron-phonon
coupling λ for di�erent values of the adiabatic ratio ω. Symbols correspond to VPA
results, while full lines represent exact T = 0 data obtained with the Lanczos method
[123]. Dashed lines are results of the HLF approximation.

3.4.1 Results

In order to test the validity of the VPA we have calculated the total energy [Eq. (3.26)] and the QP
weight [Eq. (3.31)] on a cluster of four sites for various phonon frequencies ω. A comparison
with results from Lanczos diagonalization [123] is depicted in Fig. 3.8. The values of ω have
been chosen to lie in the nonadiabatic regime ω ≥ 1 where the zero-phonon approximation of
the VPA is sensible. The overall agreement is strikingly good. Minor deviations from the exact
results increase with decreasing ω. For the smallest frequency shown, ω = 1.0, the curve for the
HLF approximation is also shown. It reveals that the VPA represents a signi�cant improvement
over the HLF approximation, underlining the importance of the extended polaron cloud.

The comparison with exact results obtained with Lanczos was restricted to small clusters with
N = 4 in order to achieve convergence with respect to the number of phonon states included
in the calculation. To further scrutinize the accuracy of the VPA we also compare the results of
the latter for the total energy with the variational Global-Local method, which has been shown
to give accurate results over a large range of parameters [99]. We chose N = 32 for which
�nite-size e�ects are already very small (Sec. 3.5.3). Moreover, following Romero et al. [99], in
Fig. 3.9 we plot E/ω over g with g =

√
λW/(2ω). Similar to the case N = 4 shown in Fig. 3.8

we �nd a very good agreement for large values of ω over the whole range of electron-phonon
coupling, whereas for smaller ω the VPA results begin to bend away from the correct curve
and collapse to the nonadiabatic strong-coupling result for large g. We would like to point
out that the maximum electron-phonon coupling strength in Fig. 3.9 corresponds to λ ≈ 40
(for ω = 4.0), in contrast to Fig. 3.8 where λ ≤ 2. Figures 3.8 and 3.9 reveal that for ω � 1
the VPA yields a very good agreement with the exact data and the Global-Local method even
in the intermediate-coupling regime. This behavior can easily be understood considering the
assumptions of the VPA. The zero-phonon approximation becomes exact in the nonadiabatic
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Figure 3.9: Total energy E as a function of the electron-phonon coupling g (see text) for dif-
ferent values of the adiabatic ratio ω. Symbols correspond to VPA results, while full
lines represent data obtained with the Global-Local method [99]. The dashed line
represents the result for ω =∞.
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Figure 3.10: Polaron-size parameter γδ as a function of the electron-phonon coupling λ for
various distances δ. Also shown is the parameter γ [Eq. (3.10)] of the standard LF
transformation.

limit ω → ∞, where the energies of phonon excitations are too high to have an e�ect on the
ground state. Finally, we would like to mention the possibility of comparing the VPA with the
QMC results presented in the following section. This has been done for a variety of parameters,
but we have found that it is di�cult to distinguish between deviations due to the shortcomings
of the VPA and due to temperature e�ects in the QMC results. Consequently, we have decided to
confront the VPA with another ground-state method, namely, the Global-Local method, which
gives a much clearer picture.

In Fig. 3.10 we present results for the variational displacement �elds γδ , which give us a
measure for the size of the polaron. For ω = 0.1 we see an abrupt cross over from a large
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to a small polaron at λ ≈ 1.2. For smaller values of the coupling, the electron induces lattice
distortions at neighboring sites even at a distance of more than three lattice constants. Above
λ ≈ 1.2 we have a mobile small polaron extending over a single site only. In contrast, for a larger
value of the adiabatic ratio ω = 4.0, there is no obvious cross over and we have a somewhat
extended (large) polaron even for large values of λ. The same behavior has been found by
Marsiglio [79] who determined the correlation function 〈n̂ix̂i+δ〉 by Lanczos diagonalization
for a restricted phonon basis. Within the VPA we have the relation 〈n̂ix̂i+δ〉 = γδ . The main
di�erence is that in Marsiglio’s results, the cross over to a small polaron for ω = 0.1 occurs
at a smaller value of the coupling λ ≈ 1. Nevertheless, the simple VPA reproduces the main
characteristics of the cross over of the Holstein polaron as the coupling strength λ is increased.
Finally Fig. 3.10 also shows the result for the parameter γ of the standard LF transformation
(Sec. 3.3). For ω = 0.1, the curves for γ and γδ=0 are identical above the critical value λ ≈ 1.2.
This is not surprising since, in this regime, we have a small polaron extending over a single site
only, which is well described by the local LF transformation de�ned in Eq. (3.11). However, the
HLF approximation predicts a spurious exponential decrease of 〈n̂ix̂i〉 also below the cross over.
The same incorrect behavior is also found for the kinetic energy (not shown), corresponding
to the well-known overestimation of the polaron band narrowing [3]. For larger values of
the phonon frequency, γ and γ0 do not coincide above a critical value of the coupling, but
the di�erence vanishes as λ → ∞ (see Fig. 3.10). In contrast to the adiabatic regime, the
polaron remains an extended object up to very strong coupling, so that the local ansatz of the
LF transformation is insu�cient for �nite values of λ (see also [105]).

3.5 �antum Monte Carlo approach

3.5.1 Introduction

A very general QMC method for coupled fermion-boson models, based on an analytic inte-
gration over the fermion degrees of freedom, was developed by Blankenbecler et al. [124] and
Scalapino and Sugar [125]. The simulation is performed using the grand-canonical ensemble
with a computation time proportional to the cube of the system size. While the simulations of
[124] and [125] were restricted to one dimension, Levine and Su [126, 127] and, using a stabi-
lized version of the same algorithm applicable at low temperatures, Niyaz et al. [128] studied
charge-density-wave formation and superconductivity in the two-dimensional Holstein model.
We shall see in Chap. 5 that the method presented here can be generalized to a grand-canonical
algorithm which is very similar to the approach of Blankenbecler et al. [124]. A numerically
faster method is the world-line algorithm developed by Hirsch et al. [106, 107] based on a spe-
cial breakup of the Hamiltonian and a �xed number of fermions. This results in con�guration
weights which are simple to evaluate allowing much larger system sizes. In the course of the
simulation, both fermions and bosons are sampled simultaneously. The latter method has been
successfully applied to the Holstein polaron problem and to the half-�lled SSH and Holstein
models [106, 107, 129–131]. However, it is restricted to models in one spatial dimension [10].
Scalettar et al. [132] applied a rather complicated so-called hybrid molecular dynamics algo-

52



Chapter 3. Holstein polaron

rithm to the two-dimensional Holstein model near half �lling. This work was extended to
the low-temperature regime by Noack et al. [133]. Finally, Marsiglio [134] developed a low-
temperature QMC method to study the same model, also at half �lling.

De Raedt and Lagendijk [108–110] and Kornilovitch [111] used an alternative approach based
on Feynman’s path-integral method [135], in which the boson degrees of freedom are integrated
out analytically and the resulting fermionic model is treated by MC. Although the method is
limited to one electron or two electrons of opposite spin [136] by the sign problem, it allows e�-
cient simulations in one, two, and three dimensions even for small phonon frequencies near the
adiabatic limit, and has been used to investigate a model with dispersive phonons [110]. Also
using Feynman’s path integral, Kornilovitch and Pike [114] developed a QMC method which
exploits the conservation of the total quasimomentum of the system and allows the calculation
of dynamical properties such as, e.g., the polaron band structure. Although the method is not re-
stricted to a certain model or dimensionality of the system, it su�ers from large statistical errors.
Moreover, it is limited to a single fermion at very low temperature, and exhibits a sign problem
for nonzero total quasimomentum even in one dimension. Prokof’ev and Svistunov [137] and
Mischenko et al. [115] used QMC to directly sample the zero-temperature one-electron Green
function of the Fröhlich polaron in imaginary time. The method allows calculations for an in-
�nite system in three dimensions, but requires a convergent series for the electron propagator.
While all but the last method mentioned so far make use of the Trotter-Suzuki approximation
(Sec. 2.1.4), Kornilovitch [112, 113] derived a continuous-time algorithm that works in any di-
mension and permits simulations on in�nite systems. It yields directly dynamical quantities
such as the polaron spectrum and e�ective mass with very high accuracy. Similar to previous
work [114], it is restricted to one electron at very low temperatures. Moreover, calculations
for small phonon frequencies and/or weak electron-phonon coupling are di�cult and a sign
problem appears for nonzero total quasimomentum. The projector QMC method [10] in com-
bination with a local updating of the phonon degrees of freedom has been used by Berger et al.
[138] to investigate the Holstein-Hubbard model at various band �llings, and Green function
QMC simulations for the half-�lled Holstein model of spinless fermions have been performed
by McKenzie et al. [139]. Finally, the stochastic series expansion MC technique has been applied
recently to an extended, one-dimensional Hubbard model with an electron-phonon interaction
of the SSH type [140]. In contrast to other work, the phonons are treated in second quantiza-
tion. Although the method allows simulations on large lattices in one dimension, it relies on an
upper limit for the number of phonons at each site which makes it di�cult to study the regime
of small phonon frequencies and intermediate or strong coupling.

As the above discussion reveals, the QMC methods of [108–113] are very well suited to study
the one-electron problem. Moreover, de Raedt and Lagendijk also extended their approach to
the bipolaron problem of two electrons with opposite spins [136] (see also Chap. 4). However, as
pointed out by Kornilovitch [111], these are all world-line methods. Consequently, despite the
possibility of integrating out the phonon degrees of freedom even in the many-electron case,
they face a serious sign problem in more than one dimension, for two or more fermions of the
same spin, and can therefore not be used to study many-particle systems. On top of that, the
advantage gained by the integration over the phonons diminishes quickly with increasing elec-
tron density. In the context of superconductivity, the Holstein and the Holstein-Hubbard model
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with many electrons have been investigated [124–128] using the method of Blankenbecler et al.
[124]. Due to strong autocorrelations, these simulations were restricted to rather large phonon
frequencies ω ≥ 1, while typical materials fall into the adiabatic regime ω � 1. If the phonon
degrees of freedom are not integrated out analytically, these correlations predominantly come
from the free harmonic-oscillator dynamics, especially for small phonon frequencies. This of-
ten leads to an enormous computational e�ort even for rather small systems and intermediate
temperatures, and is exactly the point where our new approach enters. We shall see below that
it completely avoids the problem of autocorrelations. This even remains true for the spinless
Holstein model at �nite electron density considered in Chap. 5.

This section is organized as follows. In Sec. 3.5.2, we derive the QMC method for the trans-
formed Holstein model, discussing in detail the new concepts used, in particular the reweighting
method and the principal component representation, which will also be used in later chapters.
We also illustrate the reasons behind the problems encountered with existing methods. The
canonical transformation of the Hamiltonian gives rise to a moderate sign problem. The de-
pendence of the latter, and possible explanations of its origin are investigated in Sec. 3.5.3,
together with the results obtained with the new method. We conclude with a discussion of the
computational e�ort as compared to other approaches in Sec. 3.5.4.

3.5.2 Monte Carlo for the transformed model
In contrast to the approximate variational approach presented in the preceding section, the
QMC method discussed here is based on the LF transformation (3.11), which does not contain
any free parameters. Therefore, it is exact apart from statistical errors and errors due to the
Trotter discretization, which can be systematically reduced.

Due to the fact that the LF transformation contains the crucial electronic in�uences on the
phonons, the MC simulation for the phonon degrees of freedom can be based only on the purely
phononic part of the transformed Hamiltonian. The electronic contributions can then be al-
lowed for by reweighting of the probability distribution, corresponding to an exact treatment
of the fermion degrees of freedom. This enables us to completely ignore the electronic weights
in the updating process, and thereby dramatically reduce the computational e�ort. Finally, we
introduce a principal component representation of the phonon coordinates, which allows exact
sampling of the phonons and avoids all autocorrelations.

Partition function

Following the general discussion in Sec. 2.1, we begin with the evaluation of the partition func-
tion Z = Tr e−βH = Tr e−βH̃0 , with H̃0 given by Eq. (3.14). As indicated in the preceding
section, for a single electron, the last term in Hamiltonian (3.14) merely represents a constant
energy shift. Moreover, we can drop spin indices and are left with the Hamiltonian

H̃0 = K̃0 + P − EP . (3.32)

The polaron binding energy given by Eq. (1.20) can be neglected during the QMC simulation,
and needs only to be considered in calculating the total energy. If not indicated otherwise, we
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assume periodic boundary conditions in real space. Using the Suzuki-Trotter decomposition
(Sec. 2.1.4), we obtain

e−βH̃0 ≈ (e−∆τK̃0e−∆τPpe−∆τPx)L ≡ UL , (3.33)

where ∆τ has been de�ned in Eq. (2.15). Splitting up the trace into a bosonic and a fermionic
part and inserting L complete sets of momentum eigenstates we derive the approximation for
the partition function

ZL = Tr f

∫
dp1dp2 · · · dpL 〈p1| U |p2〉 · · · 〈pL| U |p1〉 , (3.34)

where dpτ ≡
∏

i dpi,τ . Each matrix element can be evaluated by inserting a complete set of
phonon coordinate eigenstates

∫
dxτ |xτ 〉〈xτ |. All xτ integrals are of Gaussian form and can

easily be carried out. The result is

〈pτ | e−∆τPx |pτ+1〉 = CNe−
1

2ω∆τ

∑
i(pi,τ−pi,τ+1)2

, C =

√
2π

ω∆τ
. (3.35)

The normalization factor in front of the exponential has to be taken into account in the calcula-
tion of the total energy, but cancels when we measure other observables. With the abbreviation
Dp = dp1dp2 · · · dpL the partition function �nally becomes

ZL = CNL

∫
Dp wb wf (3.36)

with the abbreviations

wb = e−∆τSb , wf = Tr f Ω, Ω =
L∏
τ=1

e−∆τK̃0,τ . (3.37)

Here K̃0,τ is K̃0 with the phonon operators p̂i, p̂j in Eq. (3.14) replaced by the momenta pi,τ ,
pj,τ on the τ th Trotter slice. The exponential of the hopping term may be written as

e−∆τK̃0,τ = DτκD
†
τ , κjj′ =

(
e∆τt htb

)
jj′
, (Dτ )jj′ = δjj′e

iγpj,τ , (3.38)

where htb is the ND × ND tight-binding hopping matrix for the D-dimensional lattice under
consideration. Thus we have the same matrix κ for every time slice, which is transformed by
the diagonal unitary matrices Dτ . The matrix Ω can be calculated in an e�cient way by noting
that the transformation matrices D†τ and Dτ+1 at time slice τ may be combined to a diagonal
matrix

(D̃τ,τ+1)ij = δije
iγ(pi,τ+1−pi,τ ) . (3.39)

Due to the cyclic invariance of the fermionic trace, D1 can be shifted to the end of the product,
where it combines with D†L to D̃L,1. Hence we can write

Ω =
L∏
τ=1

κ D̃τ,τ+1 , (3.40)
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with periodic boundary conditions in imaginary time. In the one-electron case, the fermionic
weight wf =

∑
n 〈n|Ω |n〉 is given by the sum over the diagonal elements of the matrix repre-

sentation of Ω in the basis of one-electron states

|n〉 = c†n |0〉 . (3.41)

The bosonic action in Eq. (3.37) contains only classical variables and takes the form

Sb =
ω

2

∑
i,τ

p2
i,τ +

1

2ω∆τ 2

∑
i,τ

(pi,τ − pi,τ+1)2 , (3.42)

where the indices i = 1, . . . , N and τ = 1, . . . , L run over all lattice sites and Trotter times,
respectively, with the periodic boundary conditions pi,L+1 = pi,1. It may also be written as5

Sb =
∑
i

pT
iApi (3.43)

with pi = (pi,1, . . . , pi,L) and a p eriodic tridiagonal L× L matrix A with nonzero elements

Al,l =
ω

2
+

1

ω∆τ 2
, Al,l±1 = − 1

2ω∆τ 2
. (3.44)

Since ZL is a trace, it follows that A1,L = AL,1 = −1/(2ω∆τ 2).
At this stage, with the above result for the partition function, a QMC simulation of the trans-

formed Holstein model would proceed as follows. In each MC step, a pair of indices (i0, τ0)
on the N × L lattice of phonon momenta pi,τ is chosen at random. At this site, a change
pi0,τ0 7→ pi0,τ0 + ∆p of the phonon con�guration is proposed. To decide upon the acceptance of
the new con�guration using the Metropolis algorithm (Sec. 2.1.2), the corresponding weights
wbwf and w′bw′f have to be calculated. Due to the local updating process, the change of the
bosonic weight ∆wb = w′b/wb can easily be obtained. In contrast, the fermionic weight re-
quires the evaluation of the L-fold matrix product appearing in the de�nition of Ω in Eq. (3.37).
The numerical e�ort for the calculation of wf may be reduced by varying τ0 sequentially from 1
to L instead of picking random values. In this case the calculation of the new fermionic weight,
after the change of a single phonon momentum, can be reduced to only two matrix multipli-
cations. We would like to mention that, in contrast to some determinant QMC methods [10],
here the matrix product involved in the calculation of the matrix Ω is well conditioned also
for large systems at low temperatures, so that a time-consuming numerical stabilization is not
necessary. Similar to other MC methods, a warm-up phase at the beginning of the simulation
would be required for each set of parameters. An additional di�culty arises from the fact that,
for the transformed model, the fermionic weight wf is no longer strictly positive, even for a sin-
gle electron in one dimension. This is a consequence of the complex-valued hopping integrals,
in contrast to simulations of, e.g., the Hubbard model, where a minus-sign problem occurs as

5From this point, we shall denote the set of all momenta pi,τ (i = 1, . . . , N , τ = 1, . . . L) by p, while pi
corresponds to the vector (pi,1, . . . , pi,L), as stated in the text. The same notational convention is used for ξ
and x.
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a consequence of the Fermi statistics of the electrons [10]. The sign problem encountered here
will be discussed in detail below.

A related QMC approach to the original Holstein Hamiltonian (3.2) involves a very similar
derivation [124, 125] to obtain the partition function, also in the one-electron limit. In fact the
bosonic action Sb takes exactly the same form, with p replaced by x. The main di�erence is the
fermionic part of the partition function, contained in the matrix Ω. While the LF transformation
leads to a complicated hopping term, the standard approach for the untransformed model only
includes the bare hopping operator of Eq. (3.2). However, an interaction term I [cf. Eq. (3.2)]
appears, which contains the phonon coordinates x̂i. Hence the matrix Ω is replaced by

Ω′ =
L∏
τ=1

κVτ , (Vτ )jj′ = δjj′ e
∆ταxj,τ (3.45)

and the path integral in the partition function [Eq. (3.36)] is over all coordinates x instead of
the momenta p. Apart from the fact that the coordinates x are sampled instead of the phonon
momenta, the QMC procedure for the untransformed model is identical to the simulation de-
scribed above. We shall refer to this less sophisticated QMC method for the original Holstein
Hamiltonian as the s tandard approach. For λ = α = 0, i.e., no electron-phonon coupling, we
have a set of N independent harmonic oscillators, and both approaches are alike.

Problems with the standard approach

Let us brie�y consider the noninteracting limit, in which the partition function can be written as
ZL ∼

∫
Dp e−∆τSb . As discussed by Batrouni and Scalettar [141], the di�culties encountered

in QMC simulations, even for the simple case of a single (N = 1) harmonic oscillator, arise
from the large condition number, i.e., the ratio of largest to smallest eigenvalue, of the matrix
A in the bosonic action Sb [see Eqs. (3.43) and (3.44)]. For small values of ∆τ this ratio is
proportional to (ω∆τ)−2 [141], leading to autocorrelation times which grow quadratically with
decreasing phonon frequency and the number of Trotter slices L. The physical reason for
these correlations becomes obvious if we look at the bosonic action [Eq. (3.42)]. The latter
can be thought of as being proportional to the energy of a given phonon con�guration, E =
∆τSb. While the �rst term corresponds to the kinetic energy of the oscillators, the second term
describes a coupling in imaginary time, i.e., a pure quantum e�ect. As pointed out in [141],
large changes of a single phonon degree of freedom, pi,τ say, are very unlikely to be accepted
due to the energy change proportional to (ω∆τ)−1, which arises from the coupling to pi,τ±1.
However, a QMC simulation with only small local changes is extremely ine�ective in sampling
the relevant regions of phase space. Therefore, successive phonon con�gurations will be highly
correlated. A possible solution might be the use of global updating schemes. Alternatively, the
situation could be improved by transforming to the normal modes of the phonons, so that
di�erent step sizes can be used in updating each mode. We will see below that such a principal
component representation can indeed be used to completely eliminate these di�culties.

In addition to the abovementioned autocorrelations, which are in fact independent of any
electronic in�uences, standard simulations of the Holstein model become very di�cult in the
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regime where polaron e�ects are important. This occurs at low temperatures, small phonon
frequencies ω < 1, and for intermediate or strong electron-phonon coupling λ & 1. Unfor-
tunately, these are exactly the parameters of interest for simulations of real substances such
as, e.g., the manganites [3]. To illustrate the physical origin of these problems let us consider
the case of a single electron in the Holstein model. In the polaronic regime, the electron drags
with it a cloud of phonons which corresponds to a more or less localized lattice distortion.
When the electron hops from site A (with a displaced oscillator corresponding to a small po-
laron), say, to a neighboring, previously unoccupied site B (with the oscillator in its undisplaced
ground state) during a QMC simulation, the current phonon con�guration is no longer ener-
getically favorable. Clearly, the oscillator at site A has to return to its undisplaced ground state,
while a corresponding phonon cloud has to be built up at site B. Such distortions of the lattice
in the presence of an electron are large compared to the zero-point motion of the oscillators.
On the other hand, only small changes of the current con�guration will be accepted in the
simulation. Consequently, it takes an enormous number of single updates to obtain the new
con�guration in which the polaron has completely moved to site B. Obviously these polaron
e�ects also give rise to strongly autocorrelated con�gurations, thereby dramatically increasing
the numerical e�ort. The problems due to polaron formation can be overcome by using the LF
transformed model, because it separates the large displacements of the local oscillators—due to
polaron e�ects—from the free-oscillator dynamics which correspond to vibrations around the
shifted equilibrium positions. The quantities to be sampled, namely the phonon momenta p,
only show a weak dependence on the electron-phonon coupling strength λ, in stark contrast to
the coordinates x in the original, untransformed model, whose expectation values grow linearly
with λ in the strong-coupling regime. In fact, the QMC results obtained for the transformed
model show that the statistical errors increase in the intermediate coupling regime λ ≈ 1, but
decrease again as we approach the strong-coupling limit. This is in perfect agreement with the
fact that the the LF transformation diagonalizes the Hamiltonian (3.2) in the strong-coupling
or atomic limit λ → ∞ (Sec. 3.3), so that the QMC method based on the transformed model
becomes very e�cient.

Observables

Thermodynamic expectation values

〈O〉 = Z−1 Tr Ô e−βH = Z−1 Tr ˆ̃O e−βH̃0 (3.46)

of observables O are computed in the LF transformed representation via

〈O〉 = Z−1 Tr f

∫
dp 〈p| ˆ̃O e−βH̃0 |p〉 . (3.47)

Here we are interested in the kinetic energy of the electron, the total energy, the mean square of
the phonon momenta, and the momentum distribution n(k) ≡ 〈c̃†kc̃k〉 for various wavevectors
k. We begin with the kinetic energy which is de�ned as

Ek = 〈K〉 = −tZ−1
∑
〈ij〉

Tr
(
c†icj e

iγ(p̂i−p̂j) e−βH̃0
)
. (3.48)
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Using the same steps as in the derivation of the partition function, and noting that the additional
phase factors from the operators c†i and cj again lead to the same matrix Ω as in Eq. (3.40), we
�nd

Ek = −tZ−1
L

∑
〈ij〉

∫
Dpwb

∑
n

〈n|Ωc†icj |n〉

= −tZ−1
L

∑
〈ij〉

∫
Dpwb 〈j|Ω |i〉 (3.49)

with one-electron states |n〉 as de�ned in Eq. (3.41). Using the matrix elements Ωij = 〈i|Ω |j〉
and the expectation values

〈O〉b =

∫
Dpwb O(p)∫
Dpwb

(3.50)

with respect to the purely phononic weights wb we obtain

Ek = −t
∑
〈ij〉 〈Ωji〉b∑
i 〈Ωii〉b

. (3.51)

Here we have already taken into account the reweighting method which will be discussed
in detail below. The total energy can be obtained from the thermodynamic relation E =
−∂(lnZ)/∂β, with Z given by Eq. (3.36). The result is

E = Ek +
ω

2

∑
i

〈
p2
i

〉
+ E ′ph − EP ,

E ′ph =
N

2∆τ
− 1

2ω∆τ 2L

∑
i,τ

〈
(pi,τ − pi,τ+1)2〉 , (3.52)

whereEP is de�ned in Eq. (3.16) and the expectation values are calculated according to Eq. (3.54)
given below. To compare with other work we subtract the ground-state energy of the phonons,
E0,ph = Nω/2. Finally, n(k) can be obtained using Fourier transformation. In one dimension,
we �nd

n(k) =
1

N

∑
ij 〈Ωij〉b e

ik(i−j)∑
i〈Ωii〉b

(3.53)

with k from the �rst Brillouin zone.
Due to the analytic integration over the phonon coordinates x used here, interesting ob-

servables such as the correlation functions 〈n̂ix̂i+δ〉 are di�cult to measure accurately. Other
quantities such as the QP weight, and the closely related e�ective mass [85], can be determined
from the one-electron Green function at long imaginary times [142], but results would not be as
accurate as in existing work (e.g., [83, 92, 97]). The situation is strikingly di�erent in the more
demanding many-electron case, to which our method can be extended (Chap. 5). For the latter,
other methods produce far less reliable data than for a single electron and, moreover, other
observables, such as the one-electron Green function, are of great physical interest, and can be
calculated with our approach.
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Reweighting

In typical QMC simulations a large amount of the total computational e�ort goes into the cal-
culation of the probability for the acceptance of a proposed change of the con�guration. This
probability is usually determined by the ratio of the weights of the new and the old con�gura-
tion, as in the Metropolis algorithm (Sec. 2.1.2). In the notation of Sec. 3.5.2, this involves the
calculation of wb and wf for the two con�gurations, p and p′ say, in every MC step. While the
change in the bosonic weight, wb(p

′)/wb(p), is easily calculated for the case of local updating,
the fermionic weight given by Eq. (3.37) involves an L-fold matrix product of N × N matri-
ces for each con�guration. Although the numerical e�ort of the evaluation of such a matrix
product can be reduced by scanning sequentially through the time slices, it still requires a lot
of total computer time.

