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1 Introduction

At the beginning of the millennium, after decades of remarkable progress in our understanding
of materials, it seemed almost certain that exciting new condensed matter physics would emerge
from interaction or many-body e�ects rather than from single-particle properties. However, the
experimental realisation of graphene—a two-dimensional Dirac semimetal at low energies [2,
3]—by Novoselov et al. [4] in 2004 had a major impact on both experimental and theoretical
physics [5, 6]. While the band structure of graphene had been known theoretically before [2,
7], the work of Kane and Mele [8, 9] revealed that spin-orbit coupling can give rise to a new state
of matter—a topological insulator with time-reversal symmetry and protected edge states. The
latter was experimentally realised in semiconductor heterostructures [10] following theoretical
proposals [11, 12]. Since then, it has become clear that topological insulators are only part of
a remarkably rich set of phenomena, and topology has become a central topic in condensed
matter physics. Introductions and surveys of the literature can be found in several reviews [1,
13–15] and books [16, 17].

Landau’s theory of second-order phase transitions [18] classi�es matter in terms of spontan-
eously broken symmetries and the corresponding order parameters. Remarkably, topological
insulators fall outside this classi�cation because they are not distinguished from trivial insulat-
ors by a local order parameter. The same is true for the integer quantum Hall states of electrons
in strong magnetic �elds [19, 20]. For the latter, the quantised and robust Hall conductance
σxy = Ce2/h can be related to an integer-valued topological invariant (the �rst Chern number
C) calculated from a single-particle Hamiltonian of Landau levels [21–23]. States with di�erent
C are topologically distinct but have the same symmetries. As is well known, the nontrivial
topological properties of quantum Hall states also manifest themselves in terms of character-
istic metallic edge states [24]. Two-dimensional topological insulators1 are conceptually closely
related to integer quantum Hall states, as illustrated in �gure 1.1. They are characterised by a
Z2 topological invariant ν = 1, in contrast to trivial insulators which have ν = 0 [8, 9]. The bulk
is insulating, while the sample edges carry helical edge states in which the direction of mo-
tion is tied to the direction of spin [8, 9]. The edge states connect the valence and conduction
bands, and have a crossing protected by time-reversal symmetry [8, 9]. While the latter implies
σxy = 0, an electric �eld gives rise to spin currents due to a nonzero spin-Hall conductivity
σ

spin
xy [8, 9]. If spin is conserved, the quantum spin Hall insulator can be constructed from two

integer quantum Hall states with opposite sign of the Hall conductivity [8, 25], and has a quant-
ised spin-Hall response σ spin

xy = ±e/2π [8]. The role of the external magnetic �eld is played by

1The term topological insulatorwill be used for insulators with protected gapless edge or surface states, short-range
entanglement, but no adiabatic connection to trivial band insulators. For the speci�c case of two-dimensional to-
pological insulators protected by time-reversal symmetry, we shall also use the term quantum spin Hall insulator.
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Figure 1.1: (a) Helical edge states at the interface between a topological insulator and a trivial insulator.
(b) Corresponding band structure containing the bulk valence and conduction bands (grey-shaded), as
well as the gapless edge states with a crossing at the Fermi level protected by time-reversal symmetry.

spin-orbit coupling that modi�es the band structure, and the topological properties are hence
intrinsic. Time-reversal symmetry is essential for the stability of topological insulators against
disorder or interactions [8, 9]. Current experimental realisations are based on HgTe/CdTe or
InAs/GaSb quantum well structures [10, 26].2 Considerable experimental e�orts are also be-
ing made to realise the two-dimensional topological insulator in honeycomb materials such as
silicene [28, 29] and stanene [30, 31]. Z2 topological insulators protected by time-reversal sym-
metry also exist in three dimensions [32, 33] and were �rst realised in bismuth selenide [34, 35].
More generally, the concept of symmetry-protected topological states extends to topological su-
perconductors [36], topological crystalline insulators [37], Floquet topological insulators [38],
and interacting systems [39]. A complete classi�cation of single-particle Hamiltonians in terms
of the generic time-reversal, particle-hole, and chiral symmetries has been given in [40, 41].

The present thesis reviews exact numerical results for the Mott transition—a key problem of
condensed matter physics [42, 43]—of Dirac semimetals with long-range Coulomb repulsion,
as well as for interaction-driven magnetic transitions in topological insulators both in the bulk
and at the edge. Moreover, numerical �ndings regarding the existence of a topological Mott
insulator [44]—with interaction-generated spin-orbit-like bond order—are discussed.

Correlated electrons in topological bands (Landau levels) have been studied extensively in
the context of the fractional quantum Hall e�ect [20]. In contrast to topological insulators,
fractional quantum Hall states have fractional quasi-particle excitations and cannot be adia-
batically connected to noninteracting states. Similar to quantum spin liquids [45, 46], they are
characterised by intrinsic topological order [47] and long-range quantum entanglement [48]. In
close analogy to the noninteracting case, fractional topological insulators can be constructed by
combining two fractional quantum Hall states [49]. On the experimental side, SmB6 has been
argued to be a correlated topological (Kondo) insulator [50], whereas Sr2IrO4 is a candidate

2The physics of this system is determined by the gap at the Γ point [12]. If the HgTe quantum well has a thickness
d < 6.3 nm, the band structure is dominated by the surrounding CdTe layers, and the s (Γ6) bands lie above the
p (Γ8) bands. For d > 6.3 nm, the band structure becomes dominated by that of the quantum well and band
inversion takes place. The prediction that the inverted regime realises the quantum spin Hall insulator [12] was
experimentally veri�ed in [10, 27]. The helical edge states in HgTe had been predicted much earlier [11].
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Chapter 1. Introduction

for a topological Mott insulator [51, 52]. Correlated helical edge states with tunable Luttinger
parameters have been reported for InAs/GaSb [53]. A coexistence of strong correlations and
strong spin-orbit coupling is also expected in Ir-based transition metal oxides [54], decorated
graphene [55], and molecular graphene [56]. A time-reversal invariant spin liquid phase with
helical edge states was predicted for Na2IrO3 [57]. Another promising direction are transition-
metal oxide heterostructures (e.g., LaNiO3/LaAlO3), which provide substantial tunability [58,
59] and may realise topological phases either from intrinsic spin-orbit coupling [58] or from
interaction-induced orbital order [60–63]. Z2 topological insulators with tunable interactions
may be accessible with cold atoms in arti�cial gauge �elds [64, 65]. Finally, interacting Dirac
fermions can also be engineered with electrons in arti�cial crystals [66] or molecular graphene
[56], and with cold atoms in optical lattices [67].

Exact numerical methods, such as quantum Monte Carlo or exact diagonalisation, have played
a key role for the progress in understanding strongly correlated electrons. They provide un-
biased information about the properties of models that do not permit general analytical solu-
tions. The applicability of such methods has increased signi�cantly in recent decades as a result
of the combined progress in computer hardware and algorithms. For certain classes of models,
quantum Monte Carlo methods are free of a sign problem, allowing the simulation of system
sizes large enough to investigate exotic quantum spin liquid phases [68] or the universality of
phase transitions [69]. Nevertheless, while systems of bosons or non-frustrated spins can be
solved to almost arbitrary accuracy, the simulation of fermions remains challenging. Therefore,
the development of new algorithms is a central topic of current research. Numerical methods
have predictive power, but can also be used to validate predictions based on mean-�eld theory
or other approximations. Remarkably, certain models for correlated topological insulators can
be simulated without a sign problem [A1, 70]. Quantum Monte Carlo results for the Kane-Mele
model with electronic interactions will be reviewed in chapters 4 and 5. In contrast, the models
proposed to support topological Mott insulators are not currently amenable to Monte Carlo
simulations in the parameter region of interest, and have instead been investigated by exact
diagonalisation and cluster methods, see chapter 6.

The thesis is organised as follows. Chapter 2 gives an introduction to honeycomb lattice
models with or without spin-orbit coupling, which describe Dirac fermions and topological
insulators, respectively. It also de�nes the di�erent interaction terms considered. Chapter 3
explains the main aspects of the quantum Monte Carlo methods used. Bulk correlation e�ects
in Dirac semimetals and topological insulators with either a Hubbard or a Coulomb interaction
are reviewed in chapter 4. Interaction e�ects on the helical edge states of topological insulators
are the subject of chapter 5. Chapter 6 is devoted to numerical results regarding the topological
Mott insulator. Brief summaries in English and German are given, and the appendix contains
the original publications listed on page v.
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2 Models

The two-dimensional topological insulator can be realised in a variety of microscopic mod-
els. While a review of other models can be found in [1], here we only discuss the Kane-Mele
model de�ned on the honeycomb lattice, from which Kane and Mele originally deduced the
existence of two-dimensional topological insulators exhibiting the quantum spin Hall e�ect
[8, 9]. Another model of great signi�cance is the tight-binding model of Bernevig, Hughes,
and Zhang for HgTe quantum wells [12].1 The two key ingredients of the Kane-Mele model
are nearest-neighbour electronic hopping and spin-orbit coupling. In the absence of spin-orbit
coupling,2 the hopping term gives rise to a gapless, linear band dispersion at isolated points
in the Brillouin zone, as realised in graphene [3, 5, 7]. Remarkably, the low-energy physics of
graphene is described by massless Dirac fermions [2]. Spin-orbit coupling opens a gap in the
band structure and gives rise to a topological insulator [8, 9]. While not observable in graphene,
direct experimental realisations of the topological phase of the Kane-Mele model seem possible
in other honeycomb materials with signi�cantly stronger spin-orbit coupling [72]. The Kane-
Mele model can be combined with di�erent forms of electron-electron interactions to model
correlated Dirac fermions or topological insulators. Importantly, the symmetries of the model
allow the application of exact quantum Monte Carlo methods without a sign problem [A1],
see chapter 3. Here, we �rst introduce the honeycomb lattice and discuss the relation between
graphene and Dirac fermions, before exploring how topological insulators emerge from spin-
orbit coupling.3 Finally, we de�ne the interaction terms considered in chapters 4–6.

2.1 Dirac semimetal

Graphene is a two-dimensional, hexagonal or honeycomb lattice of carbon atoms, as shown in
�gure 2.1(a), with a lattice constant a = 0.142 nm [5]. The lattice can be considered to be a
triangular Bravais lattice with a two-site unit cell and lattice spacing

√
3a. The sublattices are

commonly denoted as A and B. The lattice vectors can be chosen as4 [see �gure 2.1(a)] [73]

a1 =
√
3ex , a2 =

√
3
2

(
ex +

√
3ey
)
. (2.1)

1See footnote 13 on page 11.
2The spin-orbit gap in graphene is approximately 10 mK and therefore not observable experimentally [71].
3The discussion will be partly based on references [13, 16, 73].
4In this introductory chapter, we set a = 1. In contrast,

√
3a = 1 in some of the original papers, see also page 16.
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2.1. Dirac semimetal

Figure 2.1: (a) The honeycomb lattice, a triangular lattice with a two-site (A, B) unit cell and lattice
constant

√
3a. The basis vectors are a1 and a2 [equation (2.1)]. (b) The Wigner-Seitz construction gives

a hexagonal �rst Brillouin zone containing the Dirac points K and K ′ [equation (2.3)]; b1 and b2 [equa-
tion (2.2)] are the basis vectors of the reciprocal lattice ful�lling ai · b j = 2πδi j .

The basis vectors of the reciprocal lattice are given by

b1 =
2π
√
3

(
ex −

1
√
3
ey

)
, b2 =

4π
√
3
ey , (2.2)

and the �rst Brillouin zone takes the form of a hexagon, see �gure 2.1(b). The zone corners,
only two of which (K and K′) are inequivalent, are referred to as the Dirac points. Here, we use
the choice shown in �gure 2.1(b),

K =
4π
3
√
3
ex , K′ = −K . (2.3)

Hybridisation of the 2s and 2p orbitals leads to three 2sp2 orbitals oriented in the xy-plane
with a mutual angle of 120◦, and a 2pz orbital perpendicular to the plane. In the two-dimensional
lattice, the planar orbitals form bonds with three neighbouring carbon atoms. The perpendic-
ular orbitals give rise to a valence (π ) and a conduction (π ∗) band that determine the electronic
properties. In the absence of dopants graphene has two electrons per unit cell (one electron per
site) corresponding to a completely �lled valence band.

A minimal tight-binding description takes into account nearest-neighbour hopping of elec-
trons. As illustrated in �gure 2.2(a), such processes connect the A and B sublattices and are
described by vectors ±δi with

δ1 =
1
2

(√
3ex + ey

)
, δ2 =

1
2

(
−
√
3ex + ey

)
, δ3 = −ey . (2.4)

The tight-binding Hamiltonian can be written as5

Ĥt = −t
∑
〈i,j〉

∑
s

c†iscjs = −t
∑
〈i,j〉

c†i c j (2.5)

5The notation 〈i, j〉 implies summation over c†i c j and its Hermitian conjugate c†j ci .
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Chapter 2. Models

where t is the hopping integral and we introduced the spinor c†i = (c†i↑, c
†

i↓). The operator c†is
creates a π electron with spin s at lattice site i .