This can be avoided by reweighting of the probability distribution to be sampled. Here this
corresponds to taking into account only the change wb(p

′)/wb(p) in the bosonic weight, and
compensating for this by dividing the resulting expectation value of an observable O by the
expectation value of the fermionic weight wf, as has been used already in Eq. (3.51). In general,
this leads to ratios of the form

〈O〉 =
〈Owf〉b
〈wf〉b

, (3.54)

where the subscript “b,” de�ned in Eq. (3.50), indicates that the average is computed based onwb
only. Following this procedure, the fermionic weight is treated as part of the observables. The
splitting into weight wb and observable Owf is sensible as long as the variance of wf and Owf
is small, which is the case after the LF transformation. This approach has several additional
advantages. With the reweighting method, the updating of the system does no longer require
the calculation of wf in every step, but only when measurements are performed. Compared
to the usual Markov Chain MC procedure (Sec. 2.1.2), this can save an enormous amount of
computer time. We will see below that in combination with the principal component repre-
sentation, the phonon momenta p can be sampled exactly without any autocorrelations. This
avoids a warm-up phase, and measurements can be made after every MC step. In this �nal, very
e�cient procedure, the calculation of wf for measurements remains, and is then the most time-
consuming part of the simulation. Finally, we want to remind the reader once again that here
the electronic degrees of freedom are treated exactly, i.e., they are not sampled in the course of
the simulation.

Despite the obvious advantages of this approach, it is necessary to scrutinize whether reweight-
ing does not lead to prohibitive statistical noise. If, for example, there was too small an overlap
of the actual probability distribution with the one we are sampling with, the method would fail.
In fact, our calculations have shown that for the u ntransformed model the reweighting method
cannot be applied at low temperatures and for critical values of the parameters ω and λ.

The distance between two arbitrary probability distributions φ1(y) and φ2(y), each depend-
ing on a set of variables y, can be measured by the K ullback-Leibler number µKL de�ned as
[143]

µKL(φ1, φ2) =

∫
dy φ1(y) ln

φ1(y)

φ2(y)
. (3.55)
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Figure 3.11: Kullback-Leibler number µKL as a function of electron-phonon coupling λ for var-
ious sets of the parameters N (number of sites), β (inverse temperature) and ω. As
indicated, the results for the untransformed model, denoted in the legend as “w/o
LF,” have been scaled by a factor 0.25 (see text). Errorbars are smaller than the
symbols shown, and lines are guides to the eye only.

For φ1 ≡ φ2 we have µKL = 0, while for φ1 6= φ2 µKL > 0. The fact that µKL is a reason-
able measure for the distance of two distributions is best illustrated by considering two one-
dimensional Gaussian deviates φ1, φ2 with variance σ2, centered at y1 and y2, respectively. In
this case µKL = (y1 − y2)2/(2σ2). For |y1 − y2| =

√
2σ, where the two peaks begin to be

distinguishable, we have µKL = 1, while a large value of µKL ' 10, for example, corresponds
to well-separated Gaussian distributions. Here we use µKL to investigate the applicability of
the reweighting method. As long µKL . 1, reweighting works well, while a Kullback-Leibler
number strongly exceeding unity indicates severe problems. Two relevant distributions in our
case are φ1(p) = wb(p)/Zb and φ2(p) = wb(p)|wf(p)|/Zbf, depending on the phonon con-
�guration p (or x for the untransformed Holstein model). Zb and Zbf are the normalization
factors of the probability densities φ1(p) and φ2(p), and wf has been replaced by its absolute
value due to the aforementioned sign problem. Inserting these de�nitions into Eq. (3.55) we �nd
µKL = ln〈|wf|〉b−〈ln |wf|〉b. Figure 3.11 shows results for µKL for di�erent parameters β, ω, and
N in one dimension. For λ = 0, wf is independent of the phonon con�guration so that µKL = 0.
With increasing electron-phonon coupling, the di�erence between the two distributions be-
comes larger. For an intermediate value of the electron-phonon coupling strength, µKT takes
on a maximum and approaches zero again in the strong-coupling limit λ→∞. This is exactly
the behavior we would expect for the LF transformed model. For λ = 0 the transformation has
no e�ect andwf is a constant, just as in the case of the untransformed model. In the intermediate
coupling regime, the small-polaron picture mediated by the transformation is not correct as we
have an extended (large) polaron in this region. However, as the coupling increases further, the
polaron becomes smaller and for λ = ∞ it is known that the LF transformation diagonalizes
the Holstein Hamiltonian (3.2). The dependence of µKL on temperature and phonon frequency
is also in perfect agreement with the physical picture of the Holstein polaron. As βt increases,
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polaron e�ects become more prominent. The same e�ect occurs if we decrease ω, and in both
cases the maximum of µKL increases. In Fig. 3.11, the result for a system of eight lattice sites is
also shown. The maximum in µKL is clearly smaller than for the four-site cluster. Calculations
for even larger clusters (not shown) reveal that the maximum in µKL decreases further indicat-
ing that the overlap between φ1 and φ2 increases as N → ∞. This behavior agrees well with
the in�uence of �nite-size e�ects in the cross over region [79]. With increasing system size, the
cross over becomes smoother in agreement with the fact that the ground state of the Holstein
polaron is an analytic function of the coupling λ [118]. This point will be further illustrated in
Sec. 3.5.3. Similar results for µKL have been found in higher dimensions. To summarize, for all
parameters shown in Fig. 3.11, µKL . 1, so that we can conclude that the two distributions are
indeed very close and the reweighting method can be successfully applied.

We have also calculated the Kullback-Leibler number for the untransformed model, denoted
in Fig. 3.11 as “w/o LF,” for which |wf| ≡ wf. The result has been divided by a factor 4 to allow
a better representation in Fig. 3.11. The di�erence between φ1 and φ2 increases strongly with
λ and reaches large values of µKT > 10 already in the intermediate coupling regime 1 < λ < 2.
Hence, we cannot expect the reweighting method to work in this case. Finally, we want to
point out that the distance between φ1 and φ2 may not a�ect all observables in the same way.
A detailed analysis for each observable O would be based on the Kullback-Leibler distance of
the marginal probability densities

℘α(o) =

∫
dy ℘(o|y) ℘α(y) =

∫
dy δ[o−O(y)] ℘α(y) , (3.56)

where O(y) is the value of the observable for a given con�guration y and α = 1, 2 for the two
distributions under consideration.

In summary, the reweighting method, together with the LF transformation, allows us to sam-
ple a system of independent oscillators, while all the in�uence of the electrons is transferred to
the observable, thereby strongly reducing the numerical e�ort. In order to obtain a reliable error
analysis for observables calculated according to Eq. (3.54), the Jackknife procedure (Sec. 2.1.5)
has been applied.

Principal component representation

Although the reweighting method allows us, in principle, to skip enough sweeps between mea-
surements to reduce autocorrelations to a minimum, the computational e�ort for these MC
updates can become the most time-consuming part of the simulation. Even though a single
phonon update requires negligible computer time compared to the evaluation of the fermionic
weight, in the critical parameter regime, an enormous number of such steps will be necessary
between successive measurements. Moreover, reliable results can only be obtained when long
enough MC runs have been performed to see even the longest autocorrelation times. In this
section, we present a principal component representation for the phonon degrees of freedom,
which enables us to create completely uncorrelated samples of phonon con�gurations.

In order to illustrate the severe problem of autocorrelations with standard updates of the
phonons, we have calculated the integrated autocorrelation time τ int

p for the average phonon
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momentum p̂. As discussed in Sec. 2.1.5, τ int is a direct measure for the number of MC steps
which have to be skipped between measurements in order to obtain uncorrelated data, and is
usually given in units of sweeps. We de�ne a sweep as N times L proposed local changes of
the phonon con�guration. For a four-site system, for example, with βt = 5, λ = 2, ω = 2,
and ∆τ = 0.05 we �nd τ int

p ≈ 500. This corresponds to an autocorrelation time of about
2 × 105 single MC steps. For smaller phonon frequencies, τint increases strongly. For ω =
1 and the same ∆τ , the autocorrelation time is already ≈ 1700 sweeps, which agrees quite
well with the aforementioned (ω∆τ)−2 dependence for λ = 0. The dependence of τ int

p on the
coupling strength λ is relatively weak, and we have found no systematic behavior of τ int

p as a
function of λ. Depending on the other parameters, the autocorrelation times were observed to
increase or even decrease slightly asλ is increased. We have also determined the autocorrelation
times for observables such as, e.g., the kinetic energy. Although τint is smaller for electronic
observables, the problem still exists, and the determination of the autocorrelation times for
various parameter sets is vital to obtain reliable results. This usually requires very long MC
runs and a lot of CPU time.

As indicated earlier, the autocorrelations which arise from the structure of the bosonic action
Sb [see Eq. (3.42)] may be overcome by a transformation to the normal modes of the system.
Here we represent the bosonic action Sb in terms of its normal modes along the imaginary time
axis, so that we can sample completely uncorrelated phonon con�gurations. As the fermion
degrees of freedom are treated exactly, our QMC method is indeed free of any autocorrelations.
This greatly simpli�es calculations, since it makes the usual binning analysis (to determine the
autocorrelation times) obsolete and, more importantly, leads to signi�cantly shorter simulation
times.

All this can be achieved with the simple but e�ective idea of a transformation to principal
components. To this end let us recall the form of the bosonic action given by Eq. (3.43) which
we write as

Sb =
∑
i

pT
iApi =

∑
i

pT
iA

1/2A1/2pi ≡
∑
i

ξT
i · ξi (3.57)

with the p rincipal components ξi = A1/2pi, in terms of which the bosonic weight takes the
simple Gaussian form

wb = e−∆τ
∑
i ξ

T
i ·ξi . (3.58)

The QMC can now be performed directly in terms of the new variables ξ. To calculate observ-
ables we have to transform back to the phonon momenta p using the matrix A−1/2. Compar-
ison with Eq. (3.43) shows that instead of the ill-conditioned matrix A we now have the ideal
structure that we can easily generate exact samples of a Gaussian distribution. In terms of the
new coordinates ξ, the probability distribution can be sampled exactly, e.g., by the Box-Müller
method [57]. In contrast to a standard Markov chain MC simulation (Sec. 2.1.2), every new
con�guration is accepted and measurements of observables can be made at each step.

From the de�nition of the principal components it is obvious that an update of a single vari-
able ξi,τ , say, actually corresponds to a change of all pi,τ ′ , τ ′ = 1, . . . , L. Thus, in terms of the
original phonon momenta p, the updating loses its local character. Consequently, a sequential
updating of the Trotter time slices can no longer be used to reduce the numerical e�ort for the
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evaluation of the fermionic weight. However, in combination with the reweighting method, the
latter is only calculated when measurements of observables are made. The enormous advantage
of the principal components, leading to completely uncorrelated phonon con�gurations, clearly
outweighs this drawback. Apart from this, the principal component representation can also be
applied for more than one electron (see Chaps. 4 and 5), since the bosonic action [Eq. (3.58)],
on which the transformation relies, remains unchanged. This even holds for models including,
e.g., spin-spin or Hubbard-type interactions (Sec. 1.3), as long as the phonon operators enter in
the same form as in the Holstein model.

Another important point is the combination of the principal components with the reweight-
ing method. Using the latter, the changes to the original momenta p, which are made in the
simulation, do not depend in any way on the electronic degrees of freedom. Thus we are ac-
tually sampling a set of N independent harmonic oscillators, as described by Sb. The crucial
requirement for the success of this method is the use of the LF transformed model, in which
the polaron e�ects are separated from the zero-point motion of the oscillators around their cur-
rent equilibrium positions. Therefore, the strong dependence of the phonon coordinates on the
electron-phonon interaction makes exact sampling impossible for the untransformed model.

Sign problem

Before we come to a discussion of the sign problem in the approach presented here, we would
like to give a quick review of its occurrence in other QMC methods. The situation is best
illustrated for the world-line algorithm (see, e.g., [141]). The use of the latter to simulate systems
of interacting fermions is restricted to one dimension by the Fermi statistics of the electrons.
This is a consequence of the negative matrix elements w, which appear when two fermion
world lines wind around each other one or more times as they traverse the space-time lattice.
Depending on the model parameters, simulations can still be carried out in many situations by
using |w| instead of w. As discussed in [144], this corresponds to simulating an e�ective model
of hard-core bosons. The average sign in this case may be written as

〈sign〉 ≡ 〈sgn(w)〉|w| = e−βV (fw−f|w|) , (3.59)

where fw and f|w| denote the free energy per site of the fermionic and bosonic model, respec-
tively, and V is the volume of the system [144]. From Eq. (3.59), it is obvious that 〈sign〉 de-
creases exponentially with increasing β and V .

The auxiliary-�eld method [10] for the Hubbard model faces similar problems. Here the
weight of a con�guration is given by the product of determinants for ↑ and ↓ electrons, re-
spectively. The product is strictly positive only for half �lling, whereas simulations for other
particle densities become very demanding at low temperatures and/or for large systems. Since
at large U the determinant is similar to the weight of world lines of Hubbard-Stratonovitch
variables [145], this similarity of the dependence of 〈sign〉 on the parameters of the system is
not surprising. Finally, there is no sign problem in determinant grand-canonical simulations of
the Holstein model at any �lling, since the coupling of electrons and phonons is the same for
both spin directions [146].
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Figure 3.12: Average sign of the fermionic weightwf as a function of electron-phonon coupling
λ in one dimension for di�erent cluster sizes N , with parameters as indicated in
the �gure. Here and in subsequent �gures, lines are guides to the eye only, and
errorbars are smaller than the symbols shown. The data presented in Figs. 3.12 –
3.15 are for ∆τ = 0.05. The inset shows the minimum of 〈sign〉 as a function of
the system size N (see text).

The sign problem in the current approach clearly has a fundamentally di�erent origin, since
there is only a single electron in the system, so that no winding of world lines around each
other can take place. To investigate this issue, we calculate the average sign of the fermionic
weight wf

〈sign〉 =
〈wf〉b
〈|wf|〉b

. (3.60)

The expectation value 〈· · ·〉b has been de�ned in Eq. (3.50). In Fig. 3.12, we show the dependence
on electron-phonon coupling and system size. The calculations have been performed for a
single, �xed value ∆τ = 0.05, for which the Trotter error is smaller than statistical errors.

From the general discussion above, it is clear that the sign problem encountered in the present
approach is of a di�erent nature than in, for example, QMC simulations of the Hubbard model.
For the Holstein polaron problem under consideration, it is most pronounced for s mall sys-
tems, low temperatures and small phonon frequencies. Therefore, the bulk of results presented
below will be for such a set of “worst case” parameters, includingN = 4, βt = 10, and ω = 0.1.
Figure 3.12 shows that, in one dimension, the average sign of wf in the critical region of inter-
mediate electron-phonon coupling increases quickly as the system size increases from N = 4
toN = 16, which is in strong contrast to Eq. (3.59). This increase of the minimum as a function
of N is also shown in the inset of Fig. 3.12. Since we have only calculated 〈sign〉 for a �nite
number of λ-values, an approximation for the minimum has been determined using a spline
interpolation.

The minimum of 〈sign〉 occurs near λ = 1, where the cross over from a large to a small
polaron takes place (see Sec. 3.1). The resulting increase of statistical errors in this regime is
similar to the situation encountered in simulations of the untransformed model. However, the
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Figure 3.13: As in Fig. 3.12, but for the case of two-dimensional clusters with (a) periodic and
(b) open boundary conditions in real space. The insets show the minimum of 〈sign〉
as a function of the linear system size N .

use of the transformed model still gives signi�cantly more accurate results for the same number
of measurements, in particular for low temperatures and small phonon frequencies. Finally,
one may be tempted to explain the unusual system-size dependence of the sign problem by
ascribing its origin to the periodic boundary conditions in real space. If the latter were indeed
the source of the sign problem, the boundary e�ects would decrease with increasing system
size, in accordance with the results of Fig. 3.12. This possibility has been investigated, and we
shall see below that the sign problem persists also for open boundary conditions.

We now consider the two-dimensional case. In Fig. 3.13(a), we present results for 〈sign〉 for
di�erent lattice sizes, again starting with a very small linear dimensionN . All other parameters
are the same as before, in particular βt = 10 and ω = 0.1. Obviously, for the smallest cluster
size shown, the minimum of the average sign has diminished to a value of approximately 0.1,
so that large numbers of measurements will be necessary. Similar to one dimension, 〈sign〉
increases with increasing system size, and for the largest system size shown (N = 12), we �nd
a rather uncritical minimum value of about 0.5.

The results for open boundary conditions, shown in Fig. 3.13(b), reveal that for small clusters
the average sign is larger than for periodic boundary conditions. However, with increasing
system size, it quickly converges to the same values, independent of the boundary conditions.
This is just what one would expect, since with increasingN , the e�ect of the choice of boundary
conditions on the properties of the system diminishes. Moreover, we can conclude that the
negative weights do not simply result from hopping processes of the electron across the periodic
boundaries, since in that case we would expect 〈sign〉 ≡ 1 for open boundary conditions, in
contrast to Fig. 3.13(b). The same conclusion can be drawn in one and three dimensions.

The in�uence of the phonon frequency on the average sign is shown in Fig. 3.14(a). Clearly,
the sign problem is most noticeable for small values of ω, while it diminishes quickly as we
increase the adiabatic ratio (see inset). This is very similar to the small-polaron cross over. As
discussed in Sec. 3.1, the latter sharpens signi�cantly with decreasing ω, while a very gradual
change with increasing λ takes place in the nonadiabatic regime ω > 1. Additionally, the
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Figure 3.14: Dependence of the average sign on (a) the adiabatic ratio ω and (b) the inverse
temperature β on a 4 × 4 cluster. The insets show the minimum of 〈sign〉 as a
function of (a) ω and (b) βt.
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Figure 3.15: Dependence of the average sign on the linear system size N in three dimen-
sions. The inset shows the minimum of 〈sign〉 as a function of N for two di�erent
temperatures.

position of the minimum of 〈sign〉 is shifted to larger values of λ with increasing ω.
In Fig. 3.14(b), we report the average sign as a function of λ, and for di�erent inverse temper-

atures β. Again we have taken N = 4 and ω = 0.1, the parameters for which the sign problem
is most conceivable. While for βt = 10, the minimum of 〈sign〉 lies below 0.1, the situation is
much better already for βt = 5, as shown in the inset. At even higher temperature βt = 1,
the fermionic weight is always positive so that we have 〈sign〉 = 1 for all λ. The dependence
of the sign problem on temperature is therefore similar to other QMC methods [see Eq. (3.59)],
although we do not �nd a simple exponential relation.

Finally, we also present results for 〈sign〉 in three dimensions, for lattices of di�erent linear
size N , and again for the parameters ω = 0.1 and βt = 10 as a function of λ. Figure 3.15
reveals that the minimum of 〈sign〉 in 3D has an even more pronounced form than in two
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dimensions. The sign problem diminishes slightly as we increase the system size from N = 4
to N = 6. However, accurate simulations in this regime are still quite demanding. For a higher
temperature βt = 5 and all other parameters unchanged, 〈sign〉 is close to 1 even forN = 4 (see
inset in Fig. 3.15), so that accurate results can be obtained even for small phonon frequencies.

In summary, the investigation of the sign problem has shown that our method works well
for a large range of values of phonon frequency, electron-phonon coupling and temperature,
as long as the system size is large enough. This contrasts, with the world-line algorithm of
Kornilovitch [112, 113], which is restricted to intermediate and strong coupling, as well as low
temperatures and rather large phonon frequencies, also by a minus-sign problem. Although
we have investigated the in�uence of all important parameters on the sign problem, a physical
interpretation of its origin has not emerged. Nevertheless, it is clear that the negative fermionic
weights are a result of the phase factors in the LF transformed hopping term in Eq. (3.14). This
is similar to the sign problem which occurs, e.g., in simulations of electron-phonon models in
an external magnetic �eld [146], but here the phonon �elds pi,τ vary with time (τ ) and position
(i), and are coupled in imaginary time by the bosonic action [see Eqs. (3.43) and (3.44)]. Fur-
thermore, the dependence of the sign problem on ω, λ, β and N bears a striking resemblance
to the in�uence of these parameters on the properties of the Holstein polaron. In particular, its
reduction with increasing system size may be a consequence of the dilution of the system (the
particle density n → 0 as N → ∞ in the one-electron case, see also Sec. 5.3.3). Finally, it is
interesting to note that the large statistical �uctuations resulting from the sign problem occur
at exactly the same points in parameter space as in the untransformed model. This underlines
the correlation between the minimum in 〈sign〉 and the small-polaron cross over, similar to sim-
ulations of other models, in which negative weights occur exactly where the most interesting
physics is going on, e.g., in the vicinity of phase transitions [10].

3.5.3 Results
We now come to the results obtained with the QMC approach. As a lot of work has already
been done on the Holstein polaron problem in the past, we shall exploit the advantages of QMC
and study, in particular, �nite-size and �nite-temperature e�ects. Furthermore, the comparison
with existing results serves as a test of the new ideas presented above. The extension of the
current method to the case of more electrons will then allow us to obtain new and interesting
results in Chaps. 4 and 5.

Since our approach is based on a discretized imaginary time, it is important to study the con-
vergence of any results with increasing number of time slicesL, which determines the error due
to the Suzuki-Trotter approximation of Eq. (3.33). In one dimension, L was chosen such that
systematic errors are smaller than the statistical errors of the results. For all observables con-
sidered here we have found the usual (∆τ)2 dependence of the Suzuki-Trotter error (Sec. 2.1.4).
Depending on the adiabatic ratio ω, values of ∆τ = 1/30 (for ω . 1) and ∆τ = 1/40 (for
ω > 1) are su�cient even for the most accurate results. The results in higher dimensions pre-
sented below have been obtained by extrapolating results to ∆τ = 0 (Sec. 2.1.4). Errorbars for
the QMC data presented are always smaller than the symbols used in the �gures and are there-
fore not shown. Finally, lines connecting data points obtained with QMC in Figs. 3.16 – 3.24 are
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Figure 3.16: Normalized kinetic energy Ek [Eq. (3.61)] as a function of the electron-phonon
coupling λ for various values of the adiabatic ratio ω.

guides to the eye only.
To test our QMC algorithm we have performed several comparisons with other methods.

First, we have checked that the QMC reproduces the exact results obtained with Lanczos on
a four-site cluster. Apart from temperature e�ects, an excellent agreement has been found for
several di�erent values of the phonon frequency. Second, as the QMC results are all for �nite
temperature, we have also compared them with an exact solution for the two-site system valid
for arbitrary temperature. We have found a perfect agreement over the whole range of values
for β, ω, and λ, and can therefore exclude the possibility of any systematic errors.

Holstein polaron in one dimension

Kinetic energy The one-electron kinetic energyEk is given by Eq. (3.51). In order to compare
results for di�erent dimensions later on, we de�ne the normalized quantity

Ek = Ek/(−2tD) (3.61)

with Ek = 1 for T = 0 and λ = 0. The kinetic energy of the electron has previously been
calculated by several authors [85, 93, 99, 108, 109, 111, 121]. In Fig. 3.16 we show results forEk on
a 32-site cluster, with βt = 10 and for several values of the phonon frequency. For large values
of λ and ω . 1 we �nd Ek ∼ λ−1 as predicted by small-polaron theory [147]. This contrasts
strongly with the behavior of the QP weight z0 [see Fig. 3.8(b)] which decreases much faster
and is exponentially suppressed in the small-polaron regime [92]. As pointed out by Fehske et
al. [101], in the Holstein model, the QP weight is, to a very good approximation, given by the
inverse of the ratiome�/mwhereme� andm denote the e�ective and free mass of the electron,
respectively. Hence, in the small-polaron regime, the e�ective mass increases exponentially,
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Figure 3.17: QMC results for the total energyE [Eq. (3.52)] as a function of the electron-phonon
coupling λ for various values of the adiabatic ratio ω.

while the kinetic energy still has a �nite value. We ascribe this behavior to the undirected
motion of the electron inside the phonon cloud, which gives rise to a nonzero kinetic energy
even for large values of λ, although the polaron is almost localized owing to an exponentially
narrowed band. A discussion of the dependence of the cross over on the phonon frequency will
be given below for the two-dimensional case.

Total energy Next we consider the total energyE, given by Eq. (3.52). In Fig. 3.17 we present
the total energy for various values of the phonon frequency. Finite temperature e�ects increase
as we approach the low-frequency regime, and for ω = 0.1 we clearly see a strong deviation
from the ground-state resultE = −2t for λ = 0. The frequency-dependence of the temperature
e�ects can easily be understood if we consider the exact result for the kinetic energy of N
independent harmonic oscillators

Ek,ph =
ω

2

∑
i

〈p2
i 〉 =

Nω

2

(
1

2
+

1

eβω − 1

)
, (3.62)

which is identical to the second term in Eq. (3.52). At low temperatures we have 〈p2〉 ≈ 0.5 +
e−βω, with a correction to the ground-state value of 0.5 that increases with decreasing ω and
is independent of λ. Therefore, the total energy curves are shifted by the same amount for
all values of the coupling. As we shall see below, temperature e�ects are much smaller for
other observables, such as the kinetic energy, due to the absence of the strongly temperature-
dependent terms Pp and E ′ph [see Eqs. (3.2) and (3.52)].

The dependence of E on ω in Fig. 3.17 agrees well with existing work [79, 81, 84, 89, 98, 99,
101, 108, 109, 111, 112, 123]. It is interesting to note that in contrast to the kinetic energy Ek,
which decreases conceivably near λ = 1 in the adiabatic regime (Fig. 3.16), the total energy
does not change signi�cantly at the small-polaron cross over since the energy of the system is
merely redistributed from kinetic to potential energy [111].
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Figure 3.18: (a) Momentum distribution n(k) [Eq. (3.53)] as a function of electron-phonon cou-
pling λ for various wavevectors k. (b) Mean square of the phonon momentum p as
a function λ.

Momentum distribution and oscillator momenta Following Zhang et al. [94] we have
also calculated the momentum distribution n(k), given by Eq. (3.53), for di�erent wavevectors
k [Fig. 3.18(a)]. To compare with their DMRG results we chose the same parameters N = 6
and ω = 1.0. For λ = 0 the ground state has momentum k = 0, so we have n(0) = 1 and
n(k 6= 0) = 0. With increasing coupling n(0) decreases in a way similar to the kinetic energy
(cf. Fig. 3.16), while n(k) for k 6= 0 increases. In the strong-coupling limit λ → ∞, n(k)
approaches the value 1/N = 1/6 for all k. This is a simple consequence of the localization of
the electron for λ = ∞. Although the curve for k = 0 looks very similar to the results of [94]
we �nd a slightly stronger decrease of n(0) in the intermediate coupling regime. This deviation
is no temperature e�ect of our QMC method but probably originates from the fact that Zhang
et al. [94] obtained their results for n(0) by integrating over an approximate spectral function.

In the discussion of the reweighting method, we mentioned that, within the LF approach, the
phonon degrees of freedom only show a weak dependence on the electron-phonon coupling,
in contrast to the standard approach, where the average oscillator coordinate 〈x〉 increases
strongly with λ due to the displacement in the presence of an electron. The weak dependence
of the vibrational energy of the local oscillator, which is proportional to 〈p2〉, on λ is shown in
Fig. 3.18(b). For λ = 0 we have the result 〈p2〉 = 0.5 + [exp(βω) − 1]−1 [see Eq. (3.62)] for a
free oscillator. In the intermediate coupling regime, 〈p2〉 takes on a minimum, corresponding
to a reduction of merely 4%, and approaches the value for λ = 0 again in the strong-coupling
limit. Since the LF transformation does not a�ect the phonon momenta p [see Eq. (3.13)], the
result for 〈p2〉 as a function of λ is the same in the untransformed Holstein model. However, the
signi�cant advantage of the current method is that the phonon momenta are sampled instead
of the coordinates x. Thus the probability distribution associated with the degrees of freedom
to be sampled has only a small variance, which makes simulations much more e�ective. The
dependence of 〈p2〉 on the coupling strength λ and temperature has �rst been studied by Ran-
ninger and Thibblin [84] for the two-site model. For such a small system, the minimum of
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Figure 3.19: Normalized kinetic energy Ek as a function of electron-phonon coupling λ for
di�erent values of the adiabatic ratio ω on a 12 × 12 lattice. The results shown in
Figs. 3.19 – 3.24 have been obtained by extrapolating the QMC data to ∆τ = 0 (see
text).

〈p2〉 is even more pronounced, while for larger systems the average e�ect of the electron on
a local oscillator is washed out. Ranninger and Thibblin [84] ascribe the deviation of the vi-
brational energy from the free-oscillator result to anharmonic e�ects, which are visible only at
low enough temperatures. This can clearly be seen in Fig. 3.18(b), where the minimum of 〈p2〉
becomes less pronounced and is shifted to smaller values of λ as the temperature increases.

Holstein polaron in two dimensions

While the results in one dimension have been obtained for a single value of ∆τ , here we per-
form simulations at di�erent values of ∆τ , typically 0.1, 0.075 and 0.05, and exploit the linear
dependence of the results on (∆τ)2 to extrapolate to ∆τ = 0. This is a common procedure in
the context of discrete-time QMC methods [10], and allows one to remove the Trotter error if
∆τ is su�ciently small (see also Sec. 2.1.4).

We begin with the dependence of the small-polaron cross over on the phonon frequency.
To this end, we present in Fig. 3.19 results for the kinetic energy calculated for N = 12 and
βt = 10. The large range of the adiabatic ratio 0.1 ≤ ω ≤ 8.0 demonstrates the ability of
our method to give accurate results for almost arbitrary values of the phonon frequency. This
contrasts with the method of Kornilovitch [112, 113], which is restricted to ω & 1 and λ & 1
by a minus-sign problem. In our case, the only limitations regarding the accessible values of ω
are the moderate sign problem discussed above, which for small systems and low temperatures
gives rise to a noticeable increase of statistical errors as ω → 0, and the increasing Trotter error
as ω → ∞, which requires the use of more and more time slices. Similar to one dimension,
the cross over sharpens considerably with decreasing phonon frequency, and the cross over
position λc increases with ω in the nonadiabatic regime (see Fig. 3.19).

In the adiabatic regime ω � 1, the cross over is entirely determined by the balance of the
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Figure 3.20: Normalized kinetic energy Ek as a function of electron-phonon coupling λ for
di�erent linear dimensions N of the system.

electron’s kinetic energy and the polaron binding energy EP. As soon as the gain in potential
energy outweighs the loss in kinetic energy, the size of the polaron collapses to a single site. The
parameter λ is de�ned as the ratio of these two contributions [Eq. (1.18)] and may be written
as λ = EP/(W/2) (−W/2 is the kinetic energy of a free electron at T = 0). Therefore, in the
adiabatic regime, the cross over occurs at λc = 1. With increasing ω, the lattice energy becomes
important, since more energy is required to excite phonons. Consequently, the distortions of
the lattice around the position of the electron—giving rise to the large e�ective mass and low
mobility of a small polaron—are much smaller, with the oscillators being predominantly in
their ground state. The electron can therefore remain untrapped even for λ > 1 if ω � 1.
The decrease of Ek with increasing λ is a result of the exponentially decreasing overlap of
the ground-state wavefunction of a displaced and an undisplaced harmonic oscillator, which
reduces the hopping probability between neighboring lattice sites. In the nonadiabatic regime,
a small polaron is formed if

√
EP/ω > 1 (Sec. 3.1). The larger lattice energy in this case

also gives rise to the more gradual decrease of Ek for intermediate and large values of ω. In
particular, the kinetic energy is much larger for λ > 1 and ω > 1 than for ω < 1. Finally,
for the same ω, the cross over in two dimensions (Fig. 3.19) is noticeably sharper than in one
dimension (Fig. 3.16).

To address the issue of �nite-size e�ects, we have calculated Ek for βt = 10, ω = 0.1 and
di�erent linear lattice sizes N = 4 – 12 [see Fig. 3.20(a)]. The choice of ω = 0.1 is reasonable
since the large polaron, which exists for λ < λc, is most extended for small phonon frequencies
(Sec. 3.1), so that �nite-size e�ects can be expected to be largest. To illustrate this point, we also
present results for a larger phonon frequency ω = 2.0 [Fig. 3.20(b)]. For the latter, the local
oscillators can respond very quickly to the motion of the electron, and the extension of the
phonon cloud or lattice distortion surrounding the electron is much smaller. In contrast, above
the critical coupling for the formation of a small polaron, the lattice size is expected to have little
in�uence in both cases. All this is well con�rmed by Fig. 3.20, which also reveals that results
begin to saturate for N ≥ 8, as pointed out previously by Kornilovitch [111]. Nevertheless, we
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Figure 3.21: Normalized kinetic energyEk as a function of the inverse of the linear sizeN of the
system, and for di�erent values of the electron-phonon coupling λ. As indicated in
the legend, some curves have been shifted, in order to allow a better representation.
All curves are monotonic within statistical errors.

�nd a nonnegligible dependence on N up to the largest system size (N = 12). This is better
illustrated in Fig. 3.21, in which we show Ek as a function of 1/N , and for several values of
λ. To allow a better representation, some curves have been shifted, as indicated in the legend.
From Fig. 3.21, we see that Ek changes very little for N > 4 for strong coupling λ = 2 and,
in fact, remains constant within the errorbars. For smaller values of λ, no such saturation is
found on the scale of Fig. 3.21, and the behavior of the kinetic energy for large N is almost
linear when plotted as a function of 1/N . We used a linear �t of the data for N = 8, 10, and 12
to obtain an approximation to the thermodynamic limit. The results are presented in Fig. 3.20.
Obviously, Ek for N = ∞ has decreased noticeably for small values of λ (including λ = 0),
while it remains almost unchanged in the small polaron regime. The decrease of Ek for λ < λc
can easily be understood if we consider the fact that our method works at a �nite temperature
1/β. Therefore, for very small N , the energy gap between the ground state with k = 0 and the
�rst excited state with k 6= 0 is larger than the thermal energy (βt)−1. With increasing system
size, thermal population of excited states becomes possible. For N large enough (N ≈ 20 for
βt = 10 and λ = 0), results converge to those forN =∞ and, in fact, the extrapolated data for
λ = 0, shown in Fig. 3.21, agree well with the results for a free electron on an in�nite lattice.
We ascribe the smallness of this �nite-temperature e�ect in the strong-coupling regime above
λc to the narrow polaron band (see Sec. 3.2). Consequently, the low-energy coherent states with
di�erent k have very similar energies.

We also investigated the e�ect of temperature, again for ω = 0.1 and ω = 2.0. The re-
sults, presented in Fig. 3.22, indicate that Ek is more a�ected by the �nite temperature of the
simulation in the adiabatic case ω = 0.1 [Fig. 3.22(a)]. This is a consequence of the fact that
calculations at �nite temperatures only give ground-state-like results when βω � 1. Clearly,
this condition is much more di�cult to meet for ω = 0.1, and requires larger values βt > 10.

The changes of Ek with temperature result from an interplay of several e�ects. For λ = 0,
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Figure 3.22: Normalized kinetic energy Ek as a function of electron-phonon coupling λ for
di�erent inverse temperatures β.

the kinetic energy approaches its full noninteracting value of −2tD (i.e., Ek = 1) as T → 0.
At �nite T , however, states with nonzero total quasimomentum k will contribute and thereby
lead to a decrease of Ek. As discussed above, this e�ect is expected to decrease with increasing
λ, and to be extremely small in the strong-coupling regime. In the adiabatic case [Fig. 3.22(a)],
the cross over at λc = 1 is smeared out at high temperatures. For both ω = 0.1 and ω = 2.0,
a qualitative change in behavior occurs near λc. Ek decreases with increasing temperature for
λ < λc, whereas the opposite is true for λ > λc. The behavior above λc can be understood by
considering the electronic hopping amplitude, given by the overlap of the wavefunctions of a
displaced and an undisplaced oscillator at neighboring sites. While the latter is exponentially
reduced with increasing electron-phonon coupling at T = 0, it increases with temperature
as the oscillators can occupy excited states, corresponding to wavefunctions which are more
spread out than the ground state.

Interestingly, the dependence of Ek on temperature is almost linear at low temperatures for
ω = 2.0 [see Fig. 3.23(b)]. Similar to the �nite-size scaling performed above, we also linearly
extrapolated the data for βt = 10 and 15 to the zero-temperature limit βt =∞, with the results
shown in Fig. 3.22(b). While the general trend agrees well with our expectations based on the
�nite-temperature data shown, the scaling procedure overestimates the temperature e�ects in
the weak-coupling regime, thereby leading to spurious values Ek > 1 at λ = 0. This can easily
be understood keeping in mind that results will ultimately saturate at low-enough values of βt,
so that the linear extrapolation used here becomes insu�cient.

Forω = 0.1, an inverse temperature βt = 10 is not su�cient to obtain well-converged results
except for the strong-coupling regime. A linear dependence of Ek, as for ω = 2.0, may still be
found at lower temperatures which have not been investigated here since such calculations,
with the accuracy of the results presented here, would be very time-consuming. The situation
could be improved by using the checkerboard breakup introduced in Sec. 5.3.

We conclude our discussion of the two-dimensional Holstein polaron by noting that the re-
sults of de Raedt and Lagendijk [108–110] were also given for βt = 5 (and ω = 1), but the small
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Figure 3.23: Normalized kinetic energyEk as a function of temperature 1/(βt), and for di�erent
values of the electron-phonon coupling λ. As indicated in the legend, some curves
have been shifted, in order to allow a better representation.

number of Trotter slices (L = 32 in their case) will cause relatively large systematic errors
[111]. This is not the case for the results of [111], in which the same extrapolation to ∆τ = 0
was employed as here. Finally, the method of Kornilovitch [111, 112] is free of such errors, but
only permits one to calculate ground-state properties for restricted values of ω and λ.

Holstein polaron in three dimensions

In contrast to the one- and two-dimensional cases discussed above, less work has been done in
three dimensions [82, 83, 97, 108–110, 112, 113]. In fact, we are only aware of one calculation of
the kinetic energy, which is by de Raedt and Lagendijk (DRL) [109]. To compare with their work,
we chose the same parameters ω = 1.0 and βt = 5. The numerical e�ort for calculations with
our method, which is proportional to N3D for the algorithm in the form used here, restricts us
to smaller systems than those considered by DRL [108–110]. For simplicity, we have therefore
limited ourselves to a maximum of N = 6, for which results can easily be obtained within a
reasonable amount of computer time, while the data presented in [108–110] is for N = 32. To
be more speci�c, our calculations for one value of λ, withN = 6 and ∆τ = 0.05, took about 10
h on an Intel Xeon 2600 MHz computer. Due to the relatively small system size in our work, it
is important to study to what extent the results are converged with respect to N . To this end,
in Fig. 3.24(a), we present Ek as a function of λ for N = 4, 5, and 6. Surprisingly, the results
are already satisfactorily converged. There is a maximal change of less than 20% in the cross
over region at λ = 1, while Ek remains almost constant for small and large λ, as the linear
size increases from N = 4 to N = 6. Thus, increasing N further will not change the results
qualitatively, although the �nite temperature of our simulations will manifest itself in a way
similar to the two-dimensional case. Our �ndings agree well with the results of DRL [109]. The
main di�erence is that for weak coupling, our results are closer to the zero-temperature values
(e.g., Ek = 1 at λ = 0). The reason for this discrepancy—despite the fact that we have used
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Figure 3.24: Normalized kinetic energy Ek as a function of electron-phonon coupling λ (a) for
di�erent linear dimensions N and (b) for di�erent dimensions D of the lattice.

the same temperature—is the smaller lattice size in our calculations. We have not performed
a scaling to N = ∞ in 3D, since the clusters under consideration are too small to reveal a
systematic power law dependence on 1/N .

Finally, we wish to investigate the e�ect of dimensionality on the small-polaron cross over.
Therefore, we compareEk in one, two and three dimensions using βt = 5,N = 6, and ω = 1.0.
The dependence on D, which is shown in Fig. 3.24(b), is in perfect agreement with previous
work. The cross over from a large polaron to a small polaron sharpens considerably with in-
creasing dimension of the system, and whileEk only displays a gradual decrease in 1D—without
any signs of an abrupt change at λ = 1—we �nd a sharp and well-de�ned cross over in three
dimensions.

To end with, we would like to compare the accuracy of our results to those of DRL [108–111],
and Kornilovitch [112, 113]. As discussed in Sec. 3.5.1, the main advantage of their methods
is that they allow one to obtain data which are essentially free of �nite-size e�ects, in any
dimension D = 1 – 3, with modest computational e�ort. However, we have seen above that
even in three dimensions, where the limitation of our algorithm is most noticeable, results are
reasonably converged. While the work of [112, 113] is limited to T = 0, DRL’s method as
well as the current approach can, in principle, be used to study any temperature. Apart from
the sign problem, the only limitation is that one has to increase the number of Trotter slices
as β → ∞, so as to keep the Trotter error small. This situation can be greatly improved by
extrapolating results to ∆τ = 0. The accuracy of the results presented here depends on ω, βt,
N and λ. Except for the adiabatic regime ω � 1 near λ = 1, errorbars are use usually smaller
than the linewidth, corresponding to relative errors of less than 0.5%. This is comparable to the
accuracy of the results given by Kornilovitch [112] and signi�cantly more accurate than the
original results of DRL [108, 109].
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3.5.4 Performance

The methods of DRL [108–110] and Kornilovitch [111–113] are based on an analytic integration
over the phonon degrees of freedom. This separation of electronic and bosonic degrees of free-
dom greatly reduces the statistical noise due to phonon �uctuations, which increase noticeably
with decreasing phonon frequency, decreasing temperature and increasing electron-phonon
coupling. Although the LF transformation used here performs a very similar task, namely, to
separate polaron e�ects from the zero-point and thermal �uctuations of the free oscillators, the
integral over the bosonic degrees of freedom is calculated with MC, thereby leaving us with
a residual in�uence of the phonons. In fact, the numerical e�ort for calculations with our ap-
proach is proportional to the LN3D, similar to the grand-canonical determinant method for
the Holstein model [124]. This could be improved to a computer time ∼ LN2D by using the
checkerboard breakup (Sec. 5.3). The numerical e�ort for the methods in [108–113] is indepen-
dent of N , and depends linearly on D.

A typical MC run for a 1D cluster with 32 lattice sites, βt = 5, ω = 1.0, and λ ≈ 1 (i.e., near
the small-polaron cross over) only takes 5 min of CPU time on a 650 MHz Pentium III personal
computer. For such a run relative errors of, for example, the kinetic energy are less than 1.0%.
Away from the cross over point, the same accuracy can be obtained within a few seconds. For
βt = 10, the temperature used in most of the calculations presented here, a MC run with λ
near the cross over value and with similar statistical errors as mentioned above takes about 80
min. The use of the aforementioned checkerboard breakup reduces the CPU times given here
by about 65%. For comparison, Kornilovitch [111], using the method of de Raedt and Lagendijk
[108–110], reports simulation times of several hours on a work station for a 32 × 32 lattice,
βt = 15 and L = 150 – 240, and similar CPU times are required for the methods of [112, 113].

3.6 Conclusions

We have applied CPT to the Holstein polaron problem in one and two dimensions, and compar-
ison with existing work has revealed a very good agreement. In combination with the Lanczos
method to calculate the cluster Green function, reliable results can be obtained for the one-
electron spectral function A(k, ε), which become exact in the weak- and strong-coupling lim-
its, λ = 0 and t = 0, respectively. Finite-size e�ects are signi�cantly reduced compared to
standard ED. Our results extend previous applications of CPT to Hubbard and t − J models,
showing that the method is also well suited for electron-phonon models with local interactions.
In particular, using CPT, we have been able to calculate the complete spectral function of the
Holstein polaron for continuous values of k. This is in contrast to ED, which is restricted to
rather small numbers of k values, and QMC which gives exact results only for the polaron band
structure.

Additionally, we have presented a simple variational approach to the Holstein model, which
incorporates an extended LF transformation. It can be generalized to in�nite systems and rep-
resents a marked improvement over the standard small-polaron approximation, which is only
useful in the nonadiabatic, strong-coupling regime.
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More importantly, we have introduced an exact QMC method, which is based on the standard
LF transformation of the Hamiltonian. The phonon momenta are represented in terms of prin-
cipal components. This enables us to sample completely uncorrelated con�gurations, with the
electronic degrees of freedom being taken into account by reweighting. The present approach
can be applied for a wide range of parameters with relatively small computational e�ort. In par-
ticular, e�cient simulations can be performed in the adiabatic regime ω < 1, which is of special
interest in connection with materials such as the manganites. The sign problem resulting from
the LF transformation has been found to only weakly a�ect the statistics, as it diminishes with
increasing system size. Comparison with existing work has revealed a very good agreement,
although the current QMC approach is not as fast as world-line methods [108–113].

Finally, the method is not restricted to a single electron. Indeed, we shall see in Chap. 4
that it can also be used to investigate the Holstein-Hubbard model with two electrons, and the
spinless Holstein model at �nite electron density (Chap. 5). The necessary modi�cations to the
algorithm will be discussed in the corresponding chapters.
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4 Holstein-Hubbard bipolaron

Nothing shocks me. I’m a scientist.
(Harrison Ford, as Indiana Jones)

In the previous chapter, we have seen that the coupling of electrons to phonons can lead to the
formation of polarons. The next step is to consider the interaction of two such polarons. De-
pending on the relative strength of the phonon-mediated attractive interaction and the Coulomb
repulsion, two electrons may form a bound state which is called a bipolaron. Such QP’s have
been proposed to play an important role in several classes of materials, including the high-
temperature superconductors [13, 14, 148] and the manganites [15]. For the latter, Alexandrov
and Bratkovsky [15] derived a theory which assumes the existence of small polarons in the
ferromagnetic phase, which bind to bipolarons at the Curie temperature. Although their model
can explain some experimental data on the manganites, such as the increase of the resistivity
near TC, the CMR e�ect, and the metal-insulator transition, there exist several fundamental
problems [3]. Nevertheless, bipolaron formation is still subject of ongoing research work, and
much of the recent progress in the �eld has been achieved using exact numerical methods to
perform unbiased studies.

This chapter is concerned with the Holstein-Hubbard model with two electrons, neglecting
the interaction between bipolarons which will de�nitely be present to some degree in real ma-
terials. Using CPT, QMC and a variational method, we study in detail the formation of di�erent
bipolaron states as a function of the system parameters. While CPT yields accurate results
for the one-electron spectral function, QMC and the variational approach can be used to cal-
culate observables such as the kinetic energy of the electrons or electron-electron correlation
functions.

The outline of this chapter is as follows. In Sec. 4.1, we review existing work as well as
available knowledge about the Holstein-Hubbard bipolaron, while Sec. 4.2 contains the CPT
results for the spectral function. Section 4.3 is devoted to canonical transformations of the
Holstein-Hubbard Hamiltonian, the results of which are then used for the QMC and variational
methods presented in Secs. 4.4 and 4.5. Finally, we conclude in Sec. 4.6.

4.1 Holstein-Hubbard bipolaron
The Holstein-Hubbard model has been de�ned in Eqs. (1.21) and (1.22). While for CPT it is more
convenient to use the form (1.22), the starting point of the QMC and variational methods will
be Eq. (1.21). For U = 0, Eqs. (1.21) and (1.22) are identical to the pure Holstein model, while
for g = 0 (α = 0) we recover the familiar Hubbard model. As in Chap. 3, we use the coupling
constant λ [Eq. (1.18)] and the adiabatic ratio ω [Eq. (1.19)]. Additionally, we de�ne

U = U/t , (4.1)
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and express all energies in units of the hopping t. Consequently, the independent parameters
of the model are ω, U , and λ.

There exists a considerable amount of work on the Holstein-Hubbard bipolaron, although it
is by far not as well understood as the simpler one-electron case. In the sequel, we restrict our
discussion to new developments in the �eld. A very complete review of earlier work has been
given by Alexandrov and Mott [78].

While the pairing of electrons in momentum space can be accurately described by Migdal-
Eliashberg theory [9] for weak-enough coupling, no reliable theory is available for the for-
mation of bipolarons—corresponding to pairing of electrons in real space—at intermediate to
strong electron-phonon interaction. In recent years, progress was made using either variational
approaches [149–155] or, more importantly, numerical studies based on ED [79, 84, 85, 121, 156],
variational diagonalization [34, 95, 157, 158], DMRG [94], and QMC [136, 159]. The ED and
DMRG calculations were restricted to rather small systems consisting of two [84, 121, 156], four
[79], six [94], eight [85, 157] or twelve [95] sites, while QMC [136, 159] and the method of [158]
are almost free of �nite-size e�ects. The larger number of phonon states required to obtain
converged results makes numerical studies with ED methods even more challenging than for a
single electron, especially for small phonon frequencies.

Since the Holstein-Hubbard model represents a simpli�ed description of the situation in real
materials, it is highly desirable to study more complex models. To this end, it is interesting
to note that the QMC methods of de Raedt and Lagendijk [136] and Macridin et al. [159] can
be generalized to include dispersive phonons. Furthermore, both approaches can be applied
to models with long-range Coulomb interaction [136, 159], similar to the work of Bonča and
Trugman [160]. Finally, we would like to point out that bipolaron formation in a model with
JT modes—as present, e.g., in perovskite manganites—has recently been studied by Shawish et
al. [34].

To discuss the physics of bipolaron formation in the Holstein-Hubbard model under con-
sideration, we have to distinguish between two cases. The two electrons can either have the
same or opposite spin, which leads to a singlet or triplet state, respectively. We consider these
possibilities separately.

Singlet state

For two electrons in a singlet state, the formation of a bound bipolaron state in the absence of
Coulomb interaction originates from the fact that the potential well—arising from a displace-
ment of the oscillators—around an occupied lattice site deepens in the presence of a second
electron. This may easily be seen in the atomic limit t = 0, using the LF transformation. As
discussed in Sec. 3.3, on di�erent lattice sites, each electron gains an energy −EP by distorting
the lattice, whereas the energy shift becomes −4EP if both particles occupy the same site (s
mall or o nsite bipolaron). For t > 0, the competition between the kinetic energy of the elec-
trons on the one hand and the displacement or lattice energy on the other hand determines the
cross over from a state with two weakly bound polarons, sometimes also referred to as a l arge
bipolaron, for λ < λc to a small bipolaron for λ > λc, where λc denotes the critical value of the
electron-phonon coupling.
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In Eq. (1.18), λ has been de�ned as λ = 2EP/W , i.e., as the ratio of the energy gain due
to polaron formation to the kinetic energy of a free electron. While λc = 1 in the adiabatic
regime for the small-polaron cross over in the model with one electron (Sec. 3.1), here we expect
λc = 0.5 (for ω � 1) due to the energy gain of −2EP per electron compared to −EP in the
single polaron problem. This is well con�rmed by the calculations of Wellein et al. [85], who
�nd a strong decrease of the kinetic energy near λ = 0.5 for ω = 0.4.

For ω � 1, the lattice energy becomes important since the trapping of the carriers re-
quires the formation of a sizable lattice distortion. This gives rise to the additional condition
2
√
EP/ω > 1 for a small bipolaron [13].1 Similar to the one-electron problem, the cross over is

very gradual in the nonadiabatic regime [85]. The correlation or binding of the two electrons
depends crucially on the phonon frequency, since the latter determines the maximum distance
across which the two particles feel an attractive interaction due to the phonons. Up to second
order in g, this coupling is given by

Ue�(ε) = g2Dph(q, ε) = − 2g2ω

ω2 − ε2
, (4.2)

whereDph(q, ε) denotes the phonon propagator. Equation (4.2) reveals that the energy-dependent
interaction is attractive for ε < ω, and becomes instantaneous in the nonadiabatic limit ω →∞
where Ue� = −2g2/ω. Hence, the binding always decreases with increasing phonon frequency
[79].