To derive the band structure we introduce operators a†ls , b
†

ls acting on the A and B sites of
unit cell l , respectively. For each of the two spin directions, Fourier transformation then gives
the 2 × 2 matrix representation

H (k ) =

(
0 −д∗(k )

−д(k ) 0

)
(2.6)

with д(k ) = 1 + eik ·a2 + eik ·a3 and energy eigenvalues [7]

E±(k ) = ±|д(k ) | = ±t
√

3 + 2 cos
(√

3kx
)
+ 4 cos

(
3ky/2

)
cos
(√

3kx/2
)
, (2.7)

where E− (E+) corresponds to the valence (conduction) band. As illustrated in �gure 2.2(b), the
valence and conduction bands touch at the six zone corners of the �rst Brillouin zone,6 near
which the spectrum is linear and isotropic. The graphene band structure exhibits inversion,
time-reversal, and particle-hole symmetry.7 If the Fermi level EF lies exactly at zero energy, as
is the case for undoped graphene, the system is a semimetal with zero density of states at EF
but gapless excitations. The density of states vanishes linearly on approaching EF, N (ϵ ) ∼ |ϵ |
for ϵ = E − EF � t [7]. As con�rmed experimentally [3], the semimetal is stable with respect
to weak interactions. At strong coupling, it can undergo a variety of symmetry-breaking phase
transitions, see chapters 4 and 6.

The connection to Dirac fermions at low energies can be revealed by expanding the energies
around the gapless Dirac points using k = ±K + q with |q | � 1. Interchanging the spinor
components of A and B sublattices near K′ this leads to [73]

H (±K + q) = ±vF(qxσ
x + qyσ

y ) , (2.8)

with the Fermi velocity vF = 3t/2~, about 300 times smaller than the speed of light in vacuum
[73]. Equation (2.8) has the Dirac-Weyl formH (p) = ±σ ·p with energies E (p) = ±~|p |. Hence,
neglecting the physical spin of the electrons, the low-energy excitations in graphene resemble
two �avours (valley K and valley K′, or left-handed and right-handed) of massless Dirac fermi-
ons with a pseudospin degree of freedom σ corresponding to the wavefunction components on
the A and B sublattices. Excitations near a given Dirac point also have de�nite eigenvalues of
the helicity operator σ ·p/|p |. The resulting locking of pseudospin and momentum suppresses
intravalley backscattering q → −q and underlies the high carrier mobility of graphene [75].

While it has become common in the literature to use the term Dirac fermion more loosely, the
low-energy excitations in graphene indeed have all the required properties. In spatial dimension
d ≥ 1,8 Dirac particles with mass m are described by a Hamiltonian H = α · p + βm, where
6The location at the zone corners is due to the C3 rotational symmetry of the triangular Bravais lattice.
7The bands are spin-degenerate, E±↑ (k ) = E±↓ (k ) = E± (k ), which follows from the combination of space inversion
symmetry [E±s (k ) = E±s (−k )] and time-reversal symmetry [E±↑ (k ) = E±↓ (−k )] [74]. Finally, considering only
nearest-neighbour hopping, the spectrum also exhibits particle-hole symmetry [E±s (k ) = −E∓s (k )] [73].

8See [76] for a concise discussion of Dirac Hamiltonians and their symmetries in di�erent dimensions.
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2.1. Dirac semimetal

Figure 2.2: (a) Nearest-neighbour hopping is described by the vectors ±δ i [equation (2.4)]. (b) Band
structure of the model (2.5) with a gapless, linear dispersion near the Dirac points K and K ′.

the matrix β and the d-dimensional vector of matrices α depend on d . Symmetries impose
conditions on the form of α and β [76]. A relativistically covariant representation is given
by H = γ µPµ −m with the (d + 1)-momentum Pµ . The matrices γ µ (µ = 0, 1, . . . ,d) ful�l the
Cli�ord algebra, {γ µ ,γ ν } = 2дµν . Ford = 3, they are 4×4 matrices, and there exists an additional
matrix γ 5 that commutes with the others and generates the chiral symmetry of massless Dirac
fermions. The latter implies the conservation of the left– and right-handed components and
is broken for m , 0 [77]. For d = 2 and a single �avour, the 2 × 2 matrices γ 0,γ 1,γ 2 can be
expressed in terms of the Pauli matrices σx ,σy,σz . Since there is no additional matrix that
commutes with all γ ’s, chiral symmetry is unde�ned and the massive and massless cases have
the same symmetry [78].

At low energies graphene corresponds to two �avours of Dirac fermions [equation (2.8)].
De�ning the bi-spinor �elds [u (v) denotes the component on the A (B) sublattice]

Ψ†(q) =
(
u†(K + q),v†(K + q),u†(−K + q),v†(−K + q)

)
, (2.9)

and the corresponding slowly-varying �eld Ψ†(x ) =
∫ Λ d2q

(2π )2 e
iq·xΨ†(q) with ultra-violet cuto�

Λ, the low-energy physics is described by the Hamiltonian density [8]

H = −i~vF Ψ†(x )
(
τ z ⊗ σx∂x + τ

0 ⊗ σy∂y
)
Ψ(x ) . (2.10)

Here, the Pauli matrices σα act in sublattice (pseudospin) space whereas the τα act in valley
(�avour) space.9 For ~ = vF = 1 the corresponding Lagrangian can be written as [79, 80]

L0 = Ψ(x ,τ )γ µ ∂µΨ(x ,τ ) (2.11)

9We also de�ne the matrices σ 0, τ 0, and s0 corresponding to 2 × 2 identity matrices.
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Chapter 2. Models

with Ψ = Ψ†γ 0, ∂µ = (∂τ ,∇), and the 4 × 4 matrices γ 0 = τ 0 ⊗ σz , γ 1 = τ z ⊗ σy , and γ 2 =
τ 0 ⊗ σx that ful�l the Euclidean Cli�ord algebra {γ µ ,γ ν } = 2δµν . Given two �avours, there exist
additional matricesγ 3 = τ x⊗σy ,γ 5 = τy⊗σy , andγ 35 = −iγ 3γ 5 that commute withγ 0,γ 1,γ 2 and
generate a chiral symmetry [81]. Similarly, time-reversal, inversion, and translation symmetry
can be de�ned in terms of theγ matrices [81]. Of particular importance for the discussion below
will be time reversal (which in the spinless case corresponds to an exchange of the Dirac points)
and inversion (exchange of the sublattice components) [81]. Finally, the physical spin s doubles
the number of components to eight. Adding a spin index to equation (2.9) and rede�ning Ψ† =
(Ψ†
↑
,Ψ†
↓
) the Lagrangian becomes [79, 80]10

L0 = Ψ(x ,τ ) (s0 ⊗ γ µ ) ∂µΨ(x ,τ ) . (2.12)

2.2 Topological insulators
While the Dirac character of the low-energy excitations in graphene is extremely interesting
in its own right, Kane and Mele [8, 9] showed that spin-orbit coupling gives rise to an entirely
new state of matter, namely the two-dimensional topological insulator introduced in chapter 1.
Here, using the Kane-Mele model, we will illustrate how this state emerges from a microscopic
Hamiltonian, how it can be identi�ed from the Z2 topological invariant and the characteristic
edge states, and how it relies on time-reversal symmetry.

Our starting point is the Kane-Mele model of graphene [8, 9], which takes into account
nearest-neighbour hopping and spin-orbit coupling. We write the Hamiltonian as

ĤKM = −t
∑
〈i,j〉

c†i c j + i λ
∑
〈〈i,j〉〉

c†i (ν ij · s ) c j . (2.13)

Here, c†i =
(
c†i↑, c

†

i↓

)
as before. The �rst term is identical to equation (2.5), while the second term

describes spin-orbit coupling [8, 9]. It corresponds to a complex-valued next-nearest-neighbour
hopping term with amplitude±iλ de�ned in terms of a vectorν ij (see below) and the Pauli vector
s = (sx , sy, sz ) acting on the physical spin s . As shown below, the sign depends on the spin, the
sublattice, and the direction of the hop (left-turn or right-turn to get from j to i).

As illustrated in �gure 2.3(a), hopping between next-nearest-neighbour pairs 〈〈i, j〉〉 connects
sites on the same sublattice and is described by the vectors a1, a2 [de�ned in equation (2.1)],
and a3 = a2 − a1. To determine the sign of the spin-orbit term for given 〈〈i, j〉〉 the hop from,
say j to i (and likewise for i to j) is decomposed into a hop from j to the intermediate site k ,
followed by a hop from k to i . The unit vector ν ij in equation (2.13) is then de�ned as

ν ij =
d jk × dki

|d jk × dki |
, (2.14)

whered jk anddki connect site j to site k and site k to site i , respectively, and can be expressed in
terms of δi [see �gure 2.2(a)]. The vector ν ij is perpendicular to the xy-plane of the honeycomb

10In the following, identity matrices and tensor products are suppressed if no confusion can arise.
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2.2. Topological insulators

Figure 2.3: (a) Spin-orbit terms described by the vectors ±ai , see also �gure 6.2(a). (b) Band structure
of the Kane-Mele model with a spin-orbit gap ∆SO. Here, λ/t = 0.1.

lattice. Hence, ν ij · s = νzijsz = ±sz .11 Choosing the z-direction as the spin quantisation axis, we
see that the spin-orbit term conserves Sz but reduces the spin-symmetry from SU(2) to U(1).

Similar to the tight-binding Hamiltonian (2.5), we diagonalise the Kane-Mele model by Four-
ier transformation. Because of spin-orbit coupling, we use the basis (a†k↑,b

†

k↑,a
†

k↓,b
†

k↓) to obtain
the matrix representation

H (k ) =


γ (k ) −д∗(k ) 0 0
−д(k ) −γ (k ) 0 0
0 0 −γ (k ) −д∗(k )
0 0 −д(k ) γ (k )

 (2.15)

with д(k ) as in equation (2.7) and the spin-orbit contribution

γ (k ) = 2λ
[
2 cos(3ky/2) sin

(√
3kx/2

)
− sin

(√
3kx
)]
. (2.16)

The eigenvalues are
E±(k ) = ±

√
|д(k ) |2 + [γ (k )]2 , (2.17)

and reduce to the graphene dispersion (2.7) in the limit λ = 0. The spin-orbit coupling opens a
gap ∆SO = 3

√
3λ at the Dirac points [8, 82]. As for graphene, the resulting bands are Kramers

degenerate and particle-hole symmetric. If the gap is small, the low-energy theory corresponds
to massive Dirac fermions [8],

H = −i~vF Ψ†(x )
(
τ zσx∂x + σ

y∂y
)
Ψ(x ) + ∆SO Ψ†(x ) szτ zσz Ψ(x ) , (2.18)

11For example, the hop on sublattice A in the a1 direction in �gure 2.3(a) corresponds to d jk = δ1, dki = −δ2, and
νzi j = −1 (right turn). The corresponding hop on sublattice B has d jk = −δ2, dki = δ1, and νzi j = +1 (left turn).
By de�nition, ν ji = −ν i j . The spin-orbit terms for spin-up electrons are illustrated in �gure 6.2(a).
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Chapter 2. Models

with excitation energies E±(q) = ±
√

(~vF |q |)2 + ∆2
SO and q again de�ned relative to K or K′.

The topological aspects of the Kane-Mele model and their implications are most easily un-
derstood by recognising that the Hamiltonian matrix in equation (2.15) has the block form

H (k ) =

(
h(k ) 0
0 h∗(−k )

)
. (2.19)

Here, the upper (lower) 2× 2 block describes spin-up (spin-down) electrons, and the blocks are
related by time-reversal, Θh(k )Θ−1 = h∗(−k ), with Θ = K (complex conjugation) for spinless
fermions [83]. The block structure arises because Hamiltonian (2.13) conserves Sz .12 Equa-
tion (2.19) has the generic form of a two-band Hamiltonian with time-reversal symmetry and
spin conservation. The same structure is also obtained for the Bernevig-Hughes-Zhang model
[12], which describes the low-energy physics of HgTe quantum wells.13

The two-band Hamiltonian h(k ) corresponds to the momentum-space representation of the
spinless Haldane model [86]

ĤH = −t
∑
〈i,j〉

c†i cj − t2
∑
〈〈i,j〉〉

eiϕi jc†i cj , (2.20)

also de�ned on the honeycomb lattice. The �rst term describes nearest-neighbour hopping, the
second term a next-nearest-neighbour hopping with a Berry phase e±iϕ due to a staggered mag-
netic �ux through the lattice [86]. Setting ϕ = π/2 and t2 = λ produces hopping terms iλνzij and
Hamiltonian (2.20) becomes identical to one spin sector of the Kane-Mele model (2.13). Con-
versely, the Kane-Mele model can be written as two copies of the Haldane model by imposing
opposite signs for the Berry phases for spin-up and spin-down electrons [8]. While the Haldane
model has only been realised using cold atoms [87], the Kane-Mele model arises naturally from
spin-orbit coupling in topological insulators [10].

The gapless Dirac spectrum of h(k ) is protected by time-reversal and inversion symmetry. A
nonzero t2 breaks time-reversal symmetry,14 and allows for a nonzero Hall conductivity. The
Haldane model realises the integer quantum Hall e�ect with σxy = ±e

2/h in the absence of a
net magnetic �eld [86].15 The spinless low-energy theory takes the form

HH = −i~vF Ψ†(x )
(
τ zσx∂x + σ

y∂y
)
Ψ(x ) +mΨ†(x ) τ zσz Ψ(x ) . (2.21)

The Hall conductivity can be calculated by coupling the Dirac fermions to a weak electro-
magnetic �eld [2, 86, 88]. The low-energy gauge theory contains a topological Chern-Simons

12Sz -conservation is not generic for quantum spin Hall systems. However, nonconserving Rashba terms (discussed
below) are not essential to understand the topological phase.