ForU > 0, there is a competition between the retarded, attractive interaction mediated by the
phonons and the instantaneous, repulsive Hubbard interaction. Consequently, a state with two
unbound polarons—stabilized by the onsite repulsion—can exist for su�ciently weak electron-
phonon coupling [85]. This is in contrast to the extended Holstein-Hubbard model with long-
range interaction, in which a bipolaron state is formed irrespective of the value of U [161].
The e�ective electron-electron interaction in the Holstein-Hubbard model which determines
the nature of the bipolaron state is

Ue� = U − 2EP . (4.3)

From this result, which can be obtained either from the generalization of Eq. (4.2) to U 6= 0
in the limit ω → ∞, or in the nonadiabatic strong-coupling limit [159], one may be tempted
to expect a bipolaron state to exist only for Ue� < 0, i.e., if there is a net attractive interac-
tion between the particles. While this is true for the e�ective Hubbard model onto which the
Holstein-Hubbard model maps in the nonadiabatic strong-coupling limit, a consideration of
virtual hopping processes leads to the less stringent condition U < 4EP [158]. The energy gain
due to virtual exchange processes of two electrons on neighboring lattice sites—not suppressed
by strong electron-phonon coupling—leads to the formation of a weakly bound i ntersite bipo-
laron with the two electrons most likely to reside on neighboring lattice sites [158, 159]. A phase
diagram for bipolaron formation as a function of λ and ω in one dimension has been presented
by Weiße et al. [95]. Eventually, for su�ciently strong electron-phonon coupling 2EP & U , the
e�ective onsite potential Ue� becomes attractive, and a small bipolaron is formed.

1The corresponding condition for a small polaron is
√
EP/ω > 1 (Sec. 3.1).
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Starting from a small bipolaron, a cross over to an intersite bipolaron takes place when the
Coulomb interaction becomes large enough [158, 159, 161]. The intersite bipolaron has a much
smaller e�ective mass than the small bipolaron and may therefore also exist as a mobile carrier
in real materials [158]. In the adiabatic limit ω = 0, the onsite–intersite bipolaron transition
has been shown to be of �rst order [152, 153], but for �nite phonon frequencies it is expected
to happen in a more gradual way because of retardation e�ects, in agreement with recent cal-
culations [158]. Estimates for the region of existence of the intersite bipolaron state for ω = 1
are U < 2EP for weak coupling, and U < 4EP for strong electron-phonon coupling [158],
and phase diagrams in the (U, λ)-plane have been reported in one [158] and two dimensions
[159]. While the above conditions are quite accurate in the nonadiabatic regime ω ≥ 1, the case
ω � 1 remains an open problem.

Finally, the physically most interesting regime, which is unfortunately also the most di�cult
case to treat theoretically, is de�ned by ω � 1, and a Coulomb repulsion which is at least as
large as the attractive interaction due to the electron-phonon coupling.

Triplet state

For two electrons of the same spin, the Pauli principle forbids double occupation of a site.
Although in principle a bound state may be formed with the two particles being located on
di�erent lattice sites, the exchange processes, which stabilize the intersite bipolaron state of
two electrons in a spin singlet con�guration, are not strong enough to bind two polarons in a
triplet state in the strong electron-phonon coupling regime [158]. Since for U →∞ the singlet
and triplet state become degenerate, this may also be seen from the strong-coupling condition
U − 4EP. If U = ∞, no value λ > 0 is su�cient to create a bound state. Furthermore, the
ground-state energy of two polarons in a triplet state is always larger than for a singlet state
because two particles with parallel spin cannot occupy the same k = 0 energy level.

4.2 One-particle spectral function

4.2.1 Method
As in Chap. 3, we use CPT in combination with the Lanczos recursion method (Secs. 2.2 and 2.3).
The major di�culty we are facing in the present case is the larger number of phonon states
needed to obtain converged results. From a physical point of view, this is not surprising since
each of the two electrons will create a lattice distortion or phonon cloud, whereas there is only
one dressed particle (polaron) in the one-electron problem (Chap. 3). However, in addition to the
simple doubling of the number of particles, it has been shown by previous authors [79, 85, 94]
that multiphonon states play a more important role for the bipolaron, as a result of the phonon-
mediated binding. ED (and also CPT) for electron-phonon systems is a�ected both by �nite-
size e�ects and the truncation error due to the restricted number of phonon states kept in
calculations. Obviously, if one used very small clusters, good convergence with respect to the
phonons could be achieved even for strong electron-phonon coupling. On the other hand, for
small numbers of phonon states, rather large clusters can be studied. A common approach is
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to require the truncation error ∆ [Eq. (2.48)] to be smaller than a certain limit, and to use the
maximal cluster size which can be handled for this number of phonon states.

From the nature of the approximation made (see Sec. 2.2), it is clear that CPT will work par-
ticularly well if the local interactions dominate the physics of the system, i.e., for the Holstein-
Hubbard model (1.22), if g, U � t. This point will be illustrated in Sec. 4.2.2.

Since here we only consider the one-dimensional case, in the sequel, we shall adopt the
notation accordingly. We are interested in the Green function

Gσ(k, ε) = 〈↓| ckσ
1

ε−H
c†kσ |↓〉 , (4.4)

where |↓〉 denotes the ground state with one electron of spin down, and σ =↑, ↓. Equation (4.4)
only contains the inverse photoemission part of the total one-electron Green function. In the
case of G↑, the second part—corresponding to photoemission (PE)—vanishes, since there is no
↑ electron in the ground state. Moreover, for G↓, PE is identical to the spectrum of a single po-
laron, which has been studied in detail in Sec. 3.2. The situation would be di�erent if we started
with a two-electron (singlet or triplet) ground state. Then, the PE part of the one-electron spec-
tral function also contains valuable information. However, due to limited computer memory,
such computations involving three-electron states are not possible with the code used here.

In Eq. (4.4), we have omitted the energy E↓0 of the ground state |↓〉, which usually enters
in the form H − E↓0 [Eq. (2.35)], to permit direct comparison with the singlet bipolaron band
dispersion E↑↓(k) in Sec. 4.2.2. We would like to mention that this issue did not arise for the
Holstein polaron in Sec. 3.2, since the ground state energy of the state |0〉 in Eq. (3.1) is zero.
The one-electron spectral function is related to the Green function (4.4) by Eq. (2.36). In the
present case, a spin index has to be added, so that we have

Aσ(k, ε) = − 1

π
lim
η→0+

Im Gσ(k, ε+ iη) . (4.5)

The phonon Hilbert space is truncated in the same way as in Sec. 3.2 [see Eq. (2.47], with the
number of phonon states used denoted as Nph. The latter will be chosen so as to push the trun-
cation error ∆(Nph) [Eq. (2.48)] of the energy E↑↓0 of the two-electron ground state |↑↓〉 below
10−4. The use of E↑↓0 to monitor convergence with respect to Nph comes from the observation
that—for the same number of phonons—the truncation error of the latter is always smaller than
for the triplet state |↓↓〉. This may be ascribed to the fact that for two electrons of the same
spin, no bound state exists. In particular, there will be no large local lattice distortion surround-
ing an onsite bipolaron, the description of which requires a signi�cant number of phonons. In
previous work on the Holstein-Hubbard bipolaron, using ED with periodic boundary condi-
tions [79, 84, 85, 121, 156], the truncation error was usually smaller than 10−6. However, these
methods were restricted to only a few k vectors. Furthermore, our calculations show that even
a relative error of 10−4 ensures satisfactory convergence of the one-electron spectrum. The
smaller number of phonon states enables us to use larger clusters and thereby signi�cantly
diminish �nite-size e�ects since, within the CPT, even an increase N → N + 1 noticeably im-
proves the results. Once the cluster size has been �xed, we use the maximal possible number
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of phonons. The accuracy ∆ varies for the di�erent calculations and will be reported in each
�gure.

In its present form, our method is restricted to the nonadiabatic regime ω ≥ 1, except for
weak electron-phonon coupling. To study smaller phonon frequencies—relevant, e.g., to tran-
sition metal oxides—a combination with variational diagonalization techniques, or the use of
shared-memory systems would be necessary. As in Chap. 3, we restrict our calculations to the
spectral function, which is the most fundamental quantity that can be obtained within CPT
[12].

4.2.2 Results
The one-electron spectral function of the problem considered here has been calculated before
using ED [84, 121, 156] and DMRG [94], both in one dimension. However, results were only
given for k = 0, and for very small systems with N = 2 and N = 6, respectively. This makes
it di�cult or even impossible to study the dispersion of QP features. Recently, a parallelized
DMRG code has been developed [91], which allows studies of Holstein models on very large
one-dimensional clusters even at half �lling [162]. However, the calculation of spectral func-
tions within DMRG is very time-consuming, since it has to be done separately for each point on
the energy axis. Several authors have also calculated dressed spectral functions [94, 121, 156],
with the fermion operators in Eq. (4.4) replaced by their LF transformed (i.e., dressed) coun-
terparts, as well as pair spectral functions [94]. The corresponding spectra show a simpli�ed
structure in certain regimes, indicating that polarons and bipolarons are “good” QP’s for these
parameters.

De Mello and Ranninger [121] have pointed out that to study the cross over between po-
larons and bipolarons it is, in general, necessary to investigate both, photoemission and in-
verse photoemission. This can easily be understood by considering electron emission from the
two-electron singlet ground state, i.e., the Green function 〈↑↓| c†k↑(ε − H)−1ck↑ |↑↓〉. Depend-
ing on the parameters, |↑↓〉 may either consist of two weakly bound polarons or a bipolaron.
Consequently, photoemission spectra will only show a single QP band. In contrast, the Green
function (4.4) with σ =↑ corresponds to adding an ↑ electron to the one-electron ground state
|↓〉. For example, the additional particle can either go into the ground state to form a bipolaron,
or into an excited polaron state. In general, we therefore expect two QP bands in the spectral
function, whose weights and energies vary with ω, U and λ.

As we will compare our �ndings with the variational diagonalization method (VDM) of Bonča
et al. [34, 158], we would like to comment on the accuracy of the latter. The problem is de�ned
on an in�nite system, so that the approach is free of boundary �nite-size e�ects. However, the
method involves a variationally determined Hilbert subspace with two variational parameters,
namely the maximal allowed distance between electrons and phonons, and between the two
electrons, respectively. For the bipolaron problem under consideration, the limiting variational
parameter in the regime ω ≥ 1 is the maximum distance Nh between the two electrons. The
results presented here have been obtained using Nh ≤ 18. Consequently, while the method
gives very accurate results—with errors smaller than the linewidth in the �gures—for the case of
a small bipolaron (U � 2EP), it is less reliable (relative errors . 1%) for strong onsite repulsion
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U � 2EP favoring two weakly bound polarons, similar to ED and CPT. Due to additional
towers of phonon excitations that are located in the neighborhood of the electron sites, the
method achieves good convergence in the small bipolaron regime even for strong coupling.
Nevertheless, the adiabatic regime ω � 1 represents a di�cult problem, as is the case for other
approaches. Finally, as in CPT, results can be obtained at any wavevector.

We shall see below that there is a close correspondence of the QP bands in the spectra to the
polaron and bipolaron dispersion relations denoted here as E↑(k) and E↑↓(k), respectively.2
Results forE↑↓(k) have been reported by Wellein et al. [85] and Weiße et al. [95, 161]. However,
in contrast toAσ(k, ε),E↑(k) andE↑↓(k) do not reveal the spectral weight of the corresponding
QP’s. Nevertheless, the comparison with the spectra will yield valuable insight and serve as a
test of the CPT results. Moreover, a direct calculation of energy bands does not su�er from the
restricted energy resolution of CPT due to the use of a smearing parameter (Sec. 2.2).

Owing to the limitations regarding the number of phonon states, we shall only show results
for ω ≥ 1. To be more speci�c, we consider two values of the adiabatic ratio, namely ω = 4
and ω = 1. For ω = 4, the spectra will turn out to be relatively simple, and we are able to
study even strong electron-phonon coupling. Consequently, we start with a discussion of the
nonadiabatic regime, and then move on to the more di�cult case ω = 1.

Nonadiabatic regime

In this section, we restrict the discussion to U = 0, while the in�uence of Coulomb repulsion
will be studied below. Figure 4.1 shows the evolution of the one-particle spectrum with increas-
ing electron-phonon coupling. Here and in subsequent �gures, solid lines represent results for
A↑ and dashed lines correspond to A↓ [see Eq. (4.4)].

For U = 0, two electrons of opposite spin always form a bipolaron state for any λ > 0. At
weak coupling λ = 0.5 [Fig. 4.1(a)],A↑ exhibits two well-visible bands, as well as an incoherent
part centered at ε ≈ 0. To understand the nature of the coherent excitations, we have also
included in Fig. 4.1 the bipolaron band dispersion E↑↓(k) (solid vertical line), calculated by the
VDM [163]. The latter �ts well the low-energy band, with the minor deviations at intermediate
k—i.e., the splitting of the low-energy peak into several small satellites—being �nite-size e�ects,
as has been veri�ed by calculations on smaller and larger clusters for a smaller number of
phonon states (not shown). A more detailed discussion of �nite-size e�ects will be given below
for ω = 1. Even at weak coupling λ = 0.5, the bipolaron band already has a relatively small
width of W ′/W ≈ 0.37 compared to the free-electron value W . Moreover, the spectral weight
of the lowest peak, obtained by integration over the CPT spectrum, decreases signi�cantly
from about 0.68 at k = 0 to about 0.08 at k = π. At the same time, the weight contained in
the incoherent part of the spectrum increases with increasing k. This behavior is very similar
to the single-electron case (Sec. 3.2.4).

We now turn our attention to the second band appearing in Fig. 4.1(a). From the general
discussion in Sec. 4.1, we expect that it corresponds to an excited state with two polarons. We
therefore compare it to the energy of two independent polarons in an in�nite system. Since A↑

2As noted in Chap. 3, the spin is irrelevant for the case of a single electron, i.e., we have E↑(k) = E↓(k).
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Figure 4.1: One-particle spectral functions A↑(k, ε) (solid lines) and A↓(k, ε) (dashed lines)
calculated with CPT for di�erent values of the electron-phonon coupling λ, using
η = 0.05t [see Eq. (2.36)]. All other parameters as indicated in the �gures. The trun-
cation errors are ∆ < (a) 5.3×10−6, (b) 1.0×10−5, (c) 2.4×10−7, (d) 6.7×10−6 (see
text). The vertical lines correspond to VDM results for the polaron and bipolaron
band dispersions E↑(0) + E↑(k) (dashed) and E↑↓(k) (solid), respectively [163].

[Eq. (4.4)] describes the process of adding an electron with momentum k to the one-polaron
ground state with energy E↑(0), we show in Fig. 4.1(a) the band dispersion E↑(0) + E↑(k)
(dashed vertical line). The comparison with the spectral function yields a very good agreement
at intermediate and large k, while there are some discrepancies at small momenta. A density
plot of A↑ (Fig. 4.2) reveals more clearly that the two coherent bands hybridize and repel each
other near the point where they would be degenerate, giving rise to an upper band with inversed
dispersion at small k. The situation is similar to the hybridization of the coherent and incoherent
parts in the one-electron case, which occurs for |E↑(k)−E↑(0)| ∼ ω (see Sec. 3.2.4). Of course,
such e�ects are absent in the band dispersion of a system with two independent polarons.

The spectral function A↓, also shown in Fig. 4.1(a), contains a coherent band at low energies,
and an incoherent part which is very similar to that of A↑. Well away from k = 0, the band in
A↓ follows closely the polaron band in A↑. Thus the excited two-polaron state of the system
with two electrons of opposite spin is very similar to the ground state of the system with two
electrons of the same spin. Near k = 0, the spectral weight of the low-energy peak inA↓ is small
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Figure 4.2: Density plot of the one-particle spectral function A↑(k, ε) for ω = 4.0, U = 0,
and λ = 0.5, as shown in Fig. 4.1(a). The symbols correspond to VDM results for
E↑(0) + E↑(k) (squares) and E↑↓(k) (crosses), respectively [163].

(≈ 0.08) compared to the polaron peak in A↑ (≈ 0.2). This is a result of the abovementioned
fact that two polarons with the same spin cannot occupy the same k = 0 state, so that the
corresponding excitation in the one-particle spectrum has little weight. The picture changes
at larger momenta, where both bands have similar weight, although the sharp peaks in A↓ are
higher than the broadened features in A↑.

With increasing electron-phonon coupling, the low-energy bipolaron band becomes even
narrower until it is virtually �at at λ = 1.5 [Fig. 4.1(c)]. Here, the two conditions for a small
bipolaron (Sec. 4.1) are identical to λ > 0.5. Consequently, �nite-size e�ects are very small in
Figs. 4.1(b) – (d), as con�rmed by the excellent agreement of the bipolaron band with the results
for E↑↓(k). The reduction in bandwidth with increasing λ is accompanied by a loss of spectral
weight. For k = 0, the latter decreases from the value 0.68 at λ = 0.5 given above to about
0.10 at λ = 2.0. Both the narrowing and the loss of weight indicate a signi�cant increase of the
e�ective bipolaron mass.

While the polaron band lies relatively close to the bipolaron band at λ = 0.5 [Fig. 4.1(a)], the
increase of the coupling leads to a clear separation, and to a downward shift proportional to
the polaron binding energy EP. In the nonadiabatic strong-coupling regime of Fig. 4.1(d), the
energy gap between the two bands is well described by atomic-limit value 2EP = 8t. Similar to
λ = 0.5, the two-polaron band dispersion E↑(0) +E↑(k) agrees well with the polaron band in
the spectra, with some di�erences being visible near k = 0. Interestingly, in Fig. 4.1(c), there is
a mixing of the bipolaron state with one phonon excited, which lies an energy ω = 4t above the
lowest band, and the two-polaron excitation. As expected from the one-electron calculations
(Sec. 3.2.4), the polaron band also narrows with increasing electron-phonon coupling. However,
the e�ect is much smaller than for the bipolaron band. Additionally, the spectral weight of the
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k = 0 polaron peak in A↑ increases from about 0.20 at λ = 0.5 to about 0.32 at λ = 2.0. This
may be explained by the fact that for weak coupling [Fig. 4.1(a)], some of the weight of the
polaron state is contained in the large low-energy feature. Calculations for a single electron
and the same parameters show that the spectral weight of the polaron at k = 0 decreases from
about 0.86 (λ = 0.5) to about 0.52 (λ = 2.0). Since the spectral weight of the Holstein polaron
is, to a very good approximation, equal to the inverse of the ratio me�/m [101], these results
indicate that the polaron mass does not increase at the same rate as the bipolaron mass with
increasing coupling, as re�ected by the corresponding changes in bandwidth in Fig. 4.1. Finally,
we also �nd a comparable reduction of spectral weight for the two-polaron band in A↓ from
about 0.08 to about 0.04 at k = 0.

To conclude the discussion of the case ω = 4, we would like to underline the enormous
advantage of CPT in the strong-coupling regime. It allows us to perform calculations on a very
small cluster (N = 4)—su�cient to obtain well-converged results—but still yields the spectral
function at any desired k.

Intermediate phonon frequency

In the preceding section, we have investigated in detail the signatures of polaron and bipolaron
states in the one-particle spectrum for ω = 4. Owing to the large energy of phonon excita-
tions, most of the spectral weight resides in the corresponding bands, allowing a fairly easy
identi�cation. We now consider the case ω = 1, which turns out to be more di�cult to study
numerically and to interpret. Nevertheless, work in the regime ω ≤ 1 is highly desirable to un-
derstand many interesting strongly correlated systems such as, e.g., the manganites. Although
the latter are usually characterized by ω � t, quantum e�ects are already visible for ω = t. As
a consequence, previous authors [84, 94, 136, 158–160] have often focused on this case, which
is numerically much easier to tackle than the region ω � 1. Calculations for ω � 1 have been
presented, e.g., by Wellein et al. [85] and Weiße et al. [95, 161]. While the discussion of ω = 4
was restricted to U = 0, here we shall also take into account a �nite Coulomb repulsion.

U = 0 Since converged results for ω = 1 require more phonon states than for ω = 4, we
have slightly reduced the cluster sizes in our calculations. Consequently, �nite-size e�ects are
larger, as discussed below. Moreover, we are not able to reach the strong-coupling regime but
instead restrict the range of λ to 0.5 – 1.25.

Figure 4.3 contains the one-particle spectra for U = 0. In principle, for λ = 0.5, the results
look quite similar to Fig. 4.3(a). However, the spectral weight of the two coherent bands is much
smaller, as a consequence of the increased importance of incoherent excitations for ω = 1. In
particular, the spectral weight of the latter is strongly enhanced at large k, so that the bands
are no longer easy to identify. Therefore, and because of the strong mixing of the bands with
coherent and incoherent excitations, it becomes di�cult to accurately determine the spectral
weight by integration over the CPT spectra. Furthermore, we see from Fig. 4.3 that the bipolaron
bandwidth is much smaller for ω = 1 (W ′/W ≈ 0.1) than for ω = 4, despite the fact that the
value of λ is the same in both cases. Hence, the e�ect of electron-phonon interaction on the
bipolaron mass is much more pronounced in or near the adiabatic regime due to the larger
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Figure 4.3: One-particle spectral functions A↑(k, ε) (solid lines) and A↓(k, ε) (dashed lines)
calculated with CPT for di�erent values of the electron-phonon coupling λ, using
η = 0.05t. All other parameters as indicated in the �gures. The truncation errors
are ∆ < (a) 9.1 × 10−5, (b) 9.0 × 10−5, (c) 1.2 × 10−7, (d) 2.4 × 10−6. The vertical
lines correspond to variational diagonalization results for the polaron and bipolaron
band dispersions E↑(0) + E↑(k) (dashed) and E↑↓(k) (solid), respectively [163].

mass of the oscillators. In principle, the spectrum also contains coherent excited states which
are separated from the lowest-energy band by less than the phonon energy ω. However, owing
to the rather complex structure of the spectrum in the two-electron case, they are di�cult
to identify. A direct calculation of excited states in the Holstein model with one electron has
recently been presented by Barišić [104]. Finally, the relation betweenA↓ andA↑ is very similar
to ω = 4.

As we increase the electron-phonon coupling, the bipolaron dispersion collapses to an ex-
tremely narrow band [Fig. 4.3(b)]. This cross over is again associated with a signi�cant loss
of spectral weight. At k = 0, for example, we �nd a reduction from about 0.50 at λ = 0.5
to about 0.14 at λ = 0.75. Increasing λ further to 1.25, we �nally arrive at a bipolaron band
with W ′/W ≈ 10−4 and a spectral weight of less than 0.03 at k = 0. Similar to Fig. 4.1(d),
the spectrum displays several bands equally spaced by ω which belong to excited states with
one or more phonons. Moreover, the polaron and bipolaron bands are well separated, and the
incoherent contributions dominate at large k.
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Figure 4.4: One-particle spectral functions A↑(k, ε) (solid lines) and A↓(k, ε) (dashed lines)
calculated with CPT for di�erent values of the electron-phonon coupling λ, using
η = 0.05t. All other parameters as indicated in the �gures. The truncation errors
are ∆ < (a) 3.3 × 10−5, (b) 2.0 × 10−5, (c) 9.9 × 10−6, (d) 6.7 × 10−7. The vertical
lines correspond to variational diagonalization results for the polaron and bipolaron
band dispersions E↑(0) + E↑(k) (dashed) and E↑↓(k) (solid), respectively [163].

The agreement between the bipolaron band dispersion and E↑↓(k) in Fig. 4.3 is again very
good. Similar to ω = 4, the condition for a small bipolaron is given by λ > 0.5, so that CPT
yields very accurate results. In contrast, the two-polaron energy E↑(0) + E↑(k) �ts less well
to the corresponding bands in the spectral function. We attribute this di�erence to the nona-
diabatic regime [Fig. 4.1] to the stronger retardation e�ects for ω = 1. As a consequence, the
polaron state is more extended below the small-polaron cross over occurring at λ = 1 (Sec. 3.1),
leading to a stronger overlap of the two particles. In contrast, for ω = 4, the lattice distortions
around the electrons are very localized, and the two polarons therefore do not experience a sig-
ni�cant interaction. Above λ = 1, i.e., in the small-polaron regime, the two-polaron dispersion
for ω = 1 again follows closely a two-polaron-like band in the spectrum [Figs. 4.3(c) and (d)].

U = 4 So far, we have only presented results forU = 0, for which a bipolaron state is always
favored. However, in materials such as the cuprates or the manganites, strong local correlations
hinder the carriers from forming onsite bipolarons even for strong electron-phonon coupling.
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To model such e�ects, we therefore consider here a �nite value of the electron-electron repul-
sion U = 4.

In the case of two electrons with opposite spin, the Lanczos results for the cluster Green
function converge faster as a function of Nph for U > 0 compared to U = 0 as a result of
the reduced e�ective electron-electron interaction. This is fortunate, since it allows us to use
slightly larger clusters, thereby partly compensating for the increased �nite-size e�ects due to
the spatially more extended ground-state wavefunction in the weak-coupling regime.

From the general discussion in Sec. 4.1, we expect the ground state to consist of two weakly
bound polarons for 2EP � U , and a cross over to a bipolaron state at a critical value of the
electron-phonon interaction λ. In the nonadiabatic limit, the latter is given by 2EP = U (i.e.,
λ = 1 for the case considered here) for weak coupling, and by 4EP = U for strong coupling.

In Fig. 4.4, we present the results for the spectral function, again for λ = 0.5 – 1.25. For
weak coupling λ = 0.5 [Fig. 4.4(a)], the most striking di�erence to the U = 0 case discussed
above is the fact that there is only one band at low energies. Together with the incoherent
contributions, and taking into account the doubling of the number of carriers leading to a shift
of energies, the spectrum bears a close resemblance to that of a single polaron with the same
parameters (Fig. 3.3). This is also underlined by the polaron and bipolaron band dispersions
shown in Fig. 4.4(a), which are almost identical throughout the Brillouin zone, and lie just be-
low the corresponding band in the spectral function. In particular, the band displays the typical
�attening at large k, which indicates the phononic character of the low-energy excitation. Fur-
thermore, owing to the �nite onsite repulsion, the low-energy band inA↓ is very similar to that
in A↑ since, for �nite U and weak electron-phonon coupling, the singlet ground state consists
of two weakly bound polarons. Consequently, the singlet and triplet state have comparable
energies, although the spectral weight in A↓ is again very small near k = 0.