13 The model is de�ned on the square lattice, with two orbitals per site. It contains orbital-dependent onsite energies
and intra– as well as interorbital hopping terms. Spin-orbit coupling connects s and p orbitals at neighbouring
sites. In contrast to the Kane-Mele model, there exist two distinct topological phases separated by a gapless
point [84]. The existence of two orbitals per site suggests that a sensible modelling of Coulomb repulsion should
include Hund coupling [85], in contrast to the Kane-Mele model where a simple Hubbard term is su�cient.

14Time-reversal symmetry requires Θh(k )Θ−1 = h(−k ), that is γ (k ) = 0.
15Systems exhibiting σxy , 0 without a magnetic �eld are also called quantum anomalous Hall– or Chern insulators.
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2.2. Topological insulators

term [20, 89]. Each �avour contributes ±e2/2h to the Hall conductivity, with the sign determ-
ined by the sign of the mass at K and K′, respectively [16]. For the Haldane model (2.20), the
matrix τ z in the mass term implies mK ′ = −mK , which breaks time-reversal symmetry corres-
ponding to invariance under exchange of the Dirac points [81]. The total Hall conductivity is
σxy = ±e

2/h. The even number of �avours and the resulting integer quantisation of σxy are a
consequence of fermion-doubling on a lattice [90]. In contrast, a mass termmΨ†σz Ψ due to a
staggered potential (+ϵ on sublattice A, −ϵ on sublattice B) preserves time-reversal symmetry
and givesmK ′ =mK as well as σxy = 0 [16].

The quantised Hall conductivity can also be obtained without invoking the continuum limit.
The relation between the momentum-space topology of wavefunctions and the quantisation of
σxy was �rst established in [21]. The Hall conductivity has the form σxy = (e2/h)

∑
mCm and

involves the sum over the integer Chern numbers Cm of the occupied bands. For a two-band
system, the Chern number of the valence band is given by

C =
1
2π

∫
d2k F (k ) , (2.22)

and corresponds to the total Berry �ux through the Brillouin zone [21–23, 91]. Here, F (k ) =
∇k × A (k ), with the Berry phase A (k ) = i 〈u | ∇k |u〉 whose line-integral around a closed loop
in momentum space gives the phase picked up by the Bloch state |u〉 [91]. In the Haldane model,
a nonzero total Hall conductivity arises from the existence of two half-skyrmions of opposite
topological charge at K and K′ [16].

For two-band models, a simpler expression for σxy can be derived. Writing h(k ) from equa-
tion (2.19) in the form h(k ) · σ , and assuming an insulating system with the Fermi level in the
gap, the Kubo formula gives for σxy at zero temperature [92]

σxy = −
e2

h
Q , Q =

1
4π

∫
d2k ĥ ·

(
∂kx ĥ × ∂kyĥ

)
. (2.23)

with ĥ = h/|h |. Q takes on integer values and corresponds to the winding number of the
mapping from the Brillouin zone to the unit sphere de�ned by ĥ [16, 92, 93].

As observed experimentally, the quantisation of σxy is robust with respect to interactions,
disorder, and sample imperfections. Within the Haldane model, this can be understood from
the fact that the winding number of ĥ cannot change as a result of small variations of the
model parameters. Instead, a change of Q requires a closing of the gap, corresponding to a
singularity of ĥ. Such a change occurs at the interface between a region with mK ′ = −mK

(topological) and a region with mK ′ = mK (trivial), see �gure 2.4(a). Keeping mK �xed, the
interface can be modelled as a domain wall in the mass mK ′ = mK ′ (y) which changes from
mK ′ = −mK to mK ′ = +mK [16]. Similar to solitons in polyacetylene [94, 95], the domain wall
gives rise to a zero-mode localised around the interface in the y-direction, but delocalised in
the x-direction along the interface or edge. Fermions can propagate along the interface in only
one direction (+x or −x ) with dispersion ϵ (kx ) = ±~vFkx depending on the signs of the masses,
and form a chiral liquid. The existence of a chiral liquid at the interface can also be deduced
by imposing gauge invariance on the e�ective Chern-Simons theory on a geometry with open

12



Chapter 2. Models

Figure 2.4: (a) Chiral edge state at the interface between a Chern insulator (mK ′ = −mK ) and a trivial
insulator (mK ′ = mK ). (b) Corresponding band structure with the bulk valence and conduction bands
(grey-shaded) and the gapless chiral edge state.

boundaries [96], or by solving the Haldane model numerically on a geometry with edges [8].
The equivalence of the bulk and edge topological invariants was �rst shown in [97].

Having established the nontrivial topological properties of the Haldane model with mK ′ =

−mK , we now return to the Kane-Mele model. The mass term in equation (2.21) impliesms
K ′ =

−ms
K ,m↑K = −m

↓

K , andm↑K ′ = −m
↓

K ′ . Accordingly, σ↑xy = −σ↓xy and σxy = σ↑xy+σ↓xy = 0, consistent
with the time-reversal symmetry of the Kane-Mele model.16 Remarkably, while σxy = 0 implies
the absence of a nonzero Chern number, not all time-reversal invariant Hamiltonians in two
dimensions are equivalent. Instead, they fall into one of two classes distinguished by a Z2 index
ν = 0, 1. Systems with ν = 0 are adiabatically connected to trivial band insulators, while those
with ν = 1 correspond to topological insulators [8, 9].

The Kane-Mele model (2.13) with λ , 0 is a topological insulator with spin-Hall conductivity
σ

spin
xy = (~/2e ) (σ↑xy − σ↓xy ) = ±e/2π [8, 98] (the sign depends on the sign of λ). It therefore

supports a spin current J spin = (~/2e ) (J↑ − J↓) in an applied electric �eld. The topological
invariant ν can be de�ned as ν = Cspin mod 2 [13] with the spin Chern number Cspin = (C↑ −
C↓)/2 = ±1 [98, 99] and the Chern numbersCs of the two independent Haldane systems. In this
case, we can write σ spin

xy = ±νe/2π in analogy with the integer quantum Hall e�ect. Because the
Kane-Mele model combines two copies of the Haldane model, the above reasoning regarding
the existence of zero-modes or edge states also carries over. Each spin direction contributes
one chiral edge mode per edge. At a given edge we hence have two counter-propagating and
spin-polarised modes, exactly the helical edge modes schematically illustrated in �gure 1.1.
Figure 2.5(a) shows a zigzag ribbon geometry with edges parallel to thex-axis. Spin-up electrons
move along the positive x-direction at the upper edge, while spin-down electrons move in the
opposite direction. At the bottom edge, the directions are reversed. The numerically calculated
spectrum is shown in �gure 2.5(b), revealing the gapped bulk states with spin-orbit gap ∆SO and

16 For spin-1/2 particles, time-reversal is described by Θ = eiπσyK , corresponding to a spin �ip plus complex
conjugation [83]. Hamiltonian (2.15) is symmetric under time-reversal: ΘH (k )Θ−1 = H (−k ). At the �eld-
theory level, time-reversal involves a spin �ip and the exchange of K and K ′; the combination of these two
operations leaves the spin-orbit mass term in equation (2.21) invariant.
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Figure 2.5: (a) Zigzag ribbon with periodic (open) boundary conditions in the x– (y–) direction. (b)
Energy spectrum of the Kane-Mele model on a zigzag ribbon. The grey shading indicates bulk states
with energy |E | > ∆SO = 3

√
3λ. Only the edge states localised at the top edge are shown. Here, λ = 0.1t .

the helical edge states from the upper edge that connect the projected Dirac points and have a
zero-energy crossing at k = kx = π . As for the integer quantum Hall case, the existence of these
states may also be inferred from a �ux-insertion argument [9, 100]; a Chern-Simons theory for
topological insulators has been developed in [101]. Because of their exponential localisation,
the edge modes are essentially one-dimensional liquids. In the continuum limit, a single-pair
of helical edge states—as realised in the Kane-Mele model—is described by [102, 103]

Hedge = i~vF
∫

dx Ψ†sz∂xΨ , Ψ† = (ψ †
↑
,ψ †
↓
) , (2.24)

where ψ↑ ≡ ψR↑ and ψ↓ ≡ ψL↓ describe right– and left-moving fermions with spin ↑ and ↓,
respectively.17 Although extremely useful for low-energy descriptions, such edge theories are
associated with gauge anomalies and can only be consistently de�ned in two dimensions [104,
105]. For two-dimensional topological insulators, the holographic nature of the edge states also
follows from a one-dimensional analogue of the fermion doubling theorem [102].

The above discussion reveals the possibility of topological insulators with a nonzero spin-
Hall conductance and edge states, but a comprehensive understanding and the identi�cation
of topological insulators as a genuinely new state of matter requires further arguments. The
construction of the topological insulator from two independent integer quantum Hall states
crucially relies on the conservation of Sz , allowing us to de�ne ν in terms of the Chern numbers
C↑, C↓. The U(1) spin symmetry of Hamiltonian (2.15) implies a conservation of spin currents
and hence a quantised spin-Hall conductivity. While spin conservation allows for a simpli�ed
description, it is neither essential nor generic for topological insulators, which are in general
described by a full 4× 4 Bloch Hamiltonian [9, 92, 106]. A spin-Hall response persists, but σ spin

xy

is not quantised and spin currents not conserved. Nevertheless, the Z2 invariant retains its
value ν = 1 [9, 98], distinguishing topological and trivial insulators. Without interactions, ν is

17Because of the locking of momentum and spin we can drop either the L,R or the ↑,↓ indices.
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Chapter 2. Models

identical to the parity of the number of pairs of helical edge states [9, 13].18 This bulk-boundary
correspondence is a generalisation of the ideas of Halperin [24]. A topological insulator with
ν = 1 is hence more than just two copies of the integer quantum Hall state.19 The Z2 index can
also be determined from the Bloch bands

∣∣um (k )〉 [8]. Given inversion symmetry, it su�ces
to calculate the parity eigenvalues of the states at the time-reversal invariant momenta [106].
Methods to calculate ν for interacting systems will be discussed in chapter 4.

The most important perturbation that violates Sz conservation [reducing the spin symmetry
from U(1) to Z2] is Rashba spin-orbit coupling due to a broken inversion or mirror symmetry
z → −z [107]. In graphene, it typically arises from the presence of a substrate20 and has the
form of a complex nearest-neighbour hopping [8, 9],

ĤR = i λ′
∑
〈i,j〉

c†i (
1
2s × dij )z c j . (2.25)

Rashba coupling is generally di�cult to include in numerical simulations and gives rise to a
sign problem in quantum Monte Carlo simulations, see chapter 3. The stability of the edge
states in the presence of Rashba spin-orbit coupling has been numerically veri�ed [9, 98]. For
the Kane-Mele model, the topological phase persists as long as λ′ < 2

√
3λ [8, 98].

While integer quantum Hall states are stable with respect to any local perturbations (corres-
ponding to class A of the general classi�cation [40, 41]), topological insulators are protected
by time-reversal symmetry (class AII). As long as the latter is preserved, local perturbations
such as disorder or electron-electron interactions cannot change ν [8, 9, 102, 108]. Exploiting
the bulk-boundary correspondence, this stability can also be understood in terms of the helical
edge states. Considering a single pair of edge states with dispersion ϵs (k ), time-reversal sym-
metry demands that ϵ↓(−k ) = ϵ↑(k ). Because the momenta k = 0,π are invariant (modulo a
reciprocal lattice vector) under time-reversal,

ϵ↑(k ) = ϵ↓(k ) , (2.26)

a crossing of the edge states at k is protected.21 While backscattering (the most relevant per-
turbation in ordinary one-dimensional metals [109]) is completely absent in chiral edge states
of integer quantum Hall systems because there are no states with opposite momentum, in hel-
ical metals the reason is that the single-particle states |k,↑〉 and |−k,↓〉 are Kramers partners
and therefore orthogonal [8, 14, 102, 108]. The stability with respect to disorder was numer-
ically veri�ed in [98, 110]. The presence of counter-propagating electrons at a given edge has
important implications for strongly interacting systems, as discussed in chapter 5. Regardless
of time-reversal symmetry backscattering is not forbidden in systems with an even number of
edge state pairs (ν = 0) so that the edge modes can be gapped out [102, 108].

While the above discussion has established that topological insulators are robust with re-
spect to weak perturbations, allowing for their experimental realisation, strong perturbations

18Because the Haldane model has Chern number C = ±1, and hence one chiral mode per edge, the Kane-Mele
model has one pair of edge states per edge.

19However, the two states can be connected adiabatically, i.e., without closing the bulk gap [100].
20Inversion symmetry is also broken in the experimentally studied HgTe/CdTe quantum well structures [10].
21A topological insulator with one pair of edge states has a crossing at either 0 or π .
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have the potential of changing the topological invariant and hence the physical properties.
Within the Kane-Mele model, the topological phase disappears when the gap is closed by a
competing term such as Rashba coupling [98, 110] or a staggered potential [25]. The topolo-
gical state can also be destroyed if the protecting time-reversal symmetry is broken [39]. Such
a symmetry-breaking can be the result of an external magnetic �eld or, more interestingly, take
place spontaneously at interaction-driven phase transitions involving the onset of magnetism.
The latter possibility will be explored in detail in chapters 4 and 5.

2.3 Interaction terms
In this section, we de�ne the interaction terms considered in the following chapters.

The Hubbard interaction amounts to a repulsion between electrons of opposite spin occupy-
ing the same orbital or site [111]. For the honeycomb lattice models considered here, we write
it in the form

ĤU =
U

2

∑
i

(n̂i − 1)2 , (2.27)

where the density operator is de�ned as n̂i = c†i ci = c†i↑ci↑ + c
†

i↓ci↓. We also de�ne the electron
spin operator Ŝi =

1
2
∑

ss ′ c
†
issss ′cis ′ . The Kane-Mele model with the Hubbard term (2.27) is

referred to as the Kane-Mele-Hubbard model and was �rst considered in [82].
In the absence of e�cient screening, for example due to the vanishing density of states at the

Fermi level in graphene [112, 113], a more realistic interaction is

ĤV =
1
4

∑
ij

Vij (n̂i − 1) (n̂j − 1) , (2.28)

where the matrix elements are given by22

Vij =

{
2U , if |r i − r j | = 0
αUδ
|r i−r j |

, if |r i − r j | > 0 . (2.29)

To facilitate a comparison with results for the Hubbard repulsion (2.27), the interaction is
de�ned such that both the local and the nonlocal part scale with the Hubbard parameter U .
Their relative strength is determined by α , with α = 0 corresponding to the local Hubbard
interaction (2.27). The physical Coulomb interaction has the familiar formV (r ) = e2/ϵ0r . Inter-
estingly, the small value of the charge velocity vF ≈ c/300 in graphene signi�cantly enhances
the ratio of potential and kinetic energy compared to standard QED [113]. Moreover, vF � c
implies that the interaction is essentially instantaneous [113]. The Kane-Mele model with the
interaction term (2.28) will be referred to as the Kane-Mele-Coulomb model [A7].

22 Here, δ = 2
3 |a2 −

1
2a1 | is the distance between the two sites in the unit cell, see �gure 2.1(a). δ = a = 1 in the

convention used in this chapter, but δ = 1/
√
3 for example in chapter 4.
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Finally, we will discuss extended Hubbard models with interactions of the form

ĤUV1V2 = U
∑
i

n̂i↑n̂i↓ +V1
∑
〈i,j〉

n̂in̂j +V2
∑
〈〈i,j〉〉

n̂in̂j (2.30)

for spinful fermions and
ĤV1V2 = V1

∑
〈i,j〉

n̂in̂j +V2
∑
〈〈i,j〉〉

n̂in̂j (2.31)

for spinless fermions on the honeycomb lattice. Here, V1 is a repulsion between fermions on
nearest-neighbour sites connected by the vectors ±δi in �gure 2.2(a), while V2 is a repulsion
between next-nearest-neighbour sites connected by the vectors ±ai in �gure 2.3(a). In con-
trast to the monotonically decaying Coulomb interaction (2.28) discussed in chapter 4, we will
consider interactions V2 > V1 in chapter 6.

All results shown in the following chapters were obtained for half-�lled bands, corresponding
to two electrons per unit cell for spinful models, and one fermion per unit cell for spinless
models. Given particle-hole symmetry, the chemical potential for half-�lling is zero. For the
simulations, honeycomb lattices with L×L′ unit cells and N = 2LL′ lattice sites were used. The
units were chosen such that e = ~ = kB = 1.
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3 �antum Monte Carlo methods
The majority of research underlying this thesis was carried out with the help of quantum Monte
Carlo methods. The present chapter begins with an introduction to Monte Carlo methods in
general, followed by brief expositions of the auxiliary-�eld method and the continuous-time
interaction-expansion (CT-INT ) method. Further details regarding the implementation and the
applications discussed in later chapters can be found in the appendix, as well as in the references
provided below. General introductions to Monte Carlo methods can be found in, e.g., [114, 115],
whereas methods for correlated fermions are reviewed in, e.g., [116–120].

The use of Monte Carlo methods can be motivated by considering integrals of the form

〈A〉 =

∫
dNx A(x ) p (x ) , (3.1)

where p (x ) is positive de�nite and normalised to unity,
∫
dNx p (x ) = 1, and can therefore be

interpreted as a probability density. Equation (3.1) has the typical form of an expectation value
of a quantityA. If the dimensionN is large, standard integration methods such as Simpson’s rule
are insu�cient because for a given precision the number of mesh points increases exponentially
with N [115]. However, given R independent random samples xr from the distribution p (x ) and
corresponding values A(xr ), a stochastic estimate is

A =
1
R

R∑
r=1

A(xr ) . (3.2)

According to the central limit theorem, for any probability distribution p (x ), this average be-
comes normally distributed around the true value 〈A〉 for large R: A = 〈A〉 ± ∆A. The stat-
istical error is ∆A = σA/

√
R where σA is the intrinsic variance of A with respect to p (x ),

σ 2
A = 〈A

2〉 − 〈A〉2. Importantly, ∆A can be reduced by increasing the number of measurements
R, and the convergence with R does not explicitly depend on the dimension N . While σA is
usually not known, it can be estimated from

σ 2
A
=

1
R − 1

R∑
r=1

[
A(xr ) −A

]2
. (3.3)

The sampling of the integral (3.1) by drawing points xr from a distribution q = p rather than
from the uniform distribution q = 1 is an example of importance sampling. The variance σ 2

A can
be reduced by optimising the distribution q for a given integrand to avoid con�gurations that
make negligible contributions; σ 2

A is minimal (zero) for the academic choice q = Ap/〈A〉 [115].
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High-dimensional integrals or sums of the form (3.1) arise naturally when considering the
thermodynamic expectation value of an observableA. For example, for the classical Ising model,
the sum is over spin con�gurations s with a spin si = ±1 on each of the N lattice sites,

〈A〉 =
1
Z

∑
s

A(s ) e−βE (s ) , Z =
∑
s

e−βE (s ) . (3.4)

Here, β = (kBT )
−1 is the inverse temperature, E the energy, and Z the partition function. More

generally, Z =
∑

CW (C ) and expectation values take the form

〈A〉 =
∑
C

〈〈A(C )〉〉CW (C ) , (3.5)

with the con�guration weight W (C ) = e−βE (s )/Z for the Ising model. By sampling con�gura-
tions according to their Boltzmann weight [121], Monte Carlo methods avoid regions of phase
space that make exponentially small contributions to expectation values. This is a crucial as-
pect given the fact that even for classical systems the phase space grows exponentially with
system size. For the Ising model, the number of possible con�gurations is 2N .

For quantum systems, the starting point is the partition function Z = Tr e−βĤ , which can
be mapped to a classical problem with an additional dimension of length β corresponding to
imaginary time via Feynman’s path-integral and Wick’s rotation [122, 123]. Di�erent repres-
entations of the trace result in di�erent quantum Monte Carlo methods. For example, writing
the trace as a sum over Fock states leads to world-line methods [124].1 While a functional
integral representation in terms of Grassmann variables cannot be directly sampled, e�cient
and versatile Monte Carlo algorithms for fermionic systems have been developed by express-
ing Z as a sum over auxiliary-�eld con�gurations [126] (section 3.1) or over con�gurations of
interaction vertices [127] (section 3.2).

For many years, it was commonly believed that a discretisation of imaginary time (the Suzuki-
Trotter decomposition [128, 129], see below) is essential for quantum Monte Carlo simulations.
This limitation was �rst overcome for bosons and spins [130–133], while continuous-time al-
gorithms for fermions have appeared more recently [127, 134–138]. Although continuous-time
methods have become the standard for the solution of impurity and cluster problems in the
context of quantum cluster theories [136, 139], a general method for lattice problems with the
same linear scaling with inverse temperature as the auxiliary-�eld method is not yet available.

In contrast to the discussion of Monte Carlo integration of equation (3.1), it is usually not
possible to directly sampleW in equation (3.5). Instead, starting from a random initial con�g-
uration, new con�gurations are generated in such a way as to obtain a Markov chain whose
equilibrium (reached after a warmup phase) isW [121]. A su�cient condition for the Markov
property [the probability P (Cn → Cm ) to move to a new con�gurationCm only depends on the
current con�guration Cn] is detailed balance, W (Cn )P (Cn → Cm ) =W (Cm )P (Cm → Cn ) [115].

1While world-line methods [117, 118, 120, 125] are extremely useful for bosons and spins, they su�er from a severe
minus-sign problem for fermions in more than one dimension due to Fermi statistics.
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The latter is ful�lled by the Metropolis-Hastings algorithm [121, 140], according to which the
Monte Carlo move from Cn to Cm is accepted with probability [140]

P (Cn → Cm ) = min
[
1,
T (Cn → Cm )

T (Cm → Cn )

W (Cm )

W (Cn )

]
. (3.6)

If the proposals are symmetric, T (Cn → Cm ) = T (Cm → Cn ), a more likely con�guration is
always accepted, whereas a less likely con�guration is accepted with probabilityW (Cm )/W (Cn ).
In contrast to the exact sampling leading to equation (3.3), consecutive con�gurations in a
Markov chain are usually not statistically independent. The autocorrelations have to be taken
into account when calculating error bars of observables, and can be reduced by performing
more updates between measurements or using suitable nonlocal updates.

Especially for fermionic systems, the con�guration weightW (C ) is not necessarily positive
[141]. This so-called sign problem can be formally overcome by sampling con�gurations accord-
ing to |W |, and treating the sign ofW as part of the observables: 〈A〉W = 〈A sign〉|W |/〈sign〉|W | .
However, this reweighting is only useful for su�ciently large values of 〈sign〉. If there is a sign
problem for a given combination of model and method, the average sign typically depends expo-
nentially on system size and inverse temperature [142], leading to an exponentially increasing
computational e�ort to reach a given accuracy. While a general solution of the sign problem has
been shown to be NP-hard [143], there are a number of interesting models for which the weights
are positive as a result of symmetries. In the absence of a sign problem, quantum Monte Carlo
simulations scale polynomially with system volume and inverse temperature and can be used
to carry out unbiased studies on large lattices. For systems of bosons or nonfrustrated spins,
algorithms that scale ∼ βN can be used to obtain results of essentially arbitrary accuracy even
in higher dimensions [120]. On the other hand, fermionic problems remain challenging despite
advances in algorithms and hardware. A discussion of recent developments and a comparison
of di�erent algorithms for fermions can be found in [138].

3.1 Auxiliary-field method

Despite the above-mentioned recent progress in continuous-time Monte Carlo methods for fer-
mions, discrete-time auxiliary-�eld methods continue to play a central role for the investigation
of correlated fermions due to their versatility and βN 3 scaling of computer time. In contrast
to world-line methods, and given certain symmetries of the Hamiltonian, it is possible to show
that the con�guration weights are strictly positive. This is in particular the case for the Kane-
Mele-Hubbard and Kane-Mele-Coulomb models discussed in chapter 4. Auxiliary-�eld meth-
ods can also be used to investigate, e.g., Kondo lattice models [144] or electron-phonon models
[145], and allow the calculation of entanglement properties [146]. The method described below
goes back to the work of Blankenbecler, Scalapino, and Sugar [126] and is also known as the
BSS method. The following discussion partly follows [118], and the reader may also �nd the
exposition in [147] and [148] very useful.

The key idea is to express the grand-canonical partition function of an interacting problem
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in terms of a noninteracting fermions coupled to auxiliary �elds,

Z = Tr e−β (Ĥ−µN̂ ) =

∫
D[ϕ] e−S[ϕ] . (3.7)

Within the functional integral formalism, the Hubbard-Stratonovich decoupling of a fermion-
fermion interaction Sint =

∑
ij ρiVij ρj with Grassmann bilinears ρi =

∑
s ψ isψis takes the gen-

eral form [149]

e−
∑

i j ρiVi jρ j =

∫
D[ϕ]e−

1
4
∑

i j ϕiV
−1
i j ϕ j−i

∑
i ϕiρi . (3.8)

The decoupling makes the action quadratic in the fermionic �elds so that the latter can be
integrated out. The resulting problem takes the form of free electrons moving in a space– and
time-dependent potential de�ned by the auxiliary �elds. The integral over �eld con�gurations
can be carried out by Monte Carlo methods. In particular, the Gaussian form of the theory for a
�xed �eld con�guration allow expressing arbitrary observables in terms of the single-particle
Green function [150].

The BSS method is formulated in discrete imaginary time [126]. Similar to the derivation of
the functional integral [115], a Suzuki-Trotter decomposition [128, 129] is used to separate the
contributions from the single-particle part Ĥt [e.g., equation (2.5)] and the interaction part ĤU

[e.g., equation (2.27)] of the Hamiltonian. Thereby, the partition function becomes

Z ≈ Tr
[
(e−∆τ ĤU e−∆τ Ĥt )M

]
, (3.9)

with leading corrections of O (∆τ 2) and ∆τ = β/M . The Hubbard-Stratonovich transformation
used to decouple the interaction is not unique, and the choice depends on the application. For
the present discussion, we consider [151]

e−∆τU
∑

i (n̂i−1)
2
= γN

∑
ϕ1,...,ϕN

eα
∑

i ϕi (n̂i↑−n̂i↓) , (3.10)

where γ = 1
2e
−∆τU /2, and coshα = e∆τU /2. Carrying out this decoupling on each time slice

leads to NM Ising �elds ϕi,m = ±1. The exact transformation (3.10) couples the Ising �elds
to the magnetisation, so that the SU(2) spin symmetry is broken for each con�guration and
only restored after averaging. Therefore, a di�erent transformation with discrete �elds ϕi,m ∈
{−2,−1, 1, 2} and overall error O (∆τ 3) [152] was used for the Kane-Mele-Hubbard model in
chapter 4, see [A3]. While a rather similar algorithm with discrete �elds can be derived for
nonlocal interactions [153], the simulations of the Kane-Mele-Coulomb model were based on
equation (3.8) and Monte Carlo sampling of continuous gauge �elds de�ned in discrete space-
time [A7]. Similar methods were previously applied to graphene and in lattice QED [154–156].