For λ = 0.75 [Fig. 4.4(b)], the ground state of the system is still given by two polarons,
and the spectrum is almost indistinguishable from λ = 0.5. In the present case, the condition
for the existence of an intersite bipolaron is expected to lie between the weak- and strong
coupling results U < 2EP and U < 4EP [158]. However, owing to the small binding energy,
the intersite state is di�cult to distinguish from the two-polaron state in the spectral function.
At λ = 1.0 [Fig. 4.4(c)], the band in the spectral function begins to split. Although the energy
di�erence between the polaron and bipolaron dispersions is still relatively small near k = 0,
an excitation gap clearly emerges at larger k. Finally, at λ = 1.25, two distinct bands with
similar spectral weight have formed which agree very well with E↑↓(k) and E↑(0) + E↑(k),
respectively. Interestingly, the band in the triplet spectral function A↓ lies noticeably higher
than the polaron band inA↑. Thus, for the parameters considered here, two polarons of opposite
spin can lower their total energy by occupying the same lattice site, which is just the mechanism
behind bipolaron formation.

The abovementioned discrepancies between the bipolaron band dispersion E↑↓(k) obtained
by Shawish [163] and the band in A↑ are a result of �nite-size e�ects in the CPT calculations.
The latter reduce with increasing coupling λ together with the size of the bipolaron, and for
λ = 1.25 we �nd a very good agreement [Fig. 4.4(d)]. To illustrate this point, we compare in
Fig. 4.5 the spectral function A↑ at k = 0, λ = 0.5, and for di�erent cluster sizes N , calculated
using ED with periodic boundary conditions (left column) and CPT (right column), respectively.
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Figure 4.5: Comparison of the one-particle spectral function A↑(0, ε) calculated with ED and
CPT, respectively, for di�erent clusters sizes N , using η = 0.05t. The crosses corre-
spond to the VDM result for the bipolaron energy E↑↓(0) [163].

The results reveal that for weak coupling and intermediateU , ED is superior to CPT concerning
the convergence of the peak positions with respect to system size. This is not surprising as CPT
is based on a strong-coupling expansion in the hopping term (see Sec. 2.2). Here, the electron-
electron and electron-phonon interaction are both of about the same magnitude as the hopping,
so that the method does not work as well as for U = 0. For U > 0, �nite-size e�ects in both,
CPT and ED, are larger due to the extended bipolaron state which exists for weak coupling.
Similar to the one-electron case discussed in Chap. 3, deviations from the exact results due to
the �nite cluster size are usually smallest for k = 0, while they become larger with increasing
k. Although here the positions of the peaks in the CPT spectral function are less accurate than
in the case of ED, the weights of the excited states resemble more closely the results in the
thermodynamic limit.

Finally, for U > 4, the cross over to a small bipolaron occurs at even larger values of λ. Apart
from the change of the critical coupling, the physics is not altered signi�cantly. Therefore,
we have restricted our discussion of the spectral function to U ≤ 4, but some results for the
bipolaron band dispersion at U = 8 will be presented below.

Bipolaron band dispersion The bipolaron band dispersion E↑↓(k) has been calculated be-
fore by Wellein et al. [85] and Weiße et al. [95, 161] for small phonon frequencies ω = 0.4 and
ω = 0.5, respectively. Remarkably, for parameters U > 0 and λ > 0 such that the e�ective
interaction Ue� = U − 2EP = 0, they found a renormalized, free-particle dispersion relation
[95, 161]. In this section, we wish to extend these considerations to the case ω = 1, and to in�-
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Figure 4.6: Bipolaron band dispersion E↑↓(k) as a function of the wavevector k [163]. Also
shown is the bare tight-binding dispersion relation for nearest-neighbor hopping,
and a �t to the results for U = 4, λ = 0.5 using a dispersion for nearest- and next-
nearest neighbor hopping (see text). All curves have been scaled to the interval
[−1, 0], with the actual bandwidths given in the legend.

nite systems. While the narrowing e�ect due to electron-phonon interaction has been discussed
above, here we focus on the form of the band.

Owing to the limited energy resolution and �nite-size e�ects in the CPT results shown above,
we use the more accurate data from the VDM. In Fig. 4.6, we show Shawish’s [163] results for
the bipolaron energy as a function of k, for di�erent values of U and λ. To permit a direct
comparison, we have scaled all curves to the interval [−1, 0], with the actual bandwidths given
in the legend.

We begin with the regime of a strongly bound small bipolaron. To this end we consider the
case U = 0 and λ = 1.25. The corresponding band resembles quite closely a cosine dispersion,
with some deviations being visible around k = π/2. A di�erent behavior is found for �nite
U = 4, as well as weak coupling λ = 0.5. For these parameters, which favor a ground state
with two polarons [see Fig. 4.4(c)], the form of the band is remarkably di�erent from a simple
tight-binding dispersion for nearest-neighbor hopping. This is still true for λ = 1, although a
trend towards a cosine dispersion is visible. For even larger U = 8, the noncosine-like form
persists even for λ = 1. It is worth mentioning the great similarity of the results for U = 4 and
U = 8 in the weak-coupling regime, which follows from the fact that once the small (onsite)
bipolaron state is energetically unfavorable for the two electrons due to the Coulomb repulsion,
a further increase of the latter has very little e�ect.

To identify the origin of the deviations from a free-electron band, we also included in Fig. 4.6
a �t of a free-electron model with nearest and next-nearest neighbor hopping to the band for
U = 4 and λ = 0.5, which yields an amplitude t′ ≈ 0.6t for two-site hopping processes. As
proposed by Wellein et al. [85], the importance of long-range hopping for the band dispersion
of a single polaron may be due to a residual polaron-phonon interaction, with the phonons and
the polaron residing on di�erent sites. Since we �nd substantial deviations of the bipolaron
band from a cosine dispersion only in the regime of two weakly bound polarons, it stands to
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reason to assume the same underlying mechanism.
Finally, we would like to comment on the fact that despite Ue� = 0 for U = 4 and λ = 1

in Fig. 4.6, we do not have a simple cosine band, in contrast to the �ndings of Wellein et al.
[85] and Weiße et al. [161], which have have been attributed to the formation of an intersite
bipolaron [161]. In contrast, here we observe noncosine-like behavior even in the regime where
an intersite state exists. These di�erences are expected to be a result of the larger value of the
phonon frequency (here ω = 1, while ω = 0.4 and 0.5 in [85] and [161], respectively), which
leads to a noticeable reduction of retardation e�ects. Moreover, since the critical coupling λc
decreases as ω → 0, the bipolaron is more strongly bound in the work of [85, 161], thereby
suppressing the abovementioned nonlocal phonon-polaron interaction. Further work along
these lines is highly desirable, to investigate the dependence of the bipolaron band dispersion
on the phonon frequency in the regime ω ≤ 1.

4.3 Transformed Hamiltonians

The basis of both the variational approach and the QMC method presented below is a unitary
transformation of the Hamiltonian (1.21). Compared to the one-electron calculations in Chap. 3,
the situation is slightly more complicated owing to (a) the presence of two electrons instead of
one, and (b) the additional Hubbard term Iee. After the transformation H̃ ≡ νHν†, with ν given
by Eq. (3.3), Hamiltonian (1.21) becomes

H̃ = −t
∑
〈ij〉σ

c†iσcjσe
i
∑
l(γil−γjl)p̂l

︸ ︷︷ ︸
K̃

+P +
∑
ij

n̂jx̂i(ωγij − αδij)︸ ︷︷ ︸
Ĩep

+
∑
ij

vijn̂in̂j −
U

2

∑
i

n̂i︸ ︷︷ ︸
Ĩee

, (4.6)

with

vij =
ω

2

∑
l

γljγli − αγij +
1

2
δijU (4.7)

and P as de�ned in Eq. (3.2). The extended transformation ν takes into account nonlocal lattice
displacements, which are essential for an accurate description in the regime ω . 1.

For the QMC method, we resort to the standard LF transformation (3.11), which yields

H̃0 = −t
∑
〈ij〉σ

c†iσcjσe
iγ(p̂i−p̂j)

︸ ︷︷ ︸
K̃0

+ (U − 2EP)
∑
i

n̂i↑n̂i↓︸ ︷︷ ︸
Ĩ

−2EP . (4.8)

Hence, in contrast to the polaron problem [Eq. (3.32)], the electron-electron interaction term,
which results from the canonical transformation, does not vanish but instead combines with
the Hubbard term.
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4.4 �antum Monte Carlo
The derivation of the QMC algorithm for the bipolaron problem is very similar to the one-
electron case considered in Chap. 3, and we shall therefore focus on the di�erences occurring.
Moreover, we restrict the discussion to one dimension.

4.4.1 Partition function
We set out to calculate the partition functionZ = e−βH̃0 , with H̃0 given by Eq. (4.8). To this end,
we �rst notice that the last term in Hamiltonian (4.8) is a constant and can therefore be neglected
during the QMC simulation. Using the standard Suzuki-Trotter decomposition (Sec. 2.1.4) we
obtain

e−βH̃0 ≈
(
e−∆τK̃0e−∆τPpe−∆τPxe−∆τ Ĩ

)L
≡ UL , (4.9)

with ∆τ given by Eq. (2.15). Following the same steps as in Sec. 3.5.2, we �nd

ZL = Tr f

∫
dp1dp2 · · · dpL 〈p1| U |p2〉 · · · 〈pL| U |p1〉 , (4.10)

with dpτ ≡
∏

i dpi,τ , and limL→∞ZL = Z [10]. Since the phonon contribution to U is the
same as for one electron, we can again integrate out the coordinates x. Upon de�ning Dp =
dp1dp2 · · · dpL the partition function becomes

ZL = C

∫
Dp wb wf, (4.11)

where C = [2π/(ω∆τ)]NL and

wb = e−∆τSb , wf = Tr f Ω , Ω =
L∏
τ=1

e−∆τK̃0,τ e−∆τ Ĩ . (4.12)

Here the bosonic action Sb and the hopping operator K̃0 are identical to Sec. 3.5.2. To evaluate
the fermionic trace we choose the two-electron basis states{

|l〉 ≡ |i, j〉 ≡ c†i↑c
†
j↓ |0〉 , i, j = 1, . . . , N

}
, (4.13)

where we have introduced a combined index l running from 1 to N2 in one dimension. We
begin with the contribution of the kinetic term K̃0 [Eq. (4.8)]. It follows that the tight-binding
hopping matrix, denoted as κ, has dimension N2 × N2. The exponential of the transformed
hopping term can be written as

e−∆τK̃0,τ = DτκD
†
τ , (4.14)

where
(Dτ )ll′ = δll′e

iγ(pi,τ+pj,τ ) (4.15)

is diagonal in the basis (4.13).
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The second contribution to the matrix Ω comes from the e�ective electron-electron interac-
tion term Ĩ [Eq. (4.8)] in terms of the diagonal matrix

(Vτ )ll′ = δll′ e
∆τ(U−2EP)δij . (4.16)

The random variables p merely enter the diagonal matrix D, while the N2 × N2 matrices Vτ
and κ are �xed throughout the entire MC simulation. Thus, in total, we have

Ω =
∏
τ

DτκD
†
τVτ , (4.17)

and the fermionic trace can be calculated as

Tr f Ω =
∑
ij

〈i, j|Ω |i, j〉 , (4.18)

which is identical to the sum over the diagonal elements of the matrix Ω in the basis (4.13).
Similar to the one-electron case, we use the principal component representation and the

reweighting procedure. A detailed discussion of these ideas and their applicability has been
given in Chap. 3.

4.4.2 Observables
The �rst observable of interest is the kinetic energy of the electrons de�ned as

Ek = −t
∑
〈ij〉σ

〈c̃†iσ c̃jσ〉 = −2t
∑
〈ij〉

〈c†i↑cj↑e
iγ(p̂i−p̂j)〉 , (4.19)

where we have exploited spin symmetry. Following the same steps as in the derivation of the
partition function we get

〈c̃†i↑c̃j↑〉 = Z−1
L

∫
Dpwbe

iγ(pi,1−pj,1)Tr f(Ω c†i↑cj↑) . (4.20)

Writing out explicitly the fermionic trace we obtain

Tr f(Ω c†i↑cj↑) =
∑
i′j′

〈i′, j′|Ωc†i↑cj↑ |i
′, j′〉

=
∑
j′

〈j, j′|Ω |i, j′〉 , (4.21)

and the kinetic energy �nally becomes

Ek = −2tZ−1
L

∫
Dpwb

∑
〈ij〉

∑
j′

eiγ(pi,1−pj,1) 〈j, j′|Ω |i, j′〉 . (4.22)
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In addition to Ek, we shall also consider the correlation function

ρ(δ) =
∑
i

〈n̂i↑n̂i+δ↓〉 , δ = 0, 1, . . . , N/2− 1 (4.23)

depending on the distance δ. A simple calculation leads to

ρ(δ) = Z−1
L

∫
Dpwb

∑
i

〈i, i+ δ|Ω |i, i+ δ〉 . (4.24)

Finally, we would like to point out that other observables, such as the total energy and the
momentum distribution 〈c†kσckσ〉, may also be measured within the current approach, while
correlation functions such as 〈n̂ix̂j〉 or the quasiparticle weight cannot be determined accu-
rately (Sec. 3.5).

4.4.3 Numerical details and performance
The most signi�cant di�erence between the present calculations and the one-electron case in
Chap. 3 is the dimension of the matrices involved. While for one electron all matrices have size
N × N—N being the extension of the 1D lattice under consideration—here the dimension is
N2×N2. Clearly, this restricts calculations with respect to the number of lattice sites, especially
in higher dimensions D > 1 where N2 7→ N2D. The total numerical e�ort for the current
approach is proportional to N6DL. In contrast, the one-electron algorithm displays the same
dependence ∝ N3DL as the determinant QMC method of Blankenbecler et al. [124] for the
many-electron case, which can be reduced to N2DL by employing the checkerboard breakup
of the hopping matrix (Sec. 5.3). The increase in required computer time for the bipolaron
results from the �xed number of electrons. Additionally, in contrast to Chap. 3, we �nd that
numerical stabilization is required in evaluating the L-fold matrix product in Eq. (4.17). In
fact, the necessary singular value decomposition [164] becomes the dominant contribution to
computer time for large N and low temperatures. Despite these shortcomings, we shall see
below that the present algorithm allows one to study lattices of reasonable sizes N ≤ 14, for
a wide range of the parameters ω, λ and U . In particular, we can obtain accurate results in the
adiabatic regime ω < 1.

Let us brie�y compare our method to other QMC approaches to the Holstein-Hubbard bipo-
laron. The method of de Raedt and Lagendijk [136] is based on an analytic integration over
the phonon degrees of freedom, leading to a model with retarded electron-electron interaction.
Similar to our approach, it employs a Suzuki-Trotter approximation and gives results at �nite
temperatures. For simplicity, de Raedt and Lagendijk only considered the adiabatic limit ω = 0,
in which there are no retardation e�ects. The numerical e�ort grows as L2, but is virtually
independent of the system size, so that simulations can be carried out even for large clusters
in three dimensions. However, it is not clear how a small but �nite adiabatic ratio ω < 1 will
a�ect the computer time.

Macridin et al. [159] used the diagrammatic QMC method to study two electrons on a 25×25
lattice. Although their approach does not rely on the Suzuki-Trotter decomposition (Sec. 2.1.4),
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it is limited to zero temperature, and statistical errors increase noticeably for ω < 1. Moreover,
the accuracy also decreases for large values of λ and/or U , whereas we shall see in Sec. 4.4.4
that we can easily study the strong electron-phonon coupling regime also for U > 0.

The numerical e�ort for the present method can be reduced by exploiting the translational
invariance of the model. To this end, the basis states (4.13) would have to be replaced by states
{|k,∆〉}with total quasimomentum k, and with the two electrons separated by a distance ∆. A
similar idea has been used by Kornilovitch [112, 113] for a single electron. In one dimension, the
use of the basis {|k,∆〉}would reduce the size of the matrices in the algorithm fromN2×N2 to
N ×N . However, in the course of the simulation, we had to evaluate the matrix product over τ
[Eq. (4.17)] for each allowed value of k. In total, we could therefore reduce the numerical e�ort
by a factor N . Additionally, owing to the smaller size of the matrices, numerical stabilization
may not be necessary to the same extent as here. The major drawback of using the reduced
basis in momentum space is that it signi�cantly complicates the program code. Consequently,
in this work, we have restricted ourselves to the straight-forward extension of the one-electron
algorithm presented above.

Finally, the minus-sign problem, which has been discussed in detail in Chap. 3, also occurs
for the two-electron case considered here. However, as for one electron, it quickly diminishes
with increasing system size, and does therefore not conceivably a�ect simulations.

4.4.4 Results
As in Chap. 3, we extrapolate the QMC results to ∆τ = 0, to remove the error ∼ (∆τ)2 due to
the Suzuki-Trotter approximation. In contrast, this error is expected to be relatively large (on
the order of a few percent) in the calculations of de Raedt and Lagendijk, due to the use of a
rather small number of Trotter slices (L = 32 at β = 5, so that ∆τ ≈ 0.16 [136]). Here we
have performed simulations for three di�erent values of ∆τ , typically 0.1, 0.075 and 0.05. The
errorbars in the �gures below are usually as small as the linewidth, and will not be shown if
smaller than the symbols used.

We de�ne the e�ective kinetic energy of the two electrons as

Ek = Ek/(−4t) . (4.25)

Owing to the increased numerical e�ort compared to the one-electron case, we will mainly show
results for N = 12. Calculations for N = 4 – 14, ω = 0.4 and βt = 5, presented in Fig. 4.7,
show that the kinetic energy is converged within the symbol size, corresponding to changes of
less than 0.5%. As expected, �nite-size e�ects are largest near the cross over between a large
and a small bipolaron, and very small in the strong-coupling regime. Similar behavior has been
found for the correlation function ρ(δ).

In Fig. 4.8 we show Ek as a function of the electron-phonon coupling for di�erent values of
ω and U , at βt = 5. An inverse temperature of βt = 5 has been shown [136] to be low enough
to study bipolaron formation, in agreement with Fig. 4.9. Although the cross over still becomes
more abrupt as we lower the temperature further, it is already well visible at βt = 5.

Figure 4.8 reveals a strong decrease of Ek near λ = 0.5 for small phonon frequencies and
U = 0. With increasing ω, the cross over becomes less pronounced, and shifts to larger values
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Figure 4.7: Normalized kinetic energy Ek [Eq. (4.25)] from QMC as a function of electron-
phonon coupling λ for di�erent cluster sizes N . Here and in subsequent �gures
QMC results have been extrapolated to ∆τ = 0 (see text), errorbars are smaller than
the symbol size, and lines are guides to the eye.

0 1 2 3 4

λ

0

0.2

0.4

0.6

0.8

1

E
k

ω = 0.4, U = 0

ω = 1.0, U = 0

ω = 2.0, U = 0

ω = 4.0, U = 0

ω = 0.4, U = 4

ω = 1.0, U = 4

ω = 2.0, U = 4

ω = 4.0, U = 4

N = 12, βt = 5

Figure 4.8: Normalized kinetic energy Ek as a function of the electron-phonon coupling λ for
di�erent values of the adiabatic ratio ω and the Hubbard repulsion U .

of λ. A comparison with Fig. 3.16 reveals that for the same value of ω, the cross over to a
small bipolaron is sharper than the small-polaron cross over in the Holstein model with one
electron. The small but �nite kinetic energy even for strong electron-phonon interaction is
a result of undirected, internal motion of the two electrons inside the phonon cloud. For a
�nite onsite repulsion U = 4 between the electrons, Ek remains fairly large up to λ ≈ 1 (for
ω . 2.0), in agreement with the strong-coupling result λc = 1 for U = 4 (see Sec. 4.1). At even
stronger coupling, the Hubbard repulsion is overcome, and a small bipolaron is formed. Again,
we see that the critical coupling increases with increasing phonon frequency. We would like to
mention that the kinetic energy has also been calculated by ED on clusters of up to twelve sites
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Figure 4.9: Normalized kinetic energyEk from QMC as a function of electron-phonon coupling
λ for di�erent inverse temperatures β.

[85, 95, 157], but results for ω > 1 were restricted in the accessible range of λ. In the regime
where ED is applicable, a very good agreement has been found with our QMC data.

The nature of the bipolaron state can be revealed by the correlation function ρ(δ) de�ned by
Eq. (4.23), which gives the probability for the two electrons to be separated by a distance δ, and
therefore represents a direct measure for the size of the bipolaron. Clearly, we have the sum
rule

∑
δ ρ(δ) = 1. As pointed out, e.g., by Marsiglio [79], the phonon frequency determines the

degree of retardation of the electron-phonon interaction, and thereby sets the maximal allowed
distance between the two electrons compatible with a bound state. In the sequel, we shall focus
on the most interesting regime of small phonon frequencies, which has often been avoided in
previous work for reasons outlined in Sec. 4.1.

Figure 4.10(a) shows ρ(δ) as a function of λ for U = 0. Starting from the noninteracting state
(λ = 0) with ρ = 1/N , we see a pronounced increase of ρ(0) near λ = 0.5. For large λ & 2, we
have ρ(0) ≈ 1 and ρ(δ) ≈ 0 for δ > 0, which is characteristic for the aforementioned onsite
bipolaron. The decrease of the spatial extent of the bipolaron with increasing electron-phonon
interaction is better illustrated in the inset of Fig. 4.10(a), where we depict ρ as a function
of δ. For �nite onsite repulsion U = 4, an extended bipolaron state is stabilized for small λ
[Fig. 4.10(b)], while a small bipolaron is found for λ = 2. Additionally, we see that for λ = 1,
the electrons are most likely to occupy neighboring lattice sites [intersite bipolaron, see also
inset in Fig. 4.10(b)].

As pointed out earlier, a cross over from a small bipolaron to an intersite bipolaron to two
weakly bound polarons takes place as a function of the Hubbard interaction. Since the latter
competes with the retarded electron-phonon interaction, the phonon frequency is expected to
be an important parameter. In Fig. 4.11, we show the kinetic energy and the correlation function
ρ(δ) as a function of U . We have �xed the electron-phonon coupling to λ = 1. Starting from
a small bipolaron for U = 0 [see Fig. 4.10(a)], the kinetic energy increases with increasing
Hubbard repulsion, which is equivalent to a reduction of the e�ective mass [34, 158]. Although
the cross over is slightly washed out by the �nite temperature in our simulations, there is a
well-conceivable increase in Ek between U = 3 and U = 4. It originates from the breakup of
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Figure 4.10: Correlation function ρ(δ) [Eq. (4.23)] as a function of electron-phonon coupling λ
for di�erent values of δ. [(a) U = 0, (b) U = 4]. Inset: Correlation function ρ(δ) as
a function of the distance δ of the electrons for di�erent values of λ.
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Figure 4.11: (a) Normalized kinetic energyEk and (b) correlation functions ρ(0), ρ(1) as a func-
tion of the Hubbard repulsion U for di�erent values of the adiabatic ratio ω.

the small bipolaron, as indicated by the decrease of ρ(0) in Fig. 4.11(b). Close to U = 4, the
curves for ρ(0) and ρ(1) cross, and it becomes more favorable for the two electrons to reside
on neighboring sites. The intersite bipolaron only exists below a critical Hubbard repulsion Uc.
As discussed in Sec. 4.1, the latter is given by Uc = 2EP (i.e., here U c = 4) at weak electron-
phonon coupling, and by Uc = 4EP at strong coupling. For an intermediate value λ = 1 as in
Fig. 4.11, the cross over from the intersite state to two weakly bound polarons is expected to
occur somewhere in between, but is di�cult to identify from the QMC results.

Figure 4.11 further illustrates that the cross over becomes steeper with decreasing phonon
frequency. In the adiabatic limit ω = 0, it has been shown to be a �rst-order phase transition
[153], while for ω > 0 retardation e�ects suppress any nonanalytic behavior. At the same U ,
Ek increases with ω since for a �xed λ, the bipolaron becomes more weakly bound. For the
same reason, the cross over to an intersite bipolaron—showing up in Fig. 4.11 as a crossing of
ρ(0) and ρ(1)—shifts to smaller values of U .

Let us now consider the e�ect of temperature. While the kinetic energy shows a similar
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Figure 4.12: Correlation function ρ(δ) as a function of δ for di�erent inverse temperatures β,
N = 12 and ω = 0.4.

temperature dependence as in the one-electron case—with the cross over being smeared out at
high temperatures (see Fig. 4.9)—it is much more interesting to look at ρ(δ). In Figs. 4.12(a) – (c)
we plot ρ(δ) at di�erent temperatures, for parameters corresponding to the three regimes of a
large, intersite and small bipolaron, respectively.
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We begin with the large bipolaron in Fig. 4.12(a). For the parameters chosen (U = 0, λ =
0.25) the two electrons are most likely to occupy the same site, but the bipolaron extends over
a distance of several lattice constants. Clearly, in this regime, the cluster size N = 12 used
here is not completely satisfactory, but still provides a fairly accurate description as can be
deduced from calculations for N = 14 (not shown). Nevertheless, on such a small cluster, no
clear distinction between an extended bipolaron and two weakly bound polarons can be made.
As the temperature increases from βt = 10 to βt = 1, the probability distribution broadens
noticeably, so that it becomes more likely for the two electrons to be further apart. In particular,
for the highest temperature shown, ρ(0) has reduced by about 30 % compared to βt = 10.

A di�erent behavior is found for the small bipolaron, which exist at stronger electron-phonon
coupling λ = 1.0. Figure 4.12(b) reveals that ρ(δ) peaks strongly at δ = 0, while it is very small
for δ > 0 at low temperatures. Increasing the temperature, we observe that ρ(δ) remains
virtually unchanged up to βt = 3. Only at very high temperatures there occurs a noticeable
transfer of probability from δ = 0 to δ > 0. At the highest temperature, βt = 0.5, the two
electrons have a nonnegligible probability for traveling a �nite distance δ > 0 apart, although
most of the probability is still contained in the peak located at δ = 0.

Finally, we consider in Fig. 4.12(c) the intersite bipolaron, which has been found above for
U = 4 and λ = 1.0 (Fig. 4.10). At low temperatures, ρ(δ) takes on a maximum for δ = 1. For
smaller values of βt, the latter diminishes, until at βt = 1, the distribution is completely �at, so
that all δ are equally likely.