Following [118], we write Ĥt − µN̂ =
∑

xy c
†
xTxycy with the single-particle matrix T ,2 and

α
∑

i ϕi (n̂i↑−n̂i↓) =
∑

xy c
†
x [Vϕ]xycy with the interaction matrixVϕ that depends on the auxiliary-

2Here, x and y correspond to combinations of a lattice site and a spin direction, e.g., x = (i, s ), y = (j, s ′).
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�eld con�guration ϕ = {ϕi,m}. Neglecting terms of order ∆τ 2 and higher we have [126]

Z ≈ Γ
∑
ϕ

Tr

[
M∏

m=1
e
∑

xy c
†
x [Vϕ ]xycye−∆τ

∑
xy c

†
xTxycy

]
= Γ

∑
ϕ

det
[
1 + Bϕ (β , 0)

]
, (3.11)

with Γ = γNM and the imaginary-time propagator

Bϕ (τ2,τ1) = Bϕ (m2∆τ ,m1∆τ ) =

m2∏
m=m1+1

eVϕe−∆τT . (3.12)

To obtain the form (3.5), 〈A〉 = Tr [Âe−βH ]/Z ≈
∑

ϕ〈〈A〉〉ϕW (ϕ) with an error O (∆τ 2) [157], we
de�ne the con�guration weight

W (ϕ) =
det[1 + Bϕ (β , 0)]∑
ϕ det[1 + Bϕ (β , 0)]

. (3.13)

For each con�guration, Wick’s theorem can be used to express 〈〈A〉〉ϕ in terms of the single-
particle Green function, which is given by[

Gϕ (τ )
]
xy
= 〈〈cx (τ )c

†
y (τ )〉〉ϕ =

[
1 + Bϕ (τ , 0)Bϕ (β,τ )

]−1
xy
. (3.14)

The latter plays a central role in the algorithm because it also determines the ratio of con�gura-
tion weights, see below. Similarly, dynamic correlation functions can be calculated by averaging
Wick decompositions in terms of the time-displaced Green function matrixGϕ (τ1,τ2). For spin-
1/2 models, the matrices in equation (3.14) have dimension 2N × 2N . If spin is conserved, the
weight can be factorised into s =↑,↓ components, W = W ↑W ↓, where W s has the form of
equation (3.13) with N × N matrices Bsϕ [126, 147].

The Monte Carlo sampling is done in terms of a Markov chain. In each step, a single Ising
�eld ϕi,m from the current con�guration ϕ is selected and proposed to be updated, leading to a
new con�gurationϕ′. To decide upon the acceptance of this update according to equation (3.6),
the ratio W (ϕ′)/W (ϕ) is calculated. After a su�cient number of updates to obtain a statistic-
ally independent con�guration, observables can be measured. In practice, two key problems
have to be overcome for a useful algorithm. First, to achieve the aforementioned scaling of
computer time ∼ βN 3, the local nature of the updates has to be exploited [126].3 Second, a
3Changing a single �eld ϕi,m implies that only one element of the matrixVϕ in equation (3.12) is a�ected. Accord-
ingly, Bsϕ′ (β, 0) = Bsϕ (β ,m∆τ ) (1 + ∆s )Bsϕ (m∆τ , 0) with ∆s

jk = δ jiδki (e
−2sαϕi,m − 1) [147]. The ratio of weights is

given by W s (ϕ ′)/W s (ϕ) = 1 + {1 − [Gs
ϕ (τ )]ii }∆

s
ii . If the update is accepted, the Green functions Gs

ϕ (τ ) can be
updated e�ciently using the Sherman-Morrison formula [158]

(M−1 +uvT )−1 = M−1 −
M−1uvT M−1

1 +vT M−1u
. (3.15)

The sweeps are done sequentially: starting on the �rst time slice, updates are proposed at all lattice sites before
proceeding to the next time slice. Thereby, information stored from previous updates can be re-used [118]. The
Green function update on a given time slice requires O (N 2) operations, so sweeping through all NM �elds gives
the aforementioned N 3M (or N 3β) scaling [147]. For more details see [118, 147].
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direct calculation of the Green function according to equation (3.14) is numerically unstable at
low temperatures and requires stabilisation [118, 147, 159–161]. Similar issues arise in the cal-
culation of the time-displaced Green function [118, 162]. The auxiliary-�eld method produces
results with statistical errors (controlled by the number of measurements) and a Trotter discret-
isation error (controlled by the number of time slices); the latter is a high-energy error that can
often be neglected compared to statistical errors, or be removed by extrapolating observables
to the limit ∆τ → 0.

While we have only discussed the grand-canonical case so far, the method can also be for-
mulated in a projective, canonical variant to obtain ground-state results [147, 161, 163]. The
starting point is the following expression for the ground-state expectation value of Â,

〈A〉(θ ) =
〈Ψ0 | Â |Ψ0〉

〈Ψ0 | Ψ0〉
= lim

θ→∞

〈ΨT | e−θĤÂ e−θĤ |ΨT〉

〈ΨT | e−2θĤ |ΨT〉
. (3.16)

Here, |Ψ0〉 is the ground state of Ĥ , |ΨT〉 is a trial wavefunction (a Slater determinant) with
nonzero overlap 〈ΨT | Ψ0〉, and θ is a projection parameter. The projective formulation has many
analogies with the �nite-temperature algorithm [118, 147]. The sampling is again in terms of
local Ising �eld updates. Fast updates can be implemented, and the numerical stability of the
matrices is less critical than for the �nite-temperature algorithm. The projective formulation is
advantageous to study ground-state properties and has been used for the majority of results in
chapter 4. For a detailed discussion and comparison to the �nite-temperature method see [118].

The auxiliary-�eld method is free of a sign problem in a number of nontrivial cases. These
include the attractive Hubbard model at any �lling, and the repulsive Hubbard model on bipart-
ite lattices at half-�lling [164]. In both cases, the proof of the absence of a sign problem is based
on a factorisation of the weight (3.13),W (ϕ) =W↑(ϕ)W↓(ϕ). For the attractive Hubbard model,
W↑(ϕ) =W↓(ϕ) and real,4 so thatW (ϕ) > 0 for all con�gurations ϕ. For the repulsive Hubbard
model,W (ϕ) > 0 can be demonstrated by a particle-hole transformation c†is 7→ (−1)icis in one
spin sector with (−1)i = ±1 depending on the sublattice [164].5 For the Kane-Mele models con-
sidered in chapter 4, the positivity ofW (ϕ) at half-�lling follows fromW↑(ϕ) =W ∗

↓ (ϕ) (complex
conjugation) due to particle-hole and time-reversal symmetry [A1, A3, 166]. A nonzero Rashba
term, equation (2.25), does no longer permit a factorisation into spin components and breaks
particle-hole symmetry, which leads to a sign problem. Models of spinless fermions exhibit a
sign problem in the above BSS formulation because there is only one determinant, but can be
expressed in terms of two species of Majorana fermions to obtain positive weights [167]. The
absence of a sign problem can also be shown in cases where the weights do not factorise but
the determinant is a product over eigenvalues that occur in complex-conjugate pairs as a result
of an anti-unitary symmetry such as time-reversal or particle-hole symmetry [70].

4The Hubbard-Stratonovich transformation in this case can be chosen to couple to the density n̂i↑ + n̂i↓ [151].
5The transformation provides an exact mapping between the attractive and repulsive models at half-�lling [165].
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3.2 CT-INT method
The CT-INT method is part of a group of continuous-time Monte Carlo methods for fermions
that have been widely adopted as impurity solvers for quantum cluster methods such as dy-
namical mean-�eld theory [168]. These methods are versatile because they can be formulated
directly in terms of an action, which makes it possible to treat bath degrees of freedom, phon-
ons, or e�ective models obtained by integrating out high-energy bands. The CT-INT method in
the form used here goes back to the work of Rubtsov et al. [127]; similar ideas were presented
earlier by Rombouts [134]. Other variants such as CT-HYB [135] and CT-AUX [136] were in-
troduced later. As pointed out in [169], there is an exact relation between the continuous-time
methods of [127, 134] and the discrete-time Hirsch-Fye method [170]. While for lattice prob-
lems CT-INT is formally more expensive than the auxiliary-�eld method [126] and its recently
developed continuous-time variant [137, 138], it is more versatile and in fact competitive for
problems with bath degrees of freedom (see chapter 5) or coupled fermion-boson models (see,
e.g., [171]). A review of CT-INT with a focus on impurity solvers has been given in [119].

With the application to helical edge states in chapter 5 in mind, we focus on the functional-
integral formulation. The Hubbard model is described by the action

S = S0 + SU =

∫ β

0
dτ
∑
ijs

ψ is (τ )
[
δij∂τ + tij

]
ψjs (τ ) +U

∫ β

0
dτ
∑
i

ρi↑(τ )ρi↓(τ ) . (3.17)

The CT-INT method relies on a weak-coupling expansion of the partition function,

Z

Z0
= 〈e−SU 〉0 =

∞∑
n=0

(−1)n

n!
U n

∫ β

0
dτ1
∑
i1

· · ·

∫ β

0
dτn
∑
in

〈
ρi1↑(τ1)ρi1↓(τ1) · · · ρin↑(τn )ρin↓(τn )

〉
0 ,

(3.18)
which we write as

Z

Z0
=

∞∑
n=0

∑
χ1

· · ·
∑
χn

(−1)n

n!
w (χ1) · · ·w (χn )

〈
h(χ1) · · ·h(χn )

〉
0 . (3.19)

To avoid a trivial sign problem, the interaction is rede�ned as [172]

SU =
U

2

∫ β

0
dτ
∑
i

∑
ϕ=±1

[ρi↑(τ ) − α↑(ϕ)][ρi↓(τ ) − α↓(ϕ)] , (3.20)

with an Ising �eld ϕ, and αs (ϕ) =
1
2 + sϕδ with δ > 1/2 at half-�lling [172]. Returning to

equation (3.19), vertex l is described by variables χl = {il ,τl ,ϕl }, weight w (χl ) = U /2, and
h(χl ) = [ρil↑(τl ) − α↑(ϕl )][ρil↓(τl ) − α↓(ϕl )].

For a �nite volume and at �nite temperature, the perturbation expansion converges and can
be sampled stochastically [127]. Because permutations of the vertices do not change the weight,
we can introduce unnumbered vertex con�gurationsCn [127]. The factor n! from the permuta-
tions then cancels the factor 1/n! in equation (3.19) and we �nd

Z

Z0
=

∞∑
n=0

∑
Cn

W (Cn ) , W (Cn ) = (−1)nw (χ1) · · ·w (χn ) detM (Cn ) , (3.21)
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where we have used Wick’s theorem to evaluate the expectation value with respect to S0. Since
each vertex contributes two fermion bilinears, the matrix M (Cn ) has dimension 2n × 2n. Sim-
ilar to the auxiliary-�eld method, conservation of spin implies that the determinant can be
factorised as detM (Cn ) = detM↑(Cn ) detM↓(Cn ). The n × n matrices Ms (Cn ) contain the non-
interacting Green functions дsij (τ ,τ ′) = 〈c

†
is (τ )cjs (τ

′)〉0,

Ms (Cn ) =


дsi1i1 (τ1,τ1) − αs (ϕ1) дsi1i2 (τ1,τ2) · · · дsi1in (τ1,τn )

дsi2i1 (τ2,τ1) дsi2i2 (τ2,τ2) − αs (ϕ2) · · · дsi2in (τ2,τn )
...

...
. . .

...
дsini1 (τn,τ1) дsini2 (τn,τ2) · · · дsinin (τn,τn ) − αs (ϕn )

 . (3.22)

The determinant detM (Cn ) amounts to the summation over all possible Feynman diagrams for
a given con�guration of vertices Cn.

Expectation values 〈A〉 = 〈e−SUA〉0/〈e−SU 〉0 take the form

〈A〉 =

∑∞
n=0
∑

Cn
〈〈A〉〉CnW (Cn )∑∞

n=0
∑

Cn
W (Cn )

, 〈〈A〉〉Cn =
〈h(χ1) · · ·h(χn )A〉0

detM (Cn )
. (3.23)

For a given vertex con�guration, 〈h(χ1) · · ·h(χn )A〉0 can again be decomposed using Wick’s
theorem [173], with the required single-particle Green function given by

〈〈c†is (τ )cjs (τ
′)〉〉Cn =

det M̃ (Cn )

detM (Cn )
, M̃ (Cn ) =

 дsi1j (τ1,τ
′)

M (Cn ) ...
дsii1 (τ ,τ1) · · · дsij (τ ,τ

′)

 (3.24)

where the matrix M̃ (Cn ) contains one additional row and column compared to M (Cn ).
To sample the expansion order and vertex variables in equation (3.21) it is su�cient to add

or remove a single vertex at a time using equation (3.6). For example, for the addition of a
Hubbard vertex with random position, time, and Ising �eld we have T (Cn → Cn+1) =

1
N

1
β
1
2 ,

whereasT (Cn+1 → Cn ) =
1

n+1 . The Metropolis-Hastings probability is [see also equation (3.21)]

P (Cn → Cn+1) = min

[
1,−

UN β

n + 1

∏
s

detMs (Cn+1)

detMs (Cn )

]
. (3.25)

Additionally, it is useful to also update the �elds ϕl while keeping the number of vertices con-
stant. Simulations can be started with the trivial con�guration of expansion order n = 0, and a
warm-up is carried out until the average expansion order has stabilised.

Similar to the auxiliary-�eld method, an e�cient algorithm can be obtained by using fast
updates that exploit the fact that the matrices Ms (Cn±1) and Ms (Cn ) entering the update prob-
abilities only di�er by one row and column.6 For the CT-INT method, computer time scales
6The ratios of determinants in equations (3.24) and (3.25) can be e�ciently calculated using

det
(
M u
vT z

)
= detM det

[
z −vT M−1u

]
. (3.26)
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as (βN )3, with a prefactor that depends on the interaction strength.7 In almost all cases, the
matrices involved in the CT-INT algorithm are su�ciently well conditioned to not require nu-
merical stabilisation. Finally, a projective variant of CT-INT has been introduced in [172].

As for the BSS method, and given the required symmetries, the absence of a sign problem
in the CT-INT method can be shown by factorising the weight. Accordingly, a sign problem is
absent for the attractive Hubbard model, the repulsive Hubbard model on bipartite lattices at
half-�lling, and also the Kane-Mele-Hubbard model. The sign problem caused by the Rashba
coupling considered in chapter 5 remains su�ciently weak in order to carry out useful simu-
lations of correlated edge states. Recently, it has been shown that the CT-INT method can also
be applied to spinless models without a sign problem [174, 175].

The inverse M−1 hence plays a key role, and can be updated using the Sherman-Morrison formula (3.15). To
calculate observables, the Green function for the current con�guration is calculated from [127]

〈〈c†is (τ )c js (τ
′)〉〉Cn = д

s
i j (τ ,τ

′) −

n∑
r,s=1

дsiir (τ ,τr ) [M
s (Cn )]−1r s д

s
is j (τs ,τ

′) . (3.27)

A similar equation gives the Matsubara Green function required for quantum cluster methods [119].
7The dimension of M−1 is determined by the expansion order n. For the Hubbard model, 〈n〉 ∼ βLU [172]. Fast
updates require n2 operations per vertex, or n3 ∼ (βLU )3 operations per sweep.
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4 Bulk correlation e�ects
In this chapter, we review the quantum Monte Carlo results of [A1, A3, A4, A7] on the bulk prop-
erties of the Kane-Mele model (2.13) with electron-electron interaction. For λ = 0, the Kane-
Mele model reduces to the tight-binding model (2.5)—which captures the physics of graphene
or massless Dirac fermions in 2+1 dimensions—whereas for λ , 0 it describes two-dimensional
topological insulators. Here, we will discuss the fate of these phases in the presence of elec-
tronic correlations, focussing on systems with periodic boundaries; interaction e�ects on the
edge states will be the topic of chapter 5. The auxiliary-�eld quantum Monte Carlo method
discussed in chapter 3 permits to study either the Hubbard interaction (2.27) or the Coulomb
interaction (2.28). For example, the latter gives rise to a logarithmic divergence of the Fermi
velocity near EF in graphene [112, 176, 177]. Because we found very similar physics for the Hub-
bard and Coulomb interactions, we will discuss them in parallel. We �rst consider the overall
structure of the phase diagram, before addressing the quantum phase transitions and the meas-
urement of the Z2 topological invariant. Of particular interest will be the universality of the
observed phase transitions between the Dirac semimetal or the topological insulator and an an-
tiferromagnet. We will also discuss the possibility of stabilising a charge-density-wave or QSH*
phase [57] via a long-range Coulomb interaction that suppresses magnetism [A4]. To avoid the
sign problem, the results of this chapter were obtained by neglecting the Rashba term (2.25).

Band theory predicts half-�lled systems with one electron per lattice site to be metallic. For
the graphene model of chapter 2, the chemical potential is located at zero energy, and the ground
state in the absence of interactions is a Dirac semimetal. The fate of metallic states upon adding
interactions depends on the details of the band structure. On the square lattice, the nesting of
the Fermi surface causes a logarithmic divergence of the spin susceptibility which gives rise
to an antiferromagnetic insulating state for any Hubbard repulsion U > 0 [178]. In contrast,
the semimetal with its isolated Fermi points is stable at weak coupling, which can be seen both
from mean-�eld theory [179] and the renormalisation group �ow [180]. Interaction-driven
(semi)metal-insulator transitions are referred to as Mott transitions [42, 181]. Although a Mott
transition does in principle not involve symmetry-breaking, the two phenomena often occur
together both in theory and experiment [43].

Field theory makes detailed predictions concerning the possible instabilities and the associ-
ated quantum phase transitions [79, 81, 180]. An onsite Hubbard interaction favours a transition
to a spin-density-wave state with Heisenberg order parameterϕ = 〈ΨsΨ〉 that breaks the SU(2)
spin symmetry, whereas nonlocal interactions favour a charge-density-wave state with Ising
order parameter χ = 〈ΨΨ〉 that breaks the sublattice symmetry. Either of these order paramet-
ers breaks the chiral symmetry and opens a gap in the Dirac spectrum [80, 180]; their interplay
has been studied in [80, 182–186]. According to the Mermin-Wagner theorem [187], continuous
symmetries (in particular the spin symmetry of the Kane-Mele model without Rashba coupling)
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can be spontaneously broken in 2+1 dimensions only atT = 0, while discrete order parameters
can be nonzero even atT > 0.1 Remarkably, �eld theory predicts [79, 180] the above transitions
to fall outside the Ginzburg-Landau-Wilson paradigm [188],2 and instead to have the same
universality as Gross-Neveu models [189]. Because the corresponding Gross-Neveu-Yukawa
theory has an upper critical spatial dimension of three, the ϵ-expansion [190] can be used to
calculate the critical exponents for the case of 2 + 1 dimensions relevant for graphene [79]. At
the mean-�eld level, extended interactions also give rise to complex bond order parameters,
with the corresponding ground states being quantum anomalous Hall or quantum spin Hall
insulators [44]. Such topological Mott insulators will be discussed in chapter 6. As reviewed
below, in addition to the functional renormalisation group calculations [80, 182, 185, 186, 191],
the semimetal-insulator transition as a result of strong Hubbard or Coulomb interaction has
been studied in particular by quantum Monte Carlo simulations [A7, 153, 155, 179, 192–196]. A
review of correlation e�ects in graphene can be found in [113].

The impact of a Hubbard interaction on the topological phase of the Kane-Mele model was
�rst studied using mean-�eld theory [82], followed by exact quantum Monte Carlo simulations
[A1, A3, A7, 166, 196]. The Kane-Mele-Coulomb model was investigated by means of auxiliary-
�eld quantum Monte Carlo in [A7]. The Kane-Mele-Hubbard model was also treated with
approximate quantum cluster methods [197–201], variational Monte Carlo [202], slave-boson
[203], slave-spin [204] and slave-rotor methods [205], as well as mappings to spin models to
explore the regime of large U [206–208]. Field-theory methods were applied in [103, 209].
Extended Kane-Mele models with additional single-particle terms that can drive quantum phase
transitions were studied with quantum Monte Carlo methods in [210–212]. There have also
been substantial e�orts to determine the topological invariant in the presence of correlations
[199, 200, 210–216]. The Kane-Mele-Hubbard model with Rashba coupling was studied in [201].
Finally, the magnetic transition in the presence of spin-orbit coupling was investigated (mainly
with quantum cluster methods) in other models of correlated topological insulators, including
the Bernevig-Hughes-Zhang-Hubbard model [85, 205, 217, 218], the sodium-iridate model [57],
the Hofstadter-Hubbard model [219], and the spinful Haldane-Hubbard model [220–227]. A
related problem is the transition from a Chern insulator to a charge-density-wave insulator in
the interacting spinless Haldane model [228–230], see also chapter 6.

4.1 Phase diagram
Several aspects of the phase diagram as a function of spin-orbit coupling and electron-electron
interaction strength can be deduced from theoretical considerations. The semimetal is stable
with respect to weak interactions [180]. Potential interaction-driven phase transitions that
involve spontaneous symmetry breaking will therefore take place at a nonzero critical value
Uc . Similarly, the noninteracting topological insulator is gapped and protected by time-reversal
symmetry, and should therefore also remain stable up to a critical interaction strength.
1Strictly speaking, the theorem only applies to systems with short-range interactions [187].
2The critical exponents deviate from the values expected from the dimension 2 + 1 of the corresponding classical
theory and the symmetry of the order parameter.
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Chapter 4. Bulk correlation e�ects

Figure 4.1: (a) Illustration of antiferromagnetic order on the honeycomb lattice. (b), (c) Exchange pro-
cesses. The hopping t gives rise to kinetic superexchange J and favours antiferromagnetic alignment
of nearest-neighbour-spins. Spin-orbit coupling leads to a next-nearest-neighbour exchange ±J ′. The
latter is (b) ferromagnetic (−J ′) for the x– and y-components but (c) antiferromagnetic (J ′) and hence
frustrated for the z-components.

For the Hubbard model at half-�lling, large values of U /t favour a uniform distribution of
charges to avoid the energy penalty for doubly occupied sites. In this regime, charge �uctu-
ations are hence strongly suppressed, and the low-energy physics is determined by the spin
degrees of freedom. Second-order perturbation theory reveals that an antiferromagnetic ar-
rangement of the electronic spins lowers the energy as it permits virtual hopping between
nearest-neighbour lattice sites (kinetic superexchange) [231]. The low-energy physics is de-
scribed by the antiferromagnetic honeycomb-Heisenberg model

H = J
∑
〈ij〉

Si · S j (4.1)

with exchange constant J = 4t2/U , onto which the Hubbard model maps in the limitU /t → ∞
[232]. For su�ciently large J , the ground state of the Heisenberg model is antiferromagnetic
with spontaneously broken SU(2) spin symmetry, as illustrated in �gure 4.1(a). Together with
the stability of the semimetal for weak interactions, we hence expect the honeycomb-Hubbard
model to exhibit a magnetic phase transition at a nonzero Uc/t .

Similar reasoning applies for nonzero spin-orbit coupling. The quantum spin Hall state is
stable for weak interactions. ForU � λ, t , a low-energy description in terms of the spin degrees
of freedom can be derived. The corresponding Hamiltonian is [82, 206, 207]

H = J
∑
〈ij〉

Si · S j + J
′
∑
〈〈ij〉〉

(Szi S
z
j − S

x
i S

x
j − S

y
i S

y
j ) . (4.2)

The �rst term is identical to equation (4.1). The spin-orbit coupling [a next-nearest-neighbour
hopping term, cf. equation (2.13)] gives rise to a next-nearest-neighbour exchange coupling
J ′ = 4λ2/U that is ferromagnetic in the transverse (spin-xy) direction and antiferromagnetic
in the longitudinal (spin-z) direction. As illustrated in �gures 4.1(b) and (c), the spin-spin in-
teractions described by Hamiltonian (4.2) are frustrated for the Sz components but not for the
Sx , Sy components. This suggests that for su�ciently largeU the ground state will exhibit long-
range antiferromagnetic order in the transverse direction, as opposed to Heisenberg order for
λ = 0. For nonzero λ, we therefore expect a quantum phase transition between the topological
insulator phase and an easy-plane antiferromagnetic phase at a critical Uc > 0.
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Figure 4.2: Phase diagram of (a) the Kane-Mele-Hubbard and (b) the Kane-Mele-Coulomb model with
α = 1. The phases are a semimetal for λ = 0 and U < Uc (0), a topological insulator for λ > 0 and
U < Uc (λ), and an antiferromagnetic insulator for U > Uc (λ). Figure adapted from [A7].

The above considerations have �rst been con�rmed in a mean-�eld approach to the Kane-
Mele-Hubbard model [82], yielding a phase diagram that consists of a semimetallic phase, a
quantum spin Hall phase, and a magnetic insulating phase. Recent quantum Monte Carlo sim-
ulations [A7] yield a qualitatively identical phase diagram, which is shown in �gure 4.2(a).
From chapter 2 we know that the spin-orbit coupling is a relevant mass term for the semimetal.
Accordingly, any λ > 0 opens a gap both for U = 0 and for 0 < U < Uc [A3], and the ground
state becomes a topological insulator.3 Both the semimetal and the topological insulator are
stable up to a critical interaction Uc (λ). The magnetic transition is of second order [A3]; the
universality and the determination of the magnetic phase boundary will be discussed below.

The agreement between mean-�eld and numerical results at weak and strong coupling is not
surprising in view of the general arguments above. However, the role of quantum �uctuations
at intermediateU /t is not clear a priori, especially due to the small coordination number of the
honeycomb lattice (z = 3). Indeed, there has been an extended argument over the possibility of
an intermediate phase in the honeycomb-Hubbard model [193–196, 235]. Finite-size scaling of
quantum Monte Carlo results on lattices with up to 18×18 unit cells seemed to suggest a window
around U /t = 4 in which the single-particle gap is nonzero but the system is not magnetically
(or otherwise) ordered [193]. This region was originally interpreted as a quantum spin liquid,
a phase with topological order in which quantum �uctuations prevent long-range order even
at zero temperature [46]. Relying on the λ = 0 data from [193], the intermediate phase was
argued to extend to nonzero spin-orbit coupling [A1, A3]. While the low coordination number
and ring-exchange processes [236] provide possible mechanisms for the formation of such a
phase, a strong counter argument is the absence of frustrated exchange interactions on the
bipartite honeycomb lattice. Indeed, the phase was absent in earlier quantum Monte Carlo

3Direct evidence for a topological phase for U < Uc will be given in section 4.3. Indirect evidence is provided by
the fact that the single-particle gap remains nonzero [�gure 4.5(b)] and time-reversal symmetry unbroken for
U < Uc . However, a closing of the single-particle gap is not mandatory in the presence of interactions [233, 234].
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Chapter 4. Bulk correlation e�ects

Figure 4.3: Illustration of (a) a spin-density wave and (b) a charge-density wave in the extended Hubbard
model with onsite repulsion U and nearest-neighbour repulsion V1. (c)–(f) Real-space charge and spin
correlations relative to the central site for (c)–(d) the Hubbard interaction (α = 0) and (e)–(f) the Coulomb
interaction (α = 1.23). Here, λ = 0, U /t = 3.5, L = 15. Figure adapted from [A7].

results [179], and has since been essentially ruled out by simulations on much larger systems
(up to 40 × 40 unit cells) [194] and the use of improved methods to determine the critical point
[195] (pinning �elds allow measuringm instead ofm2, yielding more reliable results close toUc ).
As discussed in more detail below, these results are consistent with a simultaneous onset of the
single-particle gap and the magnetisation, and hence a direct transition between the semimetal
and the antiferromagnet.