The di�erent sensitivity of the bipolaron states to changes in temperature can be explained
by their di�erent binding energies. The large and the intersite bipolaron are relatively weakly
bound as a result of the rather small e�ective interaction Ue� ≈ U − 2EP (see Sec. 4.1). In
contrast, the small bipolaron in Fig. 4.12(b) is strongly bound, and therefore only weakly a�ected
by a moderate increase in temperature. It is important to compare the temperatures used here
to the physically relevant temperatures, e.g., in the manganites. The Curie temperatures of
compounds such as, e.g., La1−xSrxMnO3 or La1−xCaxMnO3 with x ≈ 0.3 take on values of
TC ≈ 200 – 350 K depending on sample preparation and dopant ion [3] (see also Fig. 1.3). In
order to make a connection between our one-dimensional calculations and the 3D manganites,
we use the bandwidthW as a unit of energy. For the pseudocubic compounds, the latter is about
W = 2 eV [19]. UsingW = 4t shows that βt = 2 – 10 corresponds to T ≈ 1 – 10TC. In fact, the
thermal dissociation of intersite bipolarons—with two holes residing on neighboring oxygen
ions—has been proposed by Alexandrov and Bratkovsky [15] to explain the slowly decreasing
resistivity in the paramagnetic state above TC.

4.5 Variational approach

In this section we extend the variational approach of Sec. 3.4 to the bipolaron problem. Although
the method can easily be applied also in higher dimensions, we wish to keep the notation simple
and therefore restrict the derivation to D = 1. The approximation consists of the use of a zero-
phonon basis after the extended unitary transformation, which leads to Ĩep = 0 [Eq. (4.6)].
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Furthermore, neglecting the ground-state energy of the oscillators, we also have P = 0, so that

H̃ = K̃ + Ĩee , (4.26)

with the transformed hopping term

K̃ = −te�

∑
〈ij〉σ

c†iσcjσ =
∑
kσ

ε(k) c†kσckσ (4.27)

and ε(k) = −2 te�
∑

kσ cos(k). Here, the e�ective hopping amplitude is given by (Sec. 3.4)

te� =
1

z

∑
δ

e−
1
4

∑
l(γl−δ−γl)2

, (4.28)

where δ = ±1 in one dimension, z is the number of nearest neighbors, and rotational invariance
has been exploited. For two electrons of opposite spin, the interaction term Ĩee in Eq. (4.6)
simpli�es to

Ĩee = 2v0 − U + 2
∑
ij

vijn̂i↑n̂j↓ (4.29)

if we use vij = v|j−i| and n̂iσn̂jσ = 0 for i 6= j. The two-electron eigenstates of the Hamilto-
nian (4.26) have the form

|ψk〉 =
∑
p

d̃pc
†
k−p↓c

†
p↑ |0〉 . (4.30)

Here we have suppressed the phonon component which is simply given by the ground state of
N free harmonic oscillators. The states (4.30) may be written as

|ψk〉 =
1√
N

∑
i

eikxi
∑
l

dl c
†
i↓c
†
i+l↑ |0〉 , (4.31)

where the Fourier transform
d = F d̃ (4.32)

with Flp = eixlp/
√
N has been employed. The normalization of Eq. (4.30) reads

〈ψk|ψk〉 =
∑
p

|dp|2 . (4.33)

The expectation value of the transformed hopping term with respect to the states de�ned by
Eq. (4.30) becomes

〈ψk| K̃ |ψk〉 =
∑
pp′

d̃∗pd̃p′
∑
q

ε(q)

×
(
〈0| cp↑ck−p↓n̂q↑c

†
k−p′↓c

†
p′↑ |0〉︸ ︷︷ ︸

δp,p′δq,p

+ 〈0| cp↑ck−p↓n̂q↓c
†
k−p′↓c

†
p′↑ |0〉︸ ︷︷ ︸

δp,p′δq,k−p

)

=
∑
p

|d̃p|2 [ε(p) + ε(k − p)]

= −4 te� d
†Tkd . (4.34)
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Figure 4.13: The ratio of the ground-state energy E to the phonon frequency ω as a function
of electron-phonon coupling λ, for di�erent values of ω. Symbols corresponds to
VPA results, and lines represent data obtained by the VDM [163].

In the last step we introduced vector notation, de�ned Tk = F diag[cos(p) + cos(k − p)
]
/2F †

and used Eq. (4.32). The expectation value of the interaction term is best computed in the real-
space representation (4.31). We �nd

〈ψk| Ĩee |ψk〉 = (2v0 − U)
∑
l

|dl|2 +
2

N

∑
ij

vij
∑
j′j′′

∑
ll′

d∗l dl′e
ik(x

l
−xl′ )

×〈0| cj′+l↑cj′↓n̂i↑n̂j↓c
†
j′′↓c

†
j′′+l′↑ |0〉︸ ︷︷ ︸

δjj′δjj′′δi,j+lδl,l′

= (2v0 − U)
∑
l

|dl|2 +
2

N

∑
j,l

vj+l,j|dl|2

= (2v0 − U)d†d+ 2d†V d , (4.35)

where the diagonal matrix Vij = δijvi has been introduced. The minimization with respect to
d yields the eigenvalue problem

(−4te� Tk + 2V )d = (E0 − 2v0 + U)d . (4.36)

The vector of coe�cients d and thereby the ground state are determined by minimizing the
ground-state energyE0 through variation of the displacement �elds γij . In contrast to the local
LF transformation, this procedure takes into account displacements of the oscillators not only
at the same but also at surrounding sites of the two electrons. This represents a physically much
better ansatz to describe the extended bipolaron state which exists for weak electron-phonon
coupling and/or strong Coulomb repulsion.

4.5.1 Results
While the above QMC approach is limited to �nite temperatures and relatively small clusters,
the variational method presented here yields ground-state results on much larger systems. It
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Figure 4.14: Variational results for the normalized kinetic energy Ek as a function of the
electron-phonon coupling λ, and for di�erent adiabatic ratios ω. Also shown are
results of the HLF approximation (see text).

becomes exact in several limits. First, for λ = 0 (i.e., no electron-phonon coupling), we obtain
the exact solution γij = 0 for all i, j. Second, as ω →∞, no phonons can be excited so that the
use of a zero-phonon basis is justi�ed. Similarly, in the classical limit ω = 0, the phonons do
not have any dynamics, and the variational determination of the displacement �elds allows one
to obtain exact results for any λ. In contrast, the HLF approximation3 generally overestimates
the local displacement of the phonons at a given site in the presence of an electron, even for
ω = ∞. Finally, the variational approach becomes exact in the nonadiabatic strong-coupling
limit λ, ω →∞. Since the two-electron problem is diagonalized exactly without phonons, the
above statements hold for any value of the Hubbard repulsion U .

To scrutinize the quality of the variational approach, we compare in Fig. 4.13 the total energy
for U = 0—normalized by the phonon frequency—as a function of electron-phonon coupling
for di�erent values of ω, to the most accurate approach currently available in one dimension,
namely the VDM [158]. For U � 2EP, the latter yields the energy of the in�nite system with
errors smaller than the linewidth (see also Sec. 4.2.2). We have chosen N = 25 to ensure
small �nite-size e�ects. Figure 4.13 reveals a good agreement between our simple variational
approach and the data of Shawish [163] over the whole range of λ. Slight deviations are visible
for ω ≤ 1, whereas for larger phonon frequencies the variational energies are very accurate.

Despite the good agreement of the total energy with other results, one has to be careful not
to overestimate the validity of any variational method. To reveal the shortcomings of the cur-
rent approach, we show in Fig. 4.14 the normalized kinetic energy [Eq. (4.25)] as a function of
electron-phonon coupling, and for di�erent ω. As before, we have set N = 25 and U = 0. In
principle, Fig. 4.14 displays a behavior similar to the QMC data in Fig. 4.8. There is a strong
reduction of Ek near λ ≈ 0.7 for ω = 0.4, which becomes washed out and moves to larger λ
with increasing phonon frequency. Compared to the exact QMC results in Fig. 4.8, the cross
over to a small bipolaron is much too steep in the adiabatic regime, regardless of the fact that

3Similar to the one-electron problem, the HLF approximation can be obtained from the VPA by replacing γij
with γδij , where γ is given by Eq. (3.10).
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Figure 4.15: Variational results for the normalized kinetic energy Ek and the correlation func-
tions ρ(0), ρ(1) as a function of the onsite repulsion U .

the variational results are for T = 0. This is a common defect of variational approaches. More-
over, for ω = 0.4 – 2.0, the variational kinetic energy is too small above the bipolaron cross over
compared to the QMC data, while for ω = 4, the decay of Ek with increasing λ is too slow. The
reason for the discrepancies is the absence of retardation e�ects, which play a dominant role
in the formation of bipolaron states. The increased importance of the phonon dynamics—not
included in the variational method—for the two-electron problem leads to a less good agree-
ment with exact results than for one electron (Sec. 3.4). In particular, our variational results
overestimate the position of the cross over (Fig. 4.14) compared to the value λc = 0.5 expected
in the adiabatic regime. Nevertheless, the method represents a signi�cant improvement over
the HLF approximation due to the variational determination of the parameters γij . This is il-
lustrated in Fig. 4.14, where we also show the HLF result Ek = exp(−EP/ω) (see, e.g., [159])
for ω = 0.4 and 4.0. In contrast to the variational approach, it yields an exponentially decaying
kinetic energy for all values of the phonon frequency. While such a behavior actually occurs in
the nonadiabatic limit ω →∞, the situation is di�erent for small ω (see Figs. 4.8 and 4.14). The
variational method presented here accounts qualitatively for the dependence on the phonon
frequency.

Next, we wish to study the in�uence of Coulomb repulsion U . Similar to Fig. 4.11, we take
λ = 1, so that an onsite bipolaron state is formed at U = 0. For small phonon frequency
ω = 0.4, Fig. 4.15 reveals a sharp cross over near U = 2.5, i.e., at a smaller value of U than in
the QMC results of Fig. 4.11, the reason being again the neglect of the retarded nature of the
e�ective electron-electron interaction. As in the QMC results, the Coulomb repulsion breaks up
the onsite bipolaron, leading to an increase of the kinetic energy. Moreover, the curve for ρ(1)
peaks at the cross over point, indicating the existence of an intersite bipolaron in this regime.
A similar picture is found for larger phonon frequency ω = 4, also shown in Fig. 4.15, although
the changes with increasing U are much more gradual than for ω = 0.4.

Finally, we report in Fig. 4.16 the e�ective interaction Ue�(δ) between the two electrons as a
function of their relative distance δ, which is given by vδ [Eq. (4.7)]. We have chosen ω = 0.4
and U = 4, the same parameters as in Fig. 4.10(b). For λ = 0.75, the �nite Coulomb repulsion
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Figure 4.16: Variational results for the e�ective interaction Ue�(δ) (see text) and the correlation
function ρ(δ) (inset) as a function of the electron-electron distance δ.

stabilizes two weakly bound polarons, as illustrated by the results for ρ(δ) shown in the inset
of Fig. 4.16. While Ue� is repulsive (positive) for δ = 0, the two electrons can form a bound
state by traveling a �nite distance 1 ≤ δ . 4 apart. This is still true for λ = 1, for which
the atomic limit yields Ue�(0) = U − 2EP = 0. Nevertheless, the two electrons experience an
attractive interaction and form an intersite bipolaron. Finally, for even stronger coupling λ =
1.25, the phonon-mediated electron-electron interaction has overcome the onsite repulsion, so
that Ue�(δ = 0) < 0. At the same time, the size of the bipolaron has collapsed to a single site.
It is worth mentioning that the values of Ue�(0) in Fig. 4.16 are larger than the strong-coupling
prediction U − 2EP for all values of λ considered. This may be attributed to the overestimated
bipolaron binding energy in the atomic limit.

As pointed out in several places, the shortcomings of the variational approach presented here
are a result of the missing dynamical phonon e�ects. Signi�cantly more accurate results could
be obtained by making an ansatz for the eigenstates of the untransformed Hamiltonian (1.21)
of the form

|Ψk〉 =
1

N

∑
ij

∑
p

eipxi+(k−p)xj
(
d̃(1)
p ν†{γ(1)}+ d̃(2)

p ν†{γ(2)}
)
|i, j〉 , (4.37)

with |i, j〉 de�ned as in Eq. (4.13), two canonical transformations depending on the displacement
�elds γ(1)

ij and γ(2)
ij (see Sec. 4.3), and additional variational parameters d̃(1)

p , d̃(2)
p . Thereby, one

can take into account lattice distortions not centered at the sites of the electrons, which become
important as ω → 0.

4.6 Conclusions
In this chapter, we have presented a detailed study of the Holstein-Hubbard model with two
electrons of either the same or opposite spin, using CPT, QMC and a variational approach.

The one-electron spectral function obtained with CPT reveals that polaron and bipolaron
states manifest themselves as QP bands, whose widths, weights and dispersions change as a
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function of the electron-phonon and electron-electron interaction strength. Results have been
compared to accurate data for the bipolaron energy dispersion. For weak coupling or strong
Hubbard repulsion, �nite-size e�ects are visible, but are much smaller than in previous work
which was restricted to small clusters. The major advantage of CPT is that the spectrum can
be obtained at any point in k-space, even when using clusters with only a few lattice sites for
which enough phonon states can be kept in the calculation. This has allowed us to investigate,
for the �rst time, the dispersion and the spectral weight of the QP features throughout the
Brillouin zone. The results and their dependence on the model parameters have been discussed,
and a perfect agreement has been found with the physical picture of the Holstein-Hubbard
bipolaron emerging from previous work. A comparison of the bipolaron band dispersion with
a simple tight-binding band has revealed an important contribution from next-nearest-neighbor
hopping processes in the regime of a weakly bound state. Finally, the adiabatic regime of small
phonon frequencies, which is characteristic of many real materials, remains an interesting and
demanding open issue for future work.

The QMC method used here represents an extension of the one-electron algorithm developed
in Chap. 3. For the present case, it is limited to relatively small clusters in one dimension (up
to fourteen sites). However, in contrast to other approaches, it allows one to perform accurate
calculations also for small phonon frequencies and �nite temperatures. We have studied the
dependence of bipolaron formation on the phonon frequency and the Hubbard repulsion. Our
results underline the importance of quantum phonon e�ects, which have often been neglected
in previous work. Moreover, we have presented for the �rst time exact results for the e�ect of
temperature on the bipolaron state in the important adiabatic regime. Thermal dissociation of
the large and the intersite bipolaron is observed at high temperatures, as proposed by Alexan-
drov and Bratkovsky [15] to explain the activated dc conductivity in the paramagnetic state
of doped manganites. An interesting open issue remains the e�ect of dimensionality, which
cannot be addressed with the current approach. Instead, one may extend the promising work
of de Raedt and Lagendijk [136] to �nite phonon frequencies.

Finally, we have proposed a variational approach based on a canonical transformation with
variational parameters. The latter represents a signi�cant improvement over the nonadiabatic
strong-coupling approximation and reproduces qualitatively many of the physical features of
the Holstein-Hubbard bipolaron, especially the dependence on phonon frequency.
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5 Photoemission spectra of
many-polaron systems

Physics is becoming so unbelievably com-
plex that it is taking longer and longer to
train a physicist. It is taking so long, in fact,
to train a physicist to the place where he un-
derstands the nature of physical problems
that he is already too old to solve them.

(Eugene Wigner)

Chapters 3 and 4 were devoted to a detailed understanding of the formation of single polarons
and bipolarons. In real materials, such as the cuprates or manganites, which are in the focus of
current research, strong interactions among these QP’s are expected to signi�cantly a�ect the
properties of the system. Unfortunately, the knowledge about many-polaron systems is by far
not as complete as that of models with one or two electrons.

In the cuprates, bipolaron formation is strongly suppressed by strong electronic correlations,
as described by the Holstein-Hubbard model considered in Chap. 4. Similarly, the large Hund’s
rule coupling JH in the manganites (see Sec. 1.1) imposes a severe energy penalty on con�gura-
tions with doubly occupied sites, giving rise to a strong tendency of the system to avoid singlet,
small bipolarons. Furthermore, the double exchange mechanism tends to align the itinerant
spins ferromagnetically below TC. Extended bipolarons may still be formed in the paramag-
netic state above TC [15], but recent experiments as well as theoretical considerations do not
quite support such theories [3, 165]. These circumstances motivate studies of many-polaron
systems, such as the spinless Holstein model considered here, in which bipolaron formation
is suppressed either by the Pauli exclusion principle or by strong Coulomb repulsion among
the electrons. For the manganites, the applicability of such models is underlined by recent ex-
perimental work [165, 166], which suggests that the charge carriers are polarons rather than
bipolarons.

Most previous work on Holstein models with many electrons focused on the Peierls instabil-
ity and superconductivity, while the polaron physics has received relatively little attention apart
from the work for one and two electrons (see Chaps. 3 and 4). Consequently, small-polaron the-
ory [9]—valid for a single electron strongly coupled to the lattice—is frequently used to more
or less successfully interpret experimental results for materials with strong electron-phonon
interaction and high carrier density.

For the many-electron case, Eliashberg theory [9] works well if the phonon frequency is
much smaller than the Fermi energy, i.e., ω � EF. Similarly, perturbative approaches based on
the LF transformation (Sec. 3.3) yield reasonable results for strong electron-phonon coupling
and intermediate or large phonon frequencies ω & 1. However, neither of these methods can be
extended to the most interesting regime of intermediate coupling and small but �nite phonon
frequency, which is realized, e.g., in the abovementioned classes of materials. The resulting gap
in knowledge may be �lled by making use of unbiased numerical methods. Although the latter
can, in principle, be applied for any values of the model parameters, limitations in computer
power and memory have so far imposed severe restrictions on calculations. Here we tackle this
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(a) (b)

Figure 5.1: Illustration of the charge-ordered Peierls state in the (a) spinless and (b) spinfull
Holstein model at half �lling. Filled circles correspond to lattice sites, and thick
(thin) arrows indicate electrons (lattice distortions).

challenging theoretical problem by means of a novel QMC algorithm as well as ED performed
on parallel supercomputers.

This chapter is organized as follows. We begin with a brief review of the spinless Holstein
model in Sec. 5.1. In Sec. 5.2, we use CPT together with an exact solution for the atomic-
limit Green function to calculate approximate spectral functions. The extension of the QMC
method presented in previous chapters to the many-electron case is discussed in Sec. 5.3. We
then use QMC and ED to investigate in detail the spectral properties of many-polaron systems
over a wide range of band �lling and electron-phonon interaction, both in the adiabatic and
nonadiabatic regime (Sec. 5.4). Finally, Sec. 5.5 contains our conclusion.

5.1 Spinless Holstein model
The spinless Holstein model can be obtained by dropping spin indices in Eqs. (1.13) and (1.17),
respectively. The electron density operator is then given by n̂i ≡ c†ici with eigenvalues 0, 1. As
before, we use the dimensionless parameters λ [Eq. (1.18)] and ω [Eq. (1.19)].

Since we are interested in polaron physics, we restrict the discussion of previous work to the
case of quantum phonons. In the latter, the �uctuations of the lattice enable the electrons to
hop even in the strong-coupling regime, while in models with classical phonons the carriers
become trapped by the lattice distortions and no coherent polaron states exist.

We begin with the half-�lled model, which has been studied in one dimension using QMC
[129, 131, 167], ED [168], DMRG [169] and variational methods [170–173]. Similar to the spin-
full Holstein model at half �lling, i.e., with one electron per site, the spinless model with one
electron per two lattice sites displays a quantum phase transition from a metallic state to a
Peierls insulating state with charge-density-wave (CDW) order. Figure 5.1(a) illustrates that
in the spinless model, every other site is occupied by one electron which causes a local lat-
tice distortion. In contrast, in the spinfull case, the ground state consists of singlet bipolarons
[Fig. 5.1(b)]. While the insulating CDW state of the spinless model is stable for any λ > 0 in
the adiabatic limit ω = 0, it is destroyed by quantum phonon �uctuations for ω > 0. At zero
temperature, and for �nite phonon frequencies, the transition to the Peierls state occurs when
ω becomes smaller than a critical value ωc, or λ > λc.
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Capone et al. [174] used ED to study the cross over from a single polaron to a many-electron
system. Although their work is for the Holstein-Hubbard model, the latter behaves very similar
to the spinless Holstein model in the limit of large U considered in [174].

Finally, using DMFT, Capone and Ciuchi [175] found a cross over from a metallic to a pola-
ronic state in in�nite dimensions, in which a charge-ordered insulating state is suppressed even
at half �lling. This is similar to the work of Green [25], who developed a many-body coherent
potential approximation for the Holstein and the Holstein-DE model which will be discussed
in some detail in Sec. 5.2.1.

5.2 Strong-coupling perturbation theory
The CPT calculations in Chaps. 3 and 4 were restricted to one and two electrons, respectively.
Although the method has been successfully applied, e.g., to the many-electron Hubbard model
[11, 12, 61, 68], the phonon degrees of freedom in the Holstein model severely limit calculations
using the Lanczos method. Here we consider a �nite electron density n = 0.5 by combining
CPT with the exact analytic result for the atomic-limit Green function, which can readily be
obtained for many models using the equation-of-motion method [9]. The results for the one-
electron spectrum in two dimensions will be compared to the many-body coherent potential
approximation [25].

5.2.1 Many-body coherent potential approximation
Extending previous work of Edwards et al. [176, 177] for the pure DE model (Sec. 1.3.2), Green
[25] studied the Holstein-DE model using a many-body coherent potential approximation (CPA)
which, owing to the more complicated form of the Holstein-DE Hamiltonian [Eq. (1.10)], con-
stitutes a considerable extension of the Hubbard III approximation [178]. The many-body CPA
successfully describes many aspects of the manganites, and we refer the reader to a recent
review of this and other work by Edwards [3]. Here we only consider the special case of a com-
pletely saturated ferromagnetic state at temperature T = 0, with all itinerant spins having ↑
spin, say. Consequently, the DE term—coupling local and itinerant spins (Sec. 1.3.2)—becomes
merely a constant shift in energy, and the Holstein-DE model is equivalent to the pure Holstein
model of spinless fermions, i.e., with no doubly-occupied sites (Sec. 1.3.2). An important feature
of the many-body CPA is that for hopping t = 0 the one-electron Green function reduces to
the exact atomic limit [45]

GAL
↑ (ε) = e−α̃

{
1

ε
+
∞∑
r=1

α̃r

r!

(
n

ε+ ωr
+

1− n
ε− ωr

)}
, (5.1)

where α̃ = g2/ω2 and the polaron binding energy EP has been absorbed into the chemical
potential. The general result for GAL of the spinfull Holstein model has been given by Green
[25], and we drop the spin index in the sequel. As discussed by Edwards [3], for an elliptic
density of states, the local Green functionG(z) for complex energy z satis�es the CPA equation

G(z) = GAL(z −W 2G/16) , (5.2)
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W denoting the bare bandwidth [Eq. (1.8)], and the self-energy can be obtained from [3]

Σ(z) = z −G−1 −W 2G/16 . (5.3)

Finally, the one-electron spectral function is given by [cf. Eq. (2.36)]

A(k, ε) = − 1

π
Im

1

z − εk − Σ(z)
, (5.4)

where

εk = −2t
D∑

m=1

cos km (5.5)

is the band energy for wavevector k in D dimensions.
In order to compare with ARPES data on the bilayer manganite La1.2Sr1.8Mn2O7, nominally

with n = 0.6, Hohenadler and Edwards [45] chose a strong electron-phonon coupling g/W =
0.1 (corresponding to λ = 0.8 in two dimensions where W = 8t [Eq. (1.18)]), as deduced from
the low Curie temperature of this material. To simplify calculations, they also used n = 0.5
for which the chemical potential µ = 0 by symmetry. We want to point out that the many-
body CPA assumes a homogeneous system, so that no tendencies toward CDW order occur
as n is varied [25]. As in previous work [25], Hohenadler and Edwards [45] used W = 2
eV and ω/W = 0.025 (ω = 0.2). The results [45] for A(k, ε), shown in Fig. 5.2, support the
theory of Alexandrov and Bratkovsky [179] that in these manganites, small polarons exist in the
ferromagnetic state. A similar interpretation of the experimental data—based on standard small-
polaron theory—had also been given by Dessau et al. [180]. Well away from the Fermi surface,
a well-de�ned peak exists which broadens as k approaches the Fermi level EF at y = 0.5. If y
is increased further, most of the spectral weight is transfered above EF. Moreover, the peaks
never approach the Fermi level closely, in agreement with the experimental data. This indicates
the existence of a pseudogap in the one-electron density of states. However, in the gap, there
exist small polaron subbands (see Fig. 4 of [25]) and one of them, at the Fermi level, presumably
gives rise to the low but �nite conductivity of the system. As discussed by Edwards [3], the
many-body CPA does not give coherent states with in�nite lifetime at the Fermi level, even for
T = 0. This is typical for any CPA, and here it leads to an incoherent polaron subband around
the Fermi level. Nevertheless, outside the central band around EF, the imaginary part of the
self-energy displays the correct behavior, i.e., it vanishes in the gap, between the polaron bands.

5.2.2 Strong coupling perturbation theory
In this section we use the atomic-limit Green function (5.1), and combine it with CPT to compare
the resulting spectrum with the many-body CPA. For this case of a one-site cluster (a ≡ b),
Eqs. (2.43) and (2.44) reduce to a single equation for the one-electron Green function [12]

G(k, z) =
GAL(z)

1− εkGAL(z)
=

1

z − εk − ΣAL(z)
(5.6)
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Figure 5.2: Comparison of the one-particle spectral function of the spinless Holstein model at
T = 0, calculated with the SCPT (left) and with the many-body CPA (right, taken
from [45]). Here the wavevector k is given by k = π(1, y) with y as indicated in the
�gure [45]. The plot is for ω/W = 0.025 and g/W = 0.1. The SCPT results have
been broadened using a smearing parameter η/W = 0.025.

with εk as de�ned by Eq. (5.5). Hence, CPT for N = 1 is equivalent to the Hubbard I approx-
imation [67], but here with the more complicated atomic-limit Green function of the Holstein
model given by Eq. (5.1). In the sequel, we shall refer to this approximation as SCPT. This is
justi�ed by the fact that the approach becomes exact for t = 0. Historically, a similar strong-
coupling expansion for the Hubbard model [181, 182]—including higher order corrections—has
been the starting point for the development of CPT.