Finally, �gure 4.2(b) shows the phase diagram of the Kane-Mele-Coulomb model for α = 1,4
as obtained from quantum Monte Carlo simulations. Remarkably, it only di�ers from the Kane-
Mele-Hubbard phase diagram [�gure 4.2(a)] by the critical values. While the weak-coupling
arguments given above for the Kane-Mele-Hubbard model remain unchanged, the analysis of
the strong-coupling regime is complicated by the nonlocal interaction. Nevertheless, the dif-
ferences observed for the Coulomb interaction can be qualitatively understood from the ener-
getics of an extended Hubbard model with onsite repulsionU and nearest-neighbour repulsion
V1. While U favours a spin-density-wave state with uniform charge density, the repulsion V1
is minimised by a charge-density-wave state with all electrons on either the A or the B sublat-
tice, see �gures 4.3(a) and (b). Starting from the Hubbard limit (V1 = 0), the energy di�erence
between the spin-density wave and the charge-density wave reduces upon increasing V1. For
the Coulomb interaction de�ned by equation (2.28), the two ground states become degenerate in
the classical limit (t = 0) for α = 1.23. More generally, the nonlocal part of the interaction pro-
motes charge-density-wave correlations that compete with the antiferromagnetic correlations
driven by the Hubbard term. This is illustrated by the numerical results of �gures 4.3(c)–(f).
4See equation (2.28); both the local and nonlocal part of the interaction scale with U .
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Figure 4.4: Finite-size scaling of (a) the magnetisation and (b) the single-particle gap at the Dirac point
for the honeycomb-Coulomb model (λ = 0, α = 1). Figure adapted from [A7].

The competition provides an explanation for the much larger critical values of the magnetic
transition in the Kane-Mele-Coulomb model. However, our results suggest that it is insu�-
cient to stabilise a charge-density-wave phase or the exotic QSH* phase [57].5 The interplay of
charge and spin order on the honeycomb lattice has also been studied using �eld theory [184]
and the functional renormalisation group [80, 185, 186]. Charge-ordered phases due to nonlocal
interactions will be further discussed in chapter 6.

4.2 Magnetic phase transition
Having discussed the overall features of the phase diagram, we turn to a detailed discussion
of the magnetic transition—an interaction-driven quantum phase transition at which the spin
symmetry and time-reversal symmetry are spontaneously broken by the onset of long-range
antiferromagnetic order. The critical point can be determined from quantum Monte Carlo sim-
ulations by a �nite-size scaling of the antiferromagnetic structure factor SAF. The latter cor-
responds to the Q = 0 Fourier transform of the correlation function 〈Si · Sj〉 for λ = 0, and of
〈S+i S

−
j + S

−
i S
+
j 〉 for λ > 0. It is related to the magnetisation per site viam =

√
SAF/N [A7].

Figure 4.4(a) shows the �nite-size scaling ofm (using quadratic �ts) for λ = 0 and a long-range
Coulomb interaction with α = 1. In the semimetal at smallU /t , the magnetisation extrapolates
to zero, whereas nonzero extrapolated values are obtained for large U /t . The data suggest an
onset of long-range order between U /t = 5 and U /t = 5.5. In contrast, Uc/t = 3.78(5) for
a Hubbard interaction [195]. The critical point can also be determined from the opening of
the single-particle gap ∆sp. The �nite-size scaling in �gure 4.4(b) is slightly less accurate than
that for the magnetisation but gives a consistent Uc [A7]. Estimates of Uc/t also vary slightly
depending on the method and observable used, especially if the accessible system sizes are
insu�cient to capture the relevant length scales [195, 196, 235].
5The theory of [57] also gives a QSH* phase for the Kane-Mele-Hubbard model [237]. The absence of such a phase
from the phase diagram of the latter may have been a consequence of the onset of magnetic order already at
intermediate U /t . A suppression of magnetism by competing orders is hence a possible mechanism to reveal a
potential QSH* phase, but this is not borne out in the numerical results for the Kane-Mele-Coulomb model.
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Figure 4.5: (a) Finite-size scaling of the (transverse) magnetisation for the Kane-Mele-Hubbard model.
(b) Extrapolated magnetisation, spin and single-particle gap. Here, λ/t = 0.1. Figure adapted from [A3].

Results for the topological insulator to antiferromagnetic insulator transition in the Kane-
Mele-Hubbard model with λ/t = 0.1 are shown in �gure 4.5(a). The �nite-size scaling of the
magnetisation gives the estimate Uc/t = 4.95(5). The critical point has also been determined
from a �nite-size scaling of the spin correlations at the largest distance for a given lattice size
[A4], and from the single-particle and spin gaps [A3, A4, A7]. Figure 4.5(b) shows the extra-
polated magnetisation and the spin gap ∆s as a function of U /t , revealing the simultaneous
onset of long-range order and closing of the spin gap at Uc . In contrast, the single-particle gap
∆sp remains �nite across the transition. The absence of a gap-closing does not contradict the
discussion in chapter 2: because the protecting time-reversal symmetry is broken at Uc , the
topological invariant can change without a closing of the single-particle gap.

The quantum Monte Carlo methods used here also permit to investigate the universality
class of the magnetic transitions.6 According to Ginzburg-Landau-Wilson theory for second-
order phase transitions [238, 239], quantities such as the magnetisation or the spin gap can
be described by power-laws with universal critical exponents su�ciently close to the critical
point. The exponents are determined by the dimension of the system and the symmetry of
the order parameter. The above discussion of e�ective spin models revealed that the order
parameter is di�erent with and without spin-orbit coupling. For λ = 0, the magnetic order is
identical to that of the Heisenberg model, corresponding to a spontaneously broken SU(2) spin
symmetry and antiferromagnetic ordering of all spin components. Spin-orbit coupling reduces
the spin symmetry from SU(2) to U(1) already at the level of the Hamiltonian, see chapter 2. At
the transition, the transverse components order (easy-plane antiferromagnetism), which breaks
the remaining U(1) spin symmetry and suggests 3D XY universality.

Another crucial di�erence between λ = 0 and λ , 0 is the nature of fermionic excitations
in the disordered phase. For λ = 0, fermionic and spin excitations are gapless for U < Uc ,
as illustrated in �gure 4.6(a). In contrast, the spin-orbit term opens a mass gap for single-
particle and spin excitations, see �gure 4.6(b). For U > Uc , in the ordered phase, the spin gap
vanishes in both cases because the breaking of a continuous symmetry gives rise to a Goldstone

6The continuous nature of the topological insulator to antiferromagnet transition was explicitly demonstrated in
terms of the derivative of the free energy in [A3].
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4.2. Magnetic phase transition

Figure 4.6: Schematic illustration of the behaviour of the magnetisation and the spin gap across the
magnetic transition (a) without spin-orbit coupling, (b) with spin-orbit coupling.

mode (spin-wave excitations). While the spin gap hence serves as an order parameter for the
transition at λ , 0, it is zero on both sides of the transition for λ = 0. Remarkably, �eld
theory predicts a deviation from the Ginzburg-Landau-Wilson paradigm for the semimetal–
Mott insulator transition caused by the coupling between the bosonic order parameter and the
gapless Dirac fermions, as described by Gross-Neveu-Yukawa theory [79]. The critical point is
predicted to exhibit SU(2) Gross-Neveu universality [79, 180]. The critical exponents in 2 + 1
dimensions were estimated using a �rst-order ϵ-expansion around the upper critical dimension.
This procedure yields z = 1, β/ν = 0.9, and ν ≈ 0.88 [79].7 These values for the exponents were
previously shown to be consistent with quantum Monte Carlo data for the magnetisation and
the single-particle gap of the honeycomb-Hubbard model [195].

The agreement between numerics and �eld theory provides further evidence for a direct
transition between the semimetallic and the antiferromagnetic phase; the best available estim-
ate of the critical point is Uc/t = 3.78(5) [195]. Although the data in [195] are consistent with
Gross-Neveu universality (the collapse quickly deteriorates upon variation of U (ϵ )

c ) it has to
be kept in mind that in addition to corrections to scaling [196], the accuracy of the critical
exponents is unknown for the present SU(2) case. However, a recent comparison between the
ϵ-expansion and direct simulations of Z2 and U(1) Gross-Neveu models showed good agreement
[241, 242]. Comprehensive scaling analyses including estimates of critical exponents and res-
ults for the quasi-particle weight can be found in [196, 235]. Finally, Gross-Neveu-Heisenberg
scaling was also con�rmed in the presence of an interaction V2 [153].

Here, we review similar results for the case of a long-range Coulomb interaction [A7]. For
the latter, a large-N approximation predicts the long-range Coulomb tail to be irrelevant at
the critical point [79] and hence the same universality class. Taking the exponents from the
ϵ-expansion, we considered the �nite-size, zero-temperature scaling law for the magnetisation,

m = L−β/ν F
[
(U −Uc )L

1/ν] , (4.3)

with a universal scaling function F . According to equation (4.3), data for m obtained for dif-
ferent L should coincide at U = Uc , thereby yielding an estimate for the critical value. This
expectation is con�rmed by �gure 4.7(a) which gives Uc/t = 5.45(10), in agreement with �g-
ure 4.4. Equation (4.3) further implies that close toUc a plot ofmLβ/ν as a function of (U −Uc )L

1/ν

7The exponent β describes the magnetisation near Uc , m ∼ (Uc − U )β ; ν is the correlation-length exponent,
ξ ∼ |U −Uc |

ν , and z is the dynamical critical exponent linking correlation time and length via ξτ = ξ z [240]. In
terms of the correlation length, we havem ∼ ξ−β/ν and ∆s ∼ ξ

−z .

36



Chapter 4. Bulk correlation e�ects

1.0

1.5

2.0

2.5

4.0 4.5 5.0 5.5 6.0 6.5 7.0

m
L
β
/ν

U/t

(a)

0.5

1.0

1.5

2.0

2.5

3.0

3.5

−8 −6 −4 −2 0 2 4 6 8

m
L
β
/ν

L1/ν(U − Uc)/Uc

(b)

L = 6
L = 9
L = 12
L = 15
L = 18

L = 6
L = 9
L = 12
L = 15
L = 18

Figure 4.7: (a) Scaling intersection for the magnetisation using the Gross-Neveu critical exponents from
the ϵ-expansion [79, 195]. (b) Scaling collapse using the critical value Uc/t = 5.45. Here, λ = 0, α = 1.
Figure adapted from [A7].

should produce a collapse onto the universal curve described by F . Such a collapse is indeed
visible in �gure 4.7(b). The results of �gure 4.7 hence suggest that the universality class of
the semimetal to antiferromagnet transition remains unchanged [SU(2) Gross-Neveu] for the
long-range Coulomb interaction, in accordance with [79].

A similar investigation was carried out for the magnetic transition at nonzero spin-orbit
coupling, i.e., between the topological insulator and the antiferromagnet. As argued above,
based on the U(1) symmetry of the order parameter, the transition is expected to be in the 3D
XY universality class [A1, 103, 209]. The critical exponents are known from simulations of the
classical 3D XY model as z = 1, ν = 0.6717(1), and β = 0.3486(1) [244]. Figure 4.8(a) shows
that magnetisation data for the Kane-Mele-Hubbard model with λ/t = 0.1 intersect at a value
Uc/t = 4.96(4) that agrees well with the �nite-size scaling in �gure 4.5(a). Moreover, a rather
good scaling collapse is observed in �gure 4.8(b). The 3D XY scaling has also been veri�ed for
other values of λ/t [A3, A4], and the spin gap ∆s [A3]. Finally, good agreement with 3D XY
universality is also found for the case of long-range Coulomb interaction [A7].
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4.3. Topological invariant from π -fluxes

Figure 4.9: (a) The existence of �uxon states can be inferred by considering transport across a Gaussian
loop (dashed line) upon adiabatic insertion of magnetic �uxesϕ↑,ϕ↓ = ±π through a hole in a topological
insulator [248].9 (b) For a honeycomb lattice with periodic boundaries, π -�uxes can be inserted in pairs.
Each �ux threads a hexagon (highlighted in blue), and a �ux pair is connected by a branch cut (blue line).
Hopping processes crossing the cut acquire a phase e iπ = −1. Figure adapted from [A4, 248].

4.3 Topological invariant from π -fluxes
In the discussion of the phase diagram, we argued that the nonzero single-particle gap and
time-reversal symmetry imply a topological insulator state for U < Uc (λ). Clearly, it is desir-
able to detect the correlated topological phase directly, especially in searching for interaction-
generated topological phases. To do so in an unbiased and e�cient way is nontrivial. For ex-
ample, while the bulk-boundary correspondence implies the existence of gapless helical edge
states in noninteracting systems [9, 24], correlation and �nite-size e�ects can gap out the edge
states (see chapter 5), leading to a breakdown of the bulk-boundary correspondence [233, 234].
A direct numerical calculation of Chern numbers from the Kubo formula [245] is di�cult using
imaginary-time quantum Monte Carlo simulations, but has been achieved with quantum cluster
methods [217]. If spin is conserved, the Z2 invariant can then be calculated fromC↑ andC↓ [98,
99]. Finally, it has been proposed to extract the topological invariant from the single-particle
Green function using the topological Hamiltonian [246], a trace formula [247], or by analysing
the zeros and poles [233, 234, 247]. However, this approach relies on the assumption of an adia-
batic connection to a noninteracting state and is hence not unbiased [233]. Quantum Monte
Carlo results for the Kane-Mele-Hubbard model reveal that the Green function method fails to
capture the change of the topological invariant at Uc [210, 211, 213–215] due to the absence of
spontaneous symmetry breaking on �nite lattices.