Before we discuss the results, we would like to comment on the quality of the SCPT used here.
While the many-body CPA requires a self-consistent, iterative solution of Eq. (5.2), the SCPT
Green function is obtained from the Lehmann representation ofGAL, and the subsequent use of
the resulting self-energy ΣAL in Eq. (5.6). Similar to the original Hubbard I approximation [67],
the resulting Green function consists of δ peaks corresponding to states with in�nite lifetime.
However, due to the poles in the self-energy, there are no states at the Fermi level and the
system is not a Fermi liquid. As in the many-body CPA,G depends on k only through the band
energy εk, whereas the self-energy is local. This reliance on the atomic limit is reasonable in the
strong-coupling regime considered here, where small polarons move in an extremely narrow
band. Consequently, the simple perturbative treatment of the hopping term can be expected to
give sensible results. Nevertheless, in the SCPT, we have to use an arti�cial imaginary part η—
which does not depend on energy—to obtain peaks of �nite width. Although for large enough
η there will be states at the Fermi level, the latter have only �nite lifetime even for T = 0.
Hence, both the SCPT and the many-body CPA never give a Fermi liquid, but the self-consistent
CPA Green function yields an imaginary part of the self-energy that shows the correct, strong
energy dependence except for the region inside the very small, incoherent polaron band around
EF, as discussed above. Thus, as could be expected from the Hubbard I-like approximation in
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Eq. (5.6), the many-body CPA is superior to the SCPT, although both approaches become exact
in the atomic limit. Exact results for the spectral function in one dimension will be presented
in Sec. 5.4.

The one-particle spectral function obtained with the SCPT using Eq. (2.36), also shown in
Fig. 5.2, resembles quite closely to the results of [45]. Although there are some di�erences
concerning the width and the position of the peaks, the overall behavior is very similar. In
particular, the broadening of the QP peak near the Fermi level at y = 0.5 is well reproduced.
Clearly, the success of the SCPT consists of a surprisingly good agreement with the CPA data
for all k. Despite this agreement, the SCPT fails to reproduce the polaron subbands, and the
sharp edge to the pseudogap for large values of y. Moreover, the gap is larger than in the
case of the CPA. These shortcomings are a consequence of the rather crude approximation.
Nevertheless, keeping in mind the simplicity of the ansatz, the agreement with the many-body
CPA is satisfactory.

We would like to point out that the SCPT presented here can also be generalized to the
Holstein-DE model with quantum spins (see Sec. 1.3) and at �nite temperature, using the atomic-
limit Green function given by Edwards [3]. Finally, the approximation could be systematically
improved by increasing the number of sites in the cluster, which is exactly the idea behind CPT
(Sec. 2.2). Since for N > 1 the cluster Green function can no longer be calculated analytically,
one has to resort to numerical techniques such as the Lanczos method (Sec. 2.3). However, cal-
culations are extremely di�cult for two- or three dimensional clusters with, e.g., quarter �lling,
small phonon frequency and strong electron-phonon coupling.

5.3 �antum Monte Carlo method
In this section, we extend the one-electron QMC algorithm developed in Chap. 3 to the spinless
Holstein model with many electrons. We begin by applying the standard LF transformation
(Sec. 3.3) to obtain the Hamiltonian (3.14). For spinless fermions, the last term in Eq. (3.14)
simpli�es to −EP

∑
i n̂i. We de�ne the grand-canonical Hamiltonian

H̃ = H̃0 − µN̂ = −t
∑
〈ij〉

c†icje
iγ(p̂i−p̂j)

︸ ︷︷ ︸
K̃0

+
ω

2

∑
i

(p̂2
i + x̂2

i )︸ ︷︷ ︸
P≡Pp+Px

− (EP + µ)
∑
i

n̂i︸ ︷︷ ︸
Ĩ

, (5.7)

where µ denotes the chemical potential, EP is the polaron binding energy [Eq. (1.20)], and the
parameter γ of the LF transformation is given by Eq. (3.10).

For the case of a half-�lled band, i.e.,N/2 electrons onN sites for the spinless model (5.7), the
chemical potential is given by µ = −EP. Away from n = 0.5, µ has to be adjusted accordingly
to yield the right density of electrons n.

We would like to point out that for the spinfull case, the LF transformation yields an attractive
Hubbard term (see Sec. 4.3). For the determinant QMC method to be applicable, the latter has
to be decoupled using auxiliary �elds [10]. In contrast, for the spinless model considered here,
the algorithm is almost identical to the one-electron case. The following derivation assumes a
hypercubic lattice in D dimensions.
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5.3.1 Partition function
To calculate the partition function we use the Suzuki-Trotter decomposition (Sec. 2.1.4)

e−βH̃ ≈
(
e−∆τK̃0e−∆τPpe−∆τPxe−∆τ Ĩ

)L
, (5.8)

where ∆τ is given by Eq. (2.15). The trace appearing in the partition functionZ = Tr e−βH̃ can
be split up into a bosonic and a fermionic component leading to the approximation

ZL = Tr f

∫
dp1dp2 · · · dpL 〈p1| e−∆τK̃0e−∆τPpe−∆τPxe−∆τ Ĩ |p2〉 · · ·

× · · · 〈pL| e−∆τK̃0e−∆τPpe−∆τPxe−∆τ Ĩ |p1〉 ,
(5.9)

where dpτ ≡
∏

i dpi,τ . The phonon coordinates x̂ in ZL can be integrated out analytically
in the same manner as in Chaps. 3 and 4. Moreover, the momenta p̂ can be replaced by their
eigenvalues on each time slice, and the partition function can be written as

ZL = C

∫
Dp e−∆τSbTr f(B̂1B̂2 · · · B̂L) (5.10)

with Dp =
∏

τ dpτ , C = [2π/(ω∆τ)]NL and

B̂τ = e−∆τK̃0,τ e−∆τ Ĩ , K̃0,τ = −t
∑
〈ij〉

c†icje
iγ(pi,τ−pj,τ ) . (5.11)

The bosonic action Sb is identical to Eq. (3.42) and may again be expressed in terms of principal
components (see Sec. 3.5.2). As �rst shown by Blankenbecler et al. [124] (see also [183]), the
fermion degrees of freedom can be integrated out exactly leading to

Tr f(B̂1 · · · B̂L) = det(1 +B1 · · · BL) ≡ det(1 + Ω) , (5.12)

where the ND ×ND matrix Bτ is given by

Bτ = Dτ κD
†
τ V (5.13)

with
κij = (e∆τthtb

)ij , (Dτ )ij = δij e
iγpi,τ , Vij = δij e

∆τ(EP+µ) . (5.14)

Here htb is the usual tight-binding hopping matrix. The matrix product in Eq. (5.12) can be
evaluated using a generalization of Eq. (3.40).1 To save some computer time, we employ the
checkerboard breakup [164]

e∆τt
∑
〈ij〉 c

†
i cj ≈

∏
〈ij〉

e∆τtc†i cj . (5.15)

1Since the interaction matrix V is diagonal, it commutes with D†
τ in Eq. (5.13).
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Using Eq. (5.15), the numerical e�ort scales as N2D instead of N3D, while the error due to this
additional approximation is of the same order (∆τ)2 as the Trotter error in Eq. (5.8).

De�ning the bosonic and fermionic weights wb = e−∆τSb and wf = det(1 + Ω) respectively,
the partition function �nally becomes

ZL = C

∫
Dpwb wf . (5.16)

One of the advantages of Blankenbecler et al.’s [124] formalism as well as the current approach
is the close relation to the one-electron Green function

Gij = 〈c̃i c̃
†
j〉︸ ︷︷ ︸

Gaij

+ 〈c̃†i c̃j〉︸ ︷︷ ︸
Gbij

. (5.17)

Working in real space and imaginary time, we have [124, 183]

Ga
ij = 〈c̃i c̃

†
j〉 = (1 + Ω)−1

ij , (5.18)

and
Gb
ij = δij −Ga

ij = (ΩGa)ji . (5.19)
We would like to mention that despite the formal similarity to the method of Blankenbe-

cler et al. [124], the numerical realization of the present approach is quite di�erent. While
the grand-canonical method of [124] bene�ts enormously with respect to performance from
a local updating scheme for the phonons, here we use a global updating in terms of the prin-
cipal components together with the reweighting method, as described in Sec. 3.5 . Although
this requires us to recalculate the full matrix Ω in each step, the resulting statistically indepen-
dent con�gurations clearly outweigh the loss in performance, especially for small ω for which
autocorrelation times can exceed 105 sweeps when using the original grand-canonical QMC
method [124]. The approach proposed here allows one to perform uncorrelated measurements
after each update. Moreover, our calculations show that numerical stabilization by means of
a time-consuming singular value decomposition [146] is not necessary for all parameters con-
sidered below. Finally, owing to the phase factors in the transformed hopping term, all the
matrices become complex-valued. An important practical test in simulations therefore is the
reality of expectation values of observables, i.e., the disappearance of the imaginary part within
statistical errors.

Similar to the calculations for one and two electrons, the phase factors in the hopping term
[Eq. (5.7)] give rise to a minus-sign problem, i.e., wf can take on negative values. While for a
�xed number of electrons the sign problem diminishes with increasing system size (Sec. 3.5.3),
the opposite is true at �nite electron densities. We �nd an exponential decrease of the average
sign with increasing cluster size, and a strong dependence on the electron density (Sec. 5.3.3).

5.3.2 Observables
The calculation of observables within the formalism presented here is similar to the standard
determinant QMC method [124, 164, 183]. An important di�erence is that we have to use the
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transformed operators, i.e.,
〈O〉 =

1

Z
Tr ( ˆ̃O e−βH̃) . (5.20)

As mentioned above, the MC sampling is based purely on the bosonic weight wb. This corre-
sponds to a reweighting of the probability distribution so that the fermionic weightwf is treated
as part of the observables (see Sec. 3.5). Hence, we have

〈O〉 =
〈Owf〉b
〈wf〉b

(5.21)

where the expectation value 〈O〉b for an equal-time observable Ô is de�ned as

〈O〉b =

∫
DpwbwfTr f(ÔB̂1 · · · B̂L)∫

Dpwb
. (5.22)

Static quantities

The calculation of static (equal-time) observables is straight forward. We begin with the particle
density

n =
1

ND

∑
i

〈n̂i〉 . (5.23)

The expectation value in Eq. (5.23) can be calculated from the diagonal elements of the Green
function Gb [Eq. (5.18)], i.e., 〈n̂i〉 = 〈Gb

ii〉. Similarly, the absolute value of the electronic kinetic
energy per site is given by

Ek =
t

ND

∑
〈ij〉

〈Gb
ji〉 . (5.24)

The QP weight at the Fermi momentum in one dimension can be obtained from [184]

z(kF) = lim
k+
ν →kF
k−ν →kF

[
〈n(k+

ν )〉 − 〈n(k−ν )〉
]
. (5.25)

On a �nite cluster, the expression in brackets in Eq. (5.25) yields an upper bound for z(k),
with k±ν taken to be the wavevectors just above and below kF. A �nite-size scaling has to be
performed to obtain an approximation for the value of z(k) in the thermodynamic limit. While
Eq. (5.25) can produce fairly accurate results within projector QMC approaches for the ground
state, it is less reliable in the case of �nite-temperature calculations. In addition to the scaling
with system size, one has to check for each cluster size that the temperature used is indeed
low enough so as to ensure converged results. Due to these di�culties, we shall not present
results for the QP weight in the sequel. Finally, an alternative way to calculate z(k) from the
zero-temperature imaginary-time Green function has been suggested by Brunner and Assaad
[142].

Equal-time two-particle correlation functions such as

ρ(δ) =
∑
i

〈n̂in̂i+δ〉 (5.26)
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may be calculated in the same way as in the standard determinant QMC method [124, 183]. For
a given phonon con�guration, we can use Wick’s Theorem [9] to get

〈n̂in̂j〉p = 〈c†icic
†
jcj〉p = 〈c†ici〉p〈c

†
jcj〉p + 〈c†icj〉p〈cic

†
j〉p = Gb

iiG
b
jj +Gb

ijG
a
ij . (5.27)

The expectation value 〈n̂in̂j〉 is then determined by averaging over all phonon con�gurations.

Dynamic quantities

An observable of great interest is the time-dependent one-particle Green function

Gb(k, τ) = 〈c†k(τ)ck〉 = 〈eτHc†ke
−τHck〉 (5.28)

which is related to the spectral function

A(k, ε− µ) = − 1

π
Im Gb(k, ε− µ) (5.29)

through

Gb(k, τ) =

∫ ∞
−∞

dε
e−τ(ε−µ)A(k, ε− µ)

1 + e−β(ε−µ)
. (5.30)

The inversion of the above relation is ill-conditioned and requires the use of the maximum
entropy method (MEM). Fourier transformation leads to

Gb(k, τ) =
1

N

∑
ij

eik·(ri−rj)Gb
ij(τ) . (5.31)

The allowed imaginary times are τl = l∆τ , with nonnegative integers 0 ≤ l ≤ L. Within the
QMC approach, we have [124, 183]

Gb
ij(τl) = (GaB1 · · ·Bl)ji . (5.32)

Another interesting quantity is the one-electron density of states

N(ε− µ) = − 1

π
Im G(ε− µ) , (5.33)

where G(ε− µ) = N−1
∑
kG(k, ε− µ). It may be obtained numerically via

N(τ) = Gb
ii(τ) , (5.34)

and subsequent use of the MEM (Sec. 2.1.6).
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5.3.3 Sign problem

Since the sign problem crucially a�ects the performance of any QMC method, this section is
devoted to a detailed investigation of the dependence of the average sign on the parameters of
the simulations.

While Hamiltonian (5.7) is symmetric with respect to a particle-hole transformation for
µ = −EP (half �lling), this symmetry is broken if we use the checkerboard approximation (5.15),
so that n 6= 0.5 for the above choice of the chemical potential. To simplify calculations, the re-
sults for the average sign at n = 0.5 presented below have therefore been obtained using the
full hopping term. For general band �llings, we �nd that the checkerboard breakup requires dif-
ferent values of µ to perform simulations at the same electron densities, but results are identical
within statistical errors if µ is adjusted accordingly.

The derivation of the QMC algorithm in Sec. 5.3.1 is independent of the dimension D of the
lattice under consideration. Nevertheless, here we only report results for the sign problem in
D = 1, the case considered in Sec. 5.4, and make some remarks about the in�uence of the
dimensionality at the end.

The average sign of the fermionic weight, denoted as 〈sign〉, has been de�ned in Eq. (3.60),
with the fermionic weight in the present case given by wf = det(1 + Ω) [Eq. (5.12)]. We begin
with the dependence of 〈sign〉 on the electron-phonon coupling strength. For simplicity, we
show results for n = 0.5, while the e�ect of band �lling will be discussed later. The choice
n = 0.5 is convenient since we know the chemical potential, and we shall see below that the
sign problem is most pronounced for a half-�lled band. Moreover, all existing QMC results for
the spinless Holstein model are for half �lling, and it is thus interesting to see how the sign
problem a�ects simulations within the current approach.

Figure 5.3(a) reveals a similar dependence of 〈sign〉 on electron-phonon coupling as in the
one-electron case (Sec. 3.5.3). It takes on a minimum near λ = 1 (in the adiabatic regime con-
sidered here) that becomes more pronounced with decreasing temperature. At weak and strong
coupling, the average sign is close to 1, so that accurate simulations can be carried out. This fea-
ture will be exploited in Sec. 5.4. The dependence on the phonon frequency shown in Fig. 5.3(b)
also bears a close resemblance to the polaron problem [cf. Fig. 3.14(b)]. Whereas 〈sign〉 becomes
very small for ω � 1, it increases noticeably in the nonadiabatic regime ω > 1. Owing to the
absence of any autocorrelations in our approach, the present method therefore represents a
signi�cant improvement of existing algorithms, as the latter face severe autocorrelations even
for ω & 1, thereby limiting the temperature range and cluster size.

As illustrated in Fig. 5.4(a), the average sign depends strongly on the band �lling n. While it
is close to one in the vicinity of n = 0 or n = 1, a signi�cant reduction is visible near half �lling
n = 0.5. The minimum occurs at n = 0.5, and the results display particle-hole symmetry as
expected. Here we have chosen βt = 8, ω = 0.4 and λ = 1, for which the sign problem is most
noticeable according to Fig. 5.3. The statistical error of n in Fig. 5.4 is smaller than the symbol
size.

Finally, in Fig. 5.4(b), we report the average sign as a function of system size, again for n =
0.5. The behavior is strikingly di�erent from the one-electron case considered in Chap. 3. While
in the latter 〈sign〉 → 1 as N →∞, here the average sign decreases nearly exponentially with
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Figure 5.3: Average sign 〈sign〉 [Eq. (3.60)] of the fermionic weightwf as a function of electron-
phonon coupling λ in one dimension (a) for di�erent inverse temperatures β, and (b)
for di�erent values of the adiabatic ratio ω. Here and in subsequent �gures showing
QMC results lines are guides to the eye only, and errorbars are suppressed if smaller
than the symbols shown. The data presented in Figs. 5.3 and 5.4 are for ∆τ = 0.05.
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increasing system size. Obviously, this limits the applicability of our method. However, we shall
see below that we can nevertheless obtain accurate results at low temperatures, small phonon
frequencies, and over a large range of the electron-phonon interaction. Moreover, we would like
to point out that for such parameters, existing methods su�er strongly from autocorrelations,
rendering simulations extremely di�cult.

The dependence of the sign problem on the dimension of the system is similar to the single-
electron case (Sec. 3.5.2). The minimum in 〈sign〉 at intermediate λ becomes more pronounced
for the same parameters N , ω, βt and λ as one increases the dimension of the cluster.

To conclude with, we would like to point out that, in principle, the sign problem can be
compensated by performing su�ciently long QMC runs, although we have to keep in mind
that the statistical errors increase proportional to 〈sign〉−2 (Sec. 2.1.3). Owing to the purely
phononic updates, the algorithm is very fast and we have made up to about 2.6 × 107 single
measurements to obtain the results presented in Sec. 5.4. Due to the use of the reweighting
method, the measured values of observables have to be stored in every MC step, in order to
perform the Jackknife analysis at the end of the run (see Sec. 3.5.2). For example, in the case
of the Green function (5.28), L + 1 complex values for each momentum k have to be stored in
every step. Depending on the observables of interest, this sets a practical limit for the maximal
number of measurements due to restrictions in available disk space.

5.4 QMC and ED results
We have seen in Chap. 3 that a single electron undergoes a cross over to a small polaron at a
critical value of the electron-phonon coupling. The important question to be addressed here is
what happens if the density of electrons (or polarons) is increased. We do not expect signi�cant
changes in the strong-coupling regime due to the “localized" nature of the small polaron state.
On the contrary, for intermediate electron-phonon interaction and ω � 1, each electron is
surrounded by a phonon cloud extending over several lattice sites, whose overlap with other
dressed electrons may lead to a dissociation of the individual polarons. Such a scenario has
recently been observed in the optical properties of Sr and Ca doped manganites [165, 166], in
which the charge carriers are considered to be large and small polarons, respectively.

As pointed out in Sec. 3.1, within the Holstein model, an extended polaron state is only stable
in one dimension, while in higher dimensions the electrons are either free or form small (onsite)
polarons. This is in contrast to the Fröhlich model with long-range interaction, in which large
polarons may exist also in D > 1. In the sequel, we therefore restrict ourselves to the one-
dimensional case, assuming periodic boundary conditions in real space. Existing work on the
spinless Holstein model with many electrons is mainly concerned with the formation of an
insulating charge-ordered state at half �lling (see Sec. 5.1). The e�ect of an increase of electron
density on the polaronic state has not received much attention in the past, apart form the work
by Capone et al. [174], who applied ED to study the Holstein-Hubbard model in the large U
limit on a very small cluster of �ve sites.

In this section we use QMC and the KPM to calculate, in particular, one-particle spectra. As
pointed out in previous chapters, ED and QMC both yield unbiased results. In principle, the
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KPM (Sec. 2.4) allows to obtain exact results for spectral functions with very high energy reso-
lution. However, even for relatively small clusters of ten sites—the size used here—this method
requires parallel supercomputers to handle the extremely large Hilbert space (matrix dimension
≈ 108 – 1010). In contrast, the QMC simulations can be performed on personal computers, and
for larger clusters. The drawback is that (a) the method is limited to �nite temperatures, and (b)
the calculation of spectral properties requires the MEM (see Sec. 2.1.6) which limits the energy
resolution and often introduces uncontrolled errors. For this reason, we lay considerable stress
on a critical examination of the MEM results by confronting them with exact KPM data.

Concerning the QMC simulations, we have mainly used a value of βt = 8 for the inverse
temperature. For the critical parameters studied below, calculations at even lower temperatures
are very demanding due to the sign problem (Sec. 5.3.3), although we shall present results for
the density of states at βt = 10 and half �lling in Fig. 5.9. Already for βt = 8 we have (βt)−1 =
kBT/t = 0.125 . ω for the values ofω ≥ 0.4 used in the sequel, so that direct thermal excitation
of phonons can be expected to be rather unimportant.

For the Trotter decomposition, we chose ∆τ = 0.1 for dynamical properties—the larger
error being negligible compared to the uncertainties introduced by the MEM inversion—and
∆τ = 0.05 for static observables. According to the discussion in Sec. 3.5.3, the Trotter error in
the Holstein model becomes important mainly for large phonon frequencies and very strong
electron-phonon interaction. Since we do not consider this regime here, the abovementioned
values of ∆τ yield satisfactorily small systematic errors. An extrapolation of results to ∆τ = 0
similar to Chaps. 3 and 4 has not been performed for several reasons. First, the dynamic prop-
erties calculated in imaginary time explicitly depend on the number of time slices, making a
scaling to ∆τ = 0 impossible. Second, for static observables such as the kinetic energy, the
value of ∆τ changes the �lling n even if the chemical potential µ is kept the same. Conse-
quently, calculations for di�erent ∆τ would have to be done for di�erent values of µ. Besides
the signi�cant practical e�ort, the value of n cannot be �xed to arbitrary accuracy due to sta-
tistical errors, thus rendering a ∆τ extrapolation inconsistent.

Away from half �lling, the electron density has to be adjusted to the values of interest by
varying the chemical potential. Due to the computational e�ort associated with this trial-and-
error procedure, the actual band �lling n′, say, is usually only very close to a desired value, e.g.,
n = 0.4, but not exactly the same. Furthermore, within the QMC simulations, the �lling can
only be determined up to a statistical error ∆n′, similar to other observables. For the results
presented here, the relative deviation (n − n′)/n of the actual value in the QMC simulations
from the value n reported is always smaller than 5 × 10−3. The same is true for the relative
statistical error ∆n′/n. Finally, all QMC simulations have been run on personal computers (e.g.,
Intel XEON 2000), with CPU times varying between several minutes and a couple of days.

While our method is completely free of autocorrelations between subsequent phonon con-
�gurations, results for the imaginary-time Green function at di�erent times are usually not
statistically independent.[185] However, in the present case, owing to the exact sampling and
the large number of measurements, these correlations are very small and have been neglected
since they have negligible in�uence on the results. An additional, stringent test of the QMC
results consists of a comparison to ED data which will be presented in Sec. 5.4.2.
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The KPM has been employed to compute the spectral functions

A+(k, ε) =
∑
l

|〈Ψ(Ne+1)
l,k |c†k−q|Ψ

(Ne)
0,q 〉|2 δ[ε− (E

(Ne+1)
l,k − E(Ne)

0,q )] ,

A−(k, ε) =
∑
l

|〈Ψ(Ne−1)
l,k |cq−k|Ψ

(Ne)
0,q 〉|2 δ[ε+ (E

(Ne−1)
l,k − E(Ne)

0,q )] , (5.35)

where |Ψ(Ne)
l,k 〉 denotes the lth eigenstate withNe electrons, momentum k and energyE(Ne)

l,k (see
also Secs. 2.3 and 2.4). The cluster size has been �xed at N = 10, with as many as 12 dynamical
phonons and resulting truncation errors ∆(Nph) < 10−6 [Eq. (2.48)] of the ground-state energy.
Additionally, the convergence with the number of phonons has been monitored by means of
the phonon distribution function de�ned in Eq. (2.49). It is important to point out that such a
small number of dynamical phonons only yields accurate results for the parameters considered
here if the symmetric phonon mode with q = 0 is separated from the Hamiltonian analytically
before the diagonalization [87, 186]. In the present case, this phonon mode—corresponding to a
homogeneous shift of the oscillator equilibrium positions—together with that for q = π repre-
sents the dominant contribution to phonon excitations, so that the separation is very e�cient
at reducing the computational e�ort. The parallel code developed by G. Wellein and H. Fehske
was run on six compute nodes of the Hitachi SR8000-F1 of the LRZ Munich using up to about
2.4 GB of memory for the largest matrix dimension 7.5 × 107. The energy resolution of the
resulting spectral function with 512 moments has been enhanced by a factor of 8 by the MEM
described in Sec. 2.4.

Owing to our interest in materials such as the manganites, we shall mainly consider the
adiabatic regime, taking ω = 0.4. To illustrate the important di�erences between ω � 1 and
ω � 1, some results for the nonadiabatic value ω = 4 will also be shown.

5.4.1 Limiting cases
As we shall see below, the spectra in the intermediate coupling region turn out to have a fairly
complex structure. In order to interpret these results, we therefore begin with the limiting cases
of weak and strong electron-phonon coupling.

Weak coupling

For weak coupling λ = 0.1, the sign problem is not severe (Sec. 5.3.3) and the QMC simulations
can easily be performed for large lattices with N = 32, thereby making the dispersion of QP
features well visible. As indicated in Eq. (5.30), the MEM inversion yields A(k, ε−µ). To allow
a direct comparison with the ED spectral functions [Eq. (5.35)], the QMC results in Figs. 5.5,
5.7, 5.8 and 5.10 have been shifted by the chemical potential.

Figure 5.5 shows the evolution of the one-electron spectral function A(k, ε) with increas-
ing electron density n. At �rst sight, we see that the spectra bear a close resemblance to the
free-electron case, i.e., there is a strongly dispersive band running from ε = −2t to ε = 2t.
The latter can be attributed to weakly dressed electrons with an e�ective mass similar to the
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Figure 5.5: One-electron spectral function A(k, ε) from QMC for weak coupling λ = 0.1, ω =
0.4, βt = 8, N = 32 and (a) n = 0.1, (b) n = 0.2, (c) n = 0.3, (d) n = 0.4. Here and
in subsequent �gures ∆τ = 0.1, and red lines indicate the position of the chemical
potential µ.

noninteracting case λ = 0. As expected, the height of the peaks increases signi�cantly in the
vicinity of the Fermi momentum kF, which is determined by the crossing of the band with the
chemical potential (red line).

Since the peaks in Fig. 5.5 are very sharp, it is important to check the results from the inver-
sion with the MEM. To this end, we show in Fig. 5.6 the band dispersion and allowed wavevec-
tors of free electrons for N = 32 and periodic boundary conditions. By computing the approx-
imate number of electrons corresponding to the �llings of n = 0.1 – 0.4 of the 32-site system,
we can roughly determine kF from Fig. 5.6. Although the nonzero electron-phonon interaction
will a�ect the band dispersion E(k), the weak coupling considered here justi�es the use of a
rigid band approximation, as re�ected by the free-particle character of the spectra in Fig. 5.5.

For n = 0.1, i.e., about three electrons, the Fermi momentum is expected to lie between
k = π/16 and k = π/8, which correspond to the second and third curve from the top in
Fig. 5.5(a). From Fig. 5.5(a) we see that the largest peaks are those for k = π/16 and π/8—
having almost the same height. Above and below these momenta, the peaks are noticeably
smaller. We ascribe this slight discrepancy to the fact that the MEM becomes less reliable for
spectra with extremely sharp peaks. A similar analysis carried out for the other �llings in
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Figure 5.6: Wavevectors (•) and band dispersion of a free-electron system with N = 32.

Figs. 5.5(b) – (d) shows a very good agreement between the location of the highest peaks and
the estimated values of kF. Finally, we would like to point out that the apparent absence of any
phonon signatures in Fig. 5.5 is not a defect of the MEM, but results form the large scale of the
z-axis chosen. As a consequence, the large peaks running close to the bare band dominate the
spectra and suppress any small phonon peaks present.

Strong coupling

We now turn our attention to the opposite limit of the spinless Holstein model, namely the
case of strong electron-phonon coupling λ = 2. While many other numerical methods such
as, e.g., standard QMC or ED, have di�culties in obtaining accurate results in this regime, the
QMC approach used here yields quite accurate results even for large systems. As pointed out in
Sec. 3.5.2, this is a consequence of the LF transformation on which the method relies. The latter
causes a signi�cant reduction of statistical errors compared to other approaches by separating
polaron e�ects from the free lattice vibrations. The improved statistics in the strong-coupling
regime is also re�ected in the dependence of the average sign on λ (Fig. 5.3). As before, we study
the dependence of the spectral function on the band �lling, again for N = 32. The results are
depicted in Fig. 5.7.

In the low-density regime n = 0.1 [Fig. 5.7(a)], the spectrum consists of two separate features
located above and below the chemical potential, respectively. Of course there is a free-electron
like incoherent feature with bandwidth ≈ 4t. However, we also �nd a polaron band at lower
energies which is almost �at throughout k space and has relatively little spectral weight. More-
over, its energy di�erence relative to µ is roughly given by the polaron binding energy (EP = 4t
for the parameters considered here). Furthermore, we can see that the chemical potential, which
roughly lies at the center between the upper and the lower band, shifts downward with increas-
ing coupling, as re�ected by the condition µ = −EP for half �lling [cf. Eq. (5.7)].

With increasing band �lling, the two features mix strongly, and for n = 0.4, no clear dis-
tinction between the coherent and incoherent parts of the spectrum can be made. Finally, the
spectrum in Fig. 5.7(d) is almost symmetric with respect to the chemical potential, and already
reveals the gapped structure due to CDW-formation at n = 0.5. The latter point will be dis-
cussed in more detail below.

129



5.4. QMC and ED results

(a)

0.2

0.4

0.6

0.8

1

k / π

-16-14-12-10 -8 -6 -4 -2 0 2 4 6 8

ε / t

0
0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

A(k,ε)

(b)

0.2

0.4

0.6

0.8

1

k / π

-16-14-12-10 -8 -6 -4 -2 0 2 4 6 8

ε / t

0
0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

A(k,ε)

(c)(c)

0.2

0.4

0.6

0.8

1

k / π

-16-14-12-10 -8 -6 -4 -2 0 2 4 6 8

ε / t

0
0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

A(k,ε)

(d)

0.2

0.4

0.6

0.8

1

k / π

-16-14-12-10 -8 -6 -4 -2 0 2 4 6 8

ε / t

0
0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

A(k,ε)

Figure 5.7: One-electron spectral function A(k, ε) from QMC for strong coupling λ = 2.0,
ω = 0.4, βt = 8, N = 32 and (a) n = 0.1, (b) n = 0.2, (c) n = 0.3, (d) n = 0.4.

It is interesting to compare the results of this section to those of Sec. 5.2, which are also for
strong coupling. Before we comment on the structure of the spectral function, we would like to
point out that the coupling constant λ takes on di�erent values in the CPA/SCPT calculations
(λ = 0.8). However, we have to keep in mind that the results of Sec. 5.2 are for two dimensions
and ω = 0.2. In one dimension, for n = 0.5, ω = 0.4 and λ = 2, the SCPT based on the
atomic limit yields a spectrum which bears a close resemblance to Fig. 5.7(d). In particular,
the large low-energy peak never approaches closely the Fermi level, indicating the existence
of a pseudogap centered at µ. Finally, whereas CDW order becomes important in the QMC
results as we approach half �lling, the pseudogap in the CPA/SCPT exclusively arises from the
polaronic state at strong coupling (Sec. 5.2).

5.4.2 Intermediate coupling

As discussed in the introduction, a cross over from a polaronic state to a system with weakly
dressed electrons can be expected in the intermediate coupling regime. Here we choose λ = 1,
which corresponds to the critical value for the small-polaron cross over in the one-electron
problem (Chap. 3).

We �rst discuss the QMC results. Owing to the sign problem, which is particularly noticeable
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Figure 5.8: One-electron spectral function A(k, ε) from QMC for intermediate coupling λ =
1.0, ω = 0.4, βt = 8, and (a) n = 0.1, N = 32, (b) n = 0.2, N = 24, (c) n = 0.3,
N = 20, (d) n = 0.4, N = 16.

for λ = 1 (Fig. 5.3), we have to decrease the system size as we increase the electron density n.
To scrutinize the accuracy of the MEM inversion, we shall compare the QMC results with ED
data. The latter will also yield a more detailed understanding of the spectra.

QMC

Figure 5.8 shows the spectral function for λ = 1 and increasing band �lling. We again start
with the low-density case n = 0.1 [Fig. 5.8(a)]. Compared to the spectral function for λ = 2
[Fig. 5.7(a)], we notice that the low-energy polaron band lies much closer to the incoherent band.
Moreover, even for n = 0.1, there is a mixing of these two parts of the spectrum at small values
of k. As for λ = 2, with increasing density, the polaron band merges with the incoherent peaks
at higher energies. This is exactly the density-driven cross over from a polaronic to a metallic
state anticipated above. At n = 0.4, we �nd a band with large e�ective width ranging from
ε ≈ −4t to ε ≈ 2t.

At this point, we would like to mention the exact relation [187]

M1(k) =

∫ ∞
−∞

dε εA(k, ε) = εk − µ− 2EPn (5.36)
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Figure 5.9: One-electron density of states N(ε − µ) from QMC for di�erent band �llings n,
ω = 0.4 and λ = 1.0.

for the �rst moment of the one-particle spectral function of the spinless Holstein model, with
εk = −2t cos k.

While the zeroth moment is identical to the normalization of A(k, ε) for each k, M1(k) de-
pends in a nontrivial way on the parameters of the system. In principle, Eq. (5.36) may be used
as a boundary condition in the MEM.[188] However, in the present case, we have found that
while the normalization is virtually exact for all results shown, the �rst moment deviates from
the exact values. Moreover, the use of the exact values for M1 as a condition in the inversion
causes the MEM not to converge for some parameters. Additional calculations on small sys-
tems reveal that this disagreement results from the �nite Trotter error, despite the relatively
small value ∆τ = 0.1 used. Away from parameters such that M1 ≈ 0, M1 as determined from
the MEM spectra deviates from the exact values by maximally 10 – 20 percent. Nevertheless,
the peak positions and weights in the spectra shown are fairly accurate, as illustrated by the
comparison with ED below. Finally, we would like to point out that calculations of A(k, ε) for
∆τ < 0.1 become very time-consuming due to the increasing requirement in disk space and
longer simulation times.

Further information about the density-dependence can be obtained from the one-electron
density of states (DOS) N(ε − µ) given by Eq. (5.33). The latter is presented in Fig. 5.9 for
di�erent �llings n = 0.1 – 0.5. As in Fig. 5.8, the cluster size is reduced with increasing n in
order to cope with the sign problem. To reveal the in�uence of �nite-size e�ects, Fig. 5.9 also
contains results for N = 10.

At n = 0.1, the DOS for N = 32 displays a peak at the chemical potential, while such a
feature is absent for N = 10. To understand this behavior, we again resort to the rigid band
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approximation, although the rather strong coupling in the present case only allows qualitative
conclusions. According to Fig. 5.6, for a cluster with N = 32 and �lling n = 0.1, the three
lowest-lying energy levels are completely �lled, and states with zero energy are still available
leading to a large DOS at ε = µ. In contrast, forN = 10, we have a “closed-shell” con�guration,
i.e., a �nite energy is required to add an electron, in agreement with Fig. 5.9. The features above
and below µ correspond to electronic excitations and become sharper as we increase N from
10 to 32.

When the density is increased to n = 0.2, the DOS at the chemical potential is noticeably
reduced, which may again be attributed to an almost full shell for N = 24. Clearly, such e�ects
are absent in the case of an in�nite system, for which the energy levels lie dense in momentum
space. The DOS contains two humps situated above and below µ. In contrast to n = 0.1, the
smaller structures in the DOS become slightly washed out for N = 24 as compared to N = 10.

As we increase n further, a gap begins to form at µ, which is a precursor of the CDW gap at
half �lling. Similar to n = 0.2, the relatively sharp peaks present for N = 10 evolve into rather
broad features for larger system sizes. For n = 0.4, the spectral weight above and below the
chemical potential is already very similar.

Finally, in the case of half �lling n = 0.5, the DOS has become symmetric with respect to
µ. There are two maxima situated at about ±EP (EP = 2 for the parameters here). The gap
of size ∼ λ expected for the insulating charge-ordered state at T = 0 is partially �lled in due
to the �nite temperature considered here. Furthermore, we �nd additional features separated
from µ by the bare phonon frequency ω, whose height decreases with decreasing temperature,
as revealed by the results for βt = 10 (Fig. 5.9). These peaks—not present at T = 0 [186]—arise
from thermally activated transitions to states with an additional phonon excited.

Despite the wealth of information contained in the QMC results presented so far, it is obvious
that an interpretation of the various peaks is far from being easy. In particular, the QMC method
does not allow to separately calculate the photoemission and inverse photoemission parts A−
and A+ [Eq. (5.35)], respectively. Moreover, the �nite temperature and the use of the MEM
limits the energy resolution and introduces uncertainties concerning the positions and weights
of structures in the spectra. These circumstances make it di�cult, e.g., to distinguish between
phononic and electronic contributions, especially if λ ≈ ω. To gain further insight, we therefore
supplement the QMC data with ED results.

ED and QMC

In order to overcome the abovementioned limitations of QMC, here we use the KPM, as de-
scribed in Sec. 2.4, to calculate the one-particle spectral functions de�ned by Eq. (5.35). To test
the quality of the QMC spectra, we directly compare the two methods, keeping in mind that
the QMC calculations have been performed at a �nite temperature βt = 8, whereas ED yields
ground-state results.

Figure 5.10 displays the ED results for the same parameters as in Fig. 5.8, i.e., ω = 0.4, λ = 1
and n = 0.1 – 0.4. The red dot-dashed lines correspond to the photoemission part A−, while
the black solid lines correspond to the inverse photoemission part A+. Additionally shown are
the integrated spectral weights of A− and A+ (red and black dashed lines). Finally, the solid
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Figure 5.10: One-electron spectral functionsA−(k, ε) (dot-dashed red lines) andA+(k, ε) (solid
black lines) from ED for intermediate coupling λ = 1.0, ω = 0.4, N = 10 and (a)
n = 0.1, (b) n = 0.2, (c) n = 0.3, (d) n = 0.4. Also shown are the integrated
spectral weights ofA− andA+ (red and black dashed lines), as well asA(k, ε) from
QMC for N = 10 and βt = 8 (solid blue lines).

thick blue lines represent QMC results for the same system size and βt = 8. The values for n
are given in the caption.

We see from Fig. 5.10 that the QMC results are in a very good agreement with the ED data.
Due to the �nite temperature and the smearing of the MEM, the QMC data represent an en-
velope of the sharp ED peaks. In addition to the possibility of distinguishing between A+ and
A−—crucial for an identi�cation of polaron bands at intermediate coupling—the greater energy
resolution of ED also allows to resolve signatures of phonon excitations.

Starting with the case n = 0.1 [Fig. 5.10(a)], we notice that there is a polaron band at the
Fermi level, excitations to/from which are given by the highest peak of A− and the lowest peak
of A+, respectively. The photoemission part A− re�ects the Poisson-like phonon distribution
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of the one-electron ground state (n = 0.1 andN = 10). The integrated spectral weight (dashed
lines) gives a measure for the weight of the various poles in the one-electron spectrum. For
example, it reveals that the phonon peaks in A− have very little weight. In fact, the integrated
weight jumps to a �nite value at the �rst peaks near the Fermi level for k = 0 and k = π/5,
while it changes very little as one moves further down in energy. For k > π/5, the small
spectral weight contained in A− is continuously distributed among the phonon peaks.

We also observe the well-known �attening of the polaron band at large values of k. Simi-
lar to the one-electron case discussed in Sec. 3.2, the low-energy states have mostly electronic
character at small k, and become mostly phononic at large values of k. While this e�ect is ex-
pected to occur in the low-density regime, we �nd that is persists even for n = 0.4 [Fig. 5.10(d)].
Moreover, Fig. 5.10 reveals that the maximum in the incoherent contribution follows closely the
free-electron dispersion for all densities n = 0.1 – 0.4.

With increasing electron density, the equally spaced peaks in A− broaden signi�cantly, until
at n = 0.4 they have merged to form a broad band. The polaron band is still visible at n = 0.2
[Fig. 5.10(b)], but becomes indistinguishable from the incoherent excitations at even larger n.
Eventually, at n = 0.4 [Fig. 5.10(d)], we �nd an almost symmetric behavior of A+ and A− with
respect to the Fermi level at k = 2π/5. This indicates the metallic character of the system
expected for large polaron densities and intermediate electron-phonon coupling.

5.4.3 Nonadiabatic regime

Until here, we have only presented results for the adiabatic case ω = 0.4. Although the latter is
most relevant for strongly correlated materials, it is interesting to compare the above �ndings
to the nonadiabatic strong-coupling regime. To this end, we chose ω = 4 as well as λ = 2.
As discussed in Sec. 3.1, the condition for a small polaron in this case is

√
EP/ω > 1, which

expresses the fact that a large enough lattice distortion is required to trap an electron. This is in
contrast to the criterion λ > 1 in the adiabatic regime, which is purely based on the balance of
kinetic and potential energy. Since these energies are expected to undergo noticeable changes
as the particle density varies, small-polaron formation for ω < 1 should signi�cantly depend
on n, in agreement with the results of Sec. 5.4.2.

The spectral function for n = 0.1 and n = 0.3 is displayed in Fig. 5.11. The most striking
di�erence to the case ω = 0.4 considered above is that the bands in the spectrum are now
separated by the phonon energy ω, with their width being determined by the electronic excita-
tions. This is the opposite of the adiabatic regime, in which the bands correspond to electronic
excitations surrounded by phononic satellites.

A comparison of the spectral functions for n = 0.1 and n = 0.3 in Fig. 5.11 indicates that
there is no density-driven cross over of the system as observed in the adiabatic case. Since for
the parameters considered here EP/ω = 1, virtually noninteracting small polarons are formed
also at �nite electron densities, in accordance with the �ndings of Capone et al. [174].
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Figure 5.11: One-electron spectral functions A−(k, ε) (dot-dashed lines) and A+(k, ε) (solid
lines) from ED for λ = 2.0, ω = 4.0, N = 10. Here n = 0.1 (red and black
lines) and n = 0.3 (green and blue lines). Dashed lines correspond to the inte-
grated spectral weight of A−(k, ε) (red and green lines) and A+(k, ε) (black and
blue lines).

5.4.4 Kinetic energy

The electronic kinetic energy has been studied extensively in the past to identify the polaron
and bipolaron cross over discussed in Chaps. 3 and 4, respectively. It is therefore interesting to
see if the density-driven changes of the one-particle spectrum also manifest themselves in the
kinetic energy de�ned by Eq. (5.24). In order to be able to compare di�erent band �llings, we
consider the normalized quantity Ek(n, λ)/Ek(n, 0), which is shown in Fig. 5.12 as a function
of electron-phonon coupling for di�erent �llings and phonon frequencies.

We begin with the nonadiabatic regime (ω = 4). Obviously, the results for n = 0.1 and
n = 0.4 are very similar, with slightly larger values of the kinetic energy for n = 0.4. In
addition to these two �llings, we have also included in Fig. 5.12 the result for a single polaron
with the same parameters. Remarkably, the corresponding curve is indistinguishable from the
result for n = 0.1, calculated with the QMC method of Chap. 3. In total, this underlines the
conclusion drawn above that in the nonadiabatic regime the band �lling does not signi�cantly
a�ect the properties of the system.

A noticeably di�erent behavior is found for ω = 0.4. Similar to the one-electron problem
(Sec. 3.5.3), the decrease of the kinetic energy with increasing electron-phonon coupling is much
stronger than for ω = 4. Nevertheless, translational symmetry is not broken so that the cross
over does not represent a phase transition [118]. While the low-density result n = 0.1 is again
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Chapter 5. Photoemission spectra of many-polaron systems
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Figure 5.12: Normalized kinetic energy as a function of electron-phonon coupling λ for di�er-
ent band �llings n and adiabatic ratios ω. Also shown are the results for a single
polaron. Errorbars are smaller than the symbols used and ∆τ = 0.05.

virtually identical to that of a single polaron, there is a well-conceivable change as we go from
n = 0.1 to n = 0.4. For the same value of λ, the kinetic energy is larger for n = 0.4 than
for n = 0.1 as a result of the polaron-polaron interaction which leads to an e�ective, weaker
electron-lattice coupling. Finally, despite the fact that there is a visible change between low and
high densities in Fig. 5.12, it is obvious that Ek does by far not contain as much information
as the one-particle spectra considered above. This is not surprising if we recall that the kinetic
energy can be obtained by integrating the product of the spectral function and the band energy
εk up to the chemical potential and summing over all k [9].

5.5 Conclusions

Theoretical considerations [3] as well as recent experimental work [165] suggest that the charge
carriers in the manganites are large and small polarons, depending on the speci�c material and
temperature. The one-dimensional spinless Holstein model represents a generic model which
exhibits a cross over from large to small polarons with increasing electron-phonon coupling.
Owing to the complexity of the problem in the adiabatic regime, the many-electron case cannot
be accurately described by analytical methods, and also represents a challenge to present-day
numerical techniques. In this chapter, this model has been studied using both analytical and
numerical methods.

In the strong-coupling regime, CPT together with the exact atomic-limit Green function
yields a surprisingly good agreement with the spectrum from the many-body CPA.

To address the regime of small phonon frequencies and intermediate to strong electron-
phonon interaction, we have extended the one-electron QMC method of Chap. 3 to the many-
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5.5. Conclusions

electron case. The new approach, which is similar to the determinant method of Blankenbecler
et al. [124], overcomes the problem of autocorrelations at the expense of a sign problem. Com-
pared to existing algorithms, it enables us to perform signi�cantly more accurate simulations
in the most di�cult adiabatic regime.

Using the improved QMC method as well as the KPM, we have calculated the one-particle
spectral function, the density of states and the kinetic energy at di�erent band �llings. While
the KPM is restricted to relatively small clusters, QMC can be used to study larger cluster at
�nite temperatures but limits the energy resolution of dynamical quantities. The reliability of
the results from the maximum entropy inversion is scrutinized by a direct comparison with
exact data. In the adiabatic case, we observe a carrier density-driven cross over from a pola-
ronic state to a metallic system at intermediate electron-phonon coupling. In contrast, for large
phonon frequencies and strong coupling, the individual polarons remain virtually una�ected
upon increasing the electron density. Our results underline the shortcomings of single-polaron
theory to describe strongly correlated systems such as the manganites.
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Summary

Science is facts; just as houses are made of
stones, so is science made of facts; but a pile
of stones is not a house and a collection of
facts is not necessarily science.

(Henri Poincaré)

The challenging problem of strongly correlated electron-phonon models with a coupling term
of the Holstein type has been addressed using, in particular, unbiased numerical techniques.
While a large part of this work was concerned with the cases of one and two electrons, we also
presented results for �nite carrier densities characteristic for many interesting materials.

A novel quantum Monte Carlo (QMC) method has been developed which overcomes the
problem of strong autocorrelations usually inherent to simulations of electron-phonon mod-
els, especially for �nite band �lling. To separate polaron e�ects from the zero-point and ther-
mal �uctuations of the lattice, we chose as the starting point the Hamiltonian obtained by the
canonical Lang-Firsov transformation. In combination with a reweighting of the probability
distribution, the Monte Carlo sampling can be performed exactly in terms of principal com-
ponents. For the spinless Holstein model with many electrons considered here, the method is
quite similar to the standard determinant approach. Phase factors in the electron hopping term
arising from the transformation cause a minus-sign problem. For one and two electrons, the
latter diminishes with increasing system size, while an exponential reduction of the average
sign is found in the grand-canonical version of the algorithm. Nevertheless, accurate calcula-
tions have been carried out for the most di�cult parameters of small phonon frequencies and
intermediate to strong electron-phonon coupling in the low-temperature regime.

Cluster perturbation theory (CPT) in combination with the Lanczos recursion method has
been successfully applied for the �rst time to electron-phonon models. Similar to previous work
on the Hubbard and the t–J model, this method enabled us to compute accurate one-particle
spectra at continuous wavevectors and with strongly reduced �nite-size e�ects.

An understanding of polaron formation and its dependence on the phonon frequency can be
attained by investigating the Holstein model with one electron. Owing to the absence of any
autocorrelations, the QMC method allows to span the whole range of the phonon frequency
and the electron-phonon coupling. Furthermore, a simple variational approach, which is based
on an extended Lang-Firsov transformation has been shown to represent a signi�cant improve-
ment of the widely used zero-phonon, strong-coupling approximation. Finally, the cross over
from a large to a small polaron also manifests itself in the one-particle spectrum, which has
been calculated using CPT.

The next rung up the ladder of complexity is the case of two electrons, which may form
bound bipolaron states depending on the relative strength of the phonon-mediated, attractive
interaction and the Coulomb repulsion. The corresponding Holstein-Hubbard model is by far
not as well understood as the one-electron case. Again using QMC, we have presented re-
sults in one dimension for the adiabatic regime into which many strongly correlated materials
fall. In addition to an investigation of the cross over from an onsite to an intersite bipolaron
state with increasing Hubbard repulsion, the intersite bipolaron has been found to dissociate
at high temperatures. A similar mechanism has been proposed to explain the thermally ac-
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tivated conductivity of the paramagnetic phase of some manganites. Ground-state results on
large clusters have been obtained by a variational method similar to the one-electron problem.
Remarkably, the latter approach is able to account qualitatively for retardation e�ects. The
one-particle spectral function of the Holstein-Hubbard bipolaron, calculated for the �rst time
by using CPT, displays bands associated to polaron and bipolaron states, whose form, position
and spectral weight change upon variation of the parameters. Due to the large Hilbert space,
results could only be obtained in one dimension, and for intermediate to large phonon frequen-
cies. We have also found a pronounced deviation of the bipolaron band dispersion from a simple
cosine band for parameters favoring a weakly bound bipolaron state, which can be attributed
to next-nearest-neighbor hopping processes.

Although the results for one and two electrons may be related to, e.g., dilute semiconduc-
tors or doped insulators, many fascinating materials such as the manganites have high carrier
densities. Therefore, we set out to understand the e�ects of polaron-polaron interaction by
considering the spinless Holstein model in one dimension. Employing QMC and exact diago-
nalization, we have studied the cross over from low to high densities at weak, intermediate and
strong electron-phonon coupling by computing the one-electron spectrum. For small phonon
frequencies and intermediate coupling, the system exhibits a density-driven change from a po-
laronic state to a metallic state with increased kinetic energy, caused by the dissociation of
individual large polarons due to their mutual interaction. In contrast, such changes are com-
pletely absent in the nonadiabatic, strong-coupling regime, where the polarons are small and
do not overlap.

To end with, we would like to mention two interesting perspectives opened up by this work.
First, the successful application of CPT to electron-phonon problems may be substantially ex-
panded by employing parallelized exact diagonalization methods. Thereby, it will be possible
to study the adiabatic regime, higher dimensions and even the many-electron case. Second, the
QMC approach also allows to calculate transport properties such as the optical conductivity,
for which a wealth of experimental data on the manganites is available. Owing to the lack of
unbiased theoretical results for high electron densities, their interpretation is still under debate.
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Legend of important symbols and abbreviations
t Hopping integral
W Bare bandwidth [Eq. (1.8)]
λ Electron-phonon coupling constant [Eq. (1.18)]
ω Adiabatic ratio [Eq. (1.19)]
EP Polaron binding energy [Eq. (1.20)]
β Inverse temperature
∆τ Trotter discretization parameter [Eq. (2.15)]
γ Parameter of the Lang-Firsov transformation [Eq. (3.10)]
U Hubbard repulsion [Eq. (4.1)]
TC Curie temperature
µ Chemical potential
L Number of time slices, number of Lanczos iterations
N Linear system size
η Arti�cial smearing parameter

ARPES Angle-resolved photoemission spectroscopy
CDW Charge density wave
CMR Colossal magnetoresistance
CPA Coherent potential approximation
CPT Cluster perturbation theory
DE Double exchange
DMFT Dynamical mean �eld theory
DMRG Density matrix renormalization group
DOS Density of states
ED Exact diagonalization
HLF Holstein Lang-Firsov
JT Jahn-Teller
KPM Kernel polynomial method
LF Lang-Firsov
MC Monte Carlo
MEM Maximum entropy method
SCPT Strong-coupling perturbation theory
QMC Quantum Monte Carlo
QP Quasiparticle
VDM Variational diagonalization method
VPA Variational polaron approach

157



Typeset by LATEX 2ε, the KOMA-script and
AMS-TEX, the TEX macro system of the American Mathematical Society.