A useful alternative that can easily be combined with quantum Monte Carlo simulations and
captures the magnetic transition is based on the response to a π gauge �ux [248, 249]. It can be
understood from the noninteracting case, but remains fully valid in the presence of interactions
[248, 249]. A π -�ux8 preserves time-reversal symmetry. It represents a topological defect and,
analogous to solitons in polyacetylene [94], is associated with characteristic mid-gap states.
For π -�uxes in topological insulators, a pumping argument9 [248] shows that the quantised
8A �ux of size hc/2e , half the �ux quantum for particles with charge e; hc/2e = π in units where ~ = c = e = 1.
9 Imagine a disk-shaped topological insulator with a hole through which �uxes ϕs = ±π are adiabatically inserted
[�gure 4.9(a)]. The time-dependent �uxes induce a tangential in-plane electric �eld. Because of the quantised
spin-Hall response, the �eld gives rise to a net pumping of charge (for ϕ↑ = −ϕ↓) or spin (ϕ↑ = ϕ↓) across the
dashed Gaussian loop, implying the existence of in-gap �uxon states [248].
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Figure 4.10: Magnetic susceptibility of the Kane-Mele-Hubbard model with one pair of π -�uxes. Here,
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†
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zci . (a) In the topological phase, the spin �uxons give rise
to a Curie law χs = 2/kBT at low temperatures, while no such contribution is observed in (b) for the
antiferromagnetic phase. Figure adapted from [A4].

spin-Hall conductivity gives rise to two charge-�uxon states (charge ±e , spin zero) and two
spin-�uxon states (charge zero, spin ±1/2). The spin �uxons form a Kramers doublet related by
time-reversal symmetry; they behave like a localised magnetic moment with S = 1/2 [248, 249].
Importantly, the �uxon states—similar to the helical edge states—exist even in the presence of
Rashba coupling (when σ

spin
xy is no longer quantised) or interactions (as long as time-reversal

symmetry is not broken) [248]. In particular, while repulsive interactions split the degeneracy
of the charge-�uxon states, the spin �uxons remain at zero energy [248].

Within a Hamiltonian description, a gauge �ux can be implemented in the form of a branch
cut (Dirac string) from the �ux position to in�nity that attaches a phase e iπ = −1 to each
hopping process across the cut [250, 251]. For the case of periodic boundary conditions usually
used for simulations, �uxes can be inserted in pairs connected by a branch cut, see �gure 4.9(b).
Importantly, the Monte Carlo con�guration weights remain positive [A4].

Figure 4.10(a) shows a clear Curie-law signature from the spin �uxons in the low-temperature
magnetic susceptibility in the correlated topological phase (λ/t = 0.2, U /t = 4). In contrast,
no such contribution exists in the topologically trivial antiferromagnetic phase (U /t = 6). The
�ux-induced spinon states are also clearly visible in the site-resolved dynamic spin structure
factor S (i,ω) [A4]. Integrating this quantity up to an energy scale smaller than the bulk gap
gives the �uxon spectral weight shown in �gure 4.11. In the topological phase [�gure 4.11(a)],
a clear response is visible in the vicinity of the �ux-threaded plaquettes, also con�rming the
localised nature of the �uxons. In contrast, the spectral weight is orders of magnitude smaller
in the trivial phase [�gure 4.11(b)]. Tracking the �uxon spectral weight as a function of U /t
reveals the magnetic transition [A4].
π -�uxes can also be used to construct novel quantum spin models by exploiting the interac-

tion between the localised spin �uxons mediated by the magnetic excitations of the topological
insulator [A4]. Finally, putting the Kane-Mele model on a π -�ux honeycomb lattice in the spirit
of [252] produces several topologically di�erent ground states [A8].
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π -�uxes for (a) the topological phase and (b) the antiferromagnetic phase. Figure adapted from [A4].
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5 Edge correlation e�ects

This chapter is concerned with the question how (strong) electron-electron interactions a�ect
the characteristic helical edge states of two-dimensional topological insulators. The discussion
is based on quantum Monte Carlo results obtained for the Kane-Mele model (2.13) with a Hub-
bard interaction [equation (2.27)] only at the edge [A1, A2, A9]. While the edge states are typ-
ically studied with the bosonisation method [253]—corresponding to a purely one-dimensional
description—we took into account the two-dimensional bulk as well to obtain results valid bey-
ond the low-energy limit. A key point to be addressed here is whether the bosonisation predic-
tions [102, 108] are borne out by numerical simulations.

In contrast to the gapped bulk, the gapless edges are very susceptible to interaction e�ects.
While HgTe/CdTe edge states appear to be weakly correlated, stronger correlations have been
reported for InAs/GaSb [53]. Mean-�eld theory produces an insulating edge with long-range,
transverse magnetic order for any U > 0 due to a divergent magnetic susceptibility [103].
Such edge magnetism has also been studied in the context of graphene [254–258]. Taking into
account spin-wave �uctuations yields power-law correlations for su�ciently weak coupling
[103]. The correlations at the edge are determined by the interaction strength and the bare
Fermi velocityvF. Because the edge states on a zigzag edge connect the valence and conduction
bands [see �gure 2.5(b)], vF is determined by the bulk band gap ∆SO ∼ λ; in particular, vF → 0
for λ → 0.1 The Fermi velocity can be tuned in experiments with InAs/GaSb [53].

As argued in chapter 2, the same low-energy edge theory [equation (2.24)] arises for di�erent
models and edge geometries. While the present method is applicable to more general situations
(e.g., edges with magnetic impurities [260] or two pairs of edge states [A8]), we focus on the
fundamental case of a single pair of edge states realised in HgTe as well as in the Kane-Mele and
Bernevig-Hughes-Zhang models. For the Kane-Mele-Hubbard model on a zigzag ribbon, the
protected crossing of the edge states is at k = π [�gure 2.5(b)]. The e�ective model was solved
exactly with the CT-INT quantum Monte Carlo method of section 3. Restricting interactions to
the edge permitted us to include Rashba spin-orbit coupling, as described by equation (2.25).

Within the universal low-energy description, the types of allowed interactions depend on the
symmetries of the system. In particular, time-reversal symmetry does not allow elastic single-
particle backscattering (the most relevant perturbation in ordinary one-dimensional metals
[109]), and spin-conservation in the absence of Rashba coupling rules out umklapp scatter-
ing. However, given a half-�lled band and nonzero Rashba coupling, the bosonisation predicts
that strong umklapp scattering will cause an edge-Mott transition, and hence a breakdown of
the bulk-boundary correspondence. In contrast, the correspondence remains intact across the

1For armchair edges, the edge states cross at k = 0 and vF depends only weakly on λ. In particular, the edge states
do not �atten for λ → 0 [259].
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5.1. E�ective model

Figure 5.1: Correlated helical edge states were simulated in terms of the Kane-Mele model on L × L′

zigzag ribbons with periodic (open) boundary conditions in the x– (y–) direction. A Hubbard repulsion
U was taken into account only at the outermost sites of the upper edge. The resulting e�ective model,
de�ned by equation (5.1), can be simulated exactly with the CT-INT method.

bulk magnetic transition of chapter 4 which gaps out the edge states at the same time [197].
With more general reviews of helical edge states available [1, 14, 261], we only mention the

literature relevant for the discussion in this chapter. Bosonisation analyses of interaction e�ects
in helical Luttinger liquids were presented in [8, 102, 108]. The stability with respect to Rashba
coupling and disorder in the absence of interactions was demonstrated numerically in [98].
The impact of spin �uctuations around the mean-�eld saddle point was studied in [103], while
the bulk-boundary correspondence in the presence of interactions was addressed in [233, 234].
Numerical studies of correlation e�ects were carried out using quantum Monte Carlo methods
[A1, A2, A9, 166, 202] and quantum cluster methods [197, 198, 202, 217, 262].

5.1 E�ective model
While the strictly one-dimensional bosonisation approach captures the physics in the low-
energy limit, such theories have anomalies that re�ect the holographic nature of the edge states
of quantum Hall and quantum spin Hall systems. Moreover, when interactions are large com-
pared to the bulk band gap, or at �nite temperature [53], bulk states become relevant and a
complete theory requires a two-dimensional description. However, large lattices are necessary
to recover the asymptotic properties at large length scales along the edge, and to avoid spurious
edge-edge hybridisation gaps. Such system sizes are beyond the capabilities of auxiliary-�eld
quantum Monte Carlo, exact diagonalisation, and cluster methods, although such methods have
been applied to Kane-Mele [166] and Haldane models [229, 230, 263].

To overcome these restrictions, an accurate e�ective model was developed in the form of a
two-dimensional quantum spin Hall system with electron-electron interaction only at the edge
[A1], as illustrated for the Kane-Mele-Hubbard model on a zigzag ribbon in �gure 5.1. In the
general case with Rashba coupling, the e�ective model is de�ned by the action [A9]

S[Ψ,Ψ] = −
" β

0
dτdτ ′

∑
ij

Ψi (τ )д
−1
ij (τ ,τ

′) Ψj (τ
′) +

U

2

∫ β

0
dτ
∑
i

[
Ψi (τ )Ψi (τ ) − 1

]2
. (5.1)
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Chapter 5. Edge correlation e�ects

The sums are over the correlated edge sites, дij (τ ,τ ′) is the 2 × 2 block matrix containing the
Green functions дss ′ij (τ ,τ

′) = 〈c†is (τ )cjs ′ (τ
′)〉0 of the two-dimensional Kane-Mele model (2.13),

and Ψ = (ψ ↑,ψ ↓) is a Grassmann spinor.
The restriction of interactions to edge sites is based on two arguments. First, correlation

e�ects are much more pronounced at the gapless edges than in the gapped bulk. In particular,
the dominant transverse spin correlations are generically much stronger at the edge [166], and
for a wide range of parameters the edge-Mott transition is expected to take place well before
the bulk magnetic transition. Therefore, it is sensible to neglect minor bulk interaction e�ects
[A3] in studying the edge physics. Second, the edge states are exponentially localised near the
edge; for a zigzag ribbon, the local density of states at EF is nonzero only on the outermost sites
where the interaction is taken into account. The possibility of tunnelling between edge and
bulk states and the ensuing nonconservation of charge and spin at the edge re�ect the physical
situation in topological insulators. For the results shown below, the ribbon width was �xed to
L′ = 64, su�cient to avoid any edge-edge hybridisation e�ects [103, 264, 265].

The model de�ned by equation (5.1) can be solved exactly using the CT-INT quantum Monte
Carlo method outlined in chapter 3. Most importantly, the numerical e�ort is independent
of the ribbon width L′ [A1, A2]. This makes the problem computationally equivalent to that
of a one-dimensional chain and allowed us to simulate system sizes not accessible with any
other numerical method. Because the number of interacting sites grows only with L, the sign
problem that occurs for nonzero Rashba coupling (see chapter 3) is not prohibitive, in contrast
to simulations of the full Kane-Mele-Hubbard model. It is straight-forward to derive similar
e�ective models for other edge geometries or models of topological insulators, e.g., for the
Bernevig-Hughes-Zhang model [12].

5.2 Generic correlation e�ects
The left– and right-moving edge states are related by time-reversal, and hence form an ortho-
gonal Kramers doublet with a symmetry-protected crossing at either k = 0 or k = π . The
corresponding low-energy theory is given by equation (2.24). Unless the protecting symmetry
is broken, only interactions that respect time-reversal symmetry are allowed [8, 102, 108]. In
particular, this excludes elastic single-particle backscattering terms of the form Ψ†sx Ψ, Ψ†sy Ψ
[8]. In this section, we consider the impact of forward scatteringψ †

↑
ψ
↑
ψ †
↓
ψ
↓

, whereas umklapp
scattering will be discussed in section 5.3. While the numerical results have been obtained for a
half-�lled band, the interaction e�ects discussed in this section are generic for any band �lling.
In contrast to single-particle backscattering, two-particle backscattering is not forbidden by
time-reversal symmetry [102, 108].

The e�ects of forward scattering can be described using the bosonisation method. For a hel-
ical liquid, the resulting theory has half the number of degrees of freedom of a spinful Luttinger
liquid, and can be written as [102, 108].

H =
v

2

∫
dx
[
K−1(∂xϕ)

2 + K (∂xθ )
2] , (5.2)
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Figure 5.2: Real-space spin and charge correlation functions from projective CT-INT simulations of
equation (5.1). Here, λ/t = 0.2, and L = 65. ξ is the conformal distance, see text. Lines are �ts to a/ξb at
large distances. Figure adapted from [A9].

with �elds ϕ = ϕ↑ + ϕ↓ and θ = ϕ↑ − ϕ↓. This theory is quadratic and hence exactly solvable
[253]. Interactions renormalise the Luttinger parameter K and the velocity v . We have K = 1
and v = vF for the noninteracting case, and K < 1 (K > 1) for repulsive (attractive) interac-
tions.2 For the case of the Kane-Mele-Hubbard model with a zigzag edge vF ∼ λ. Therefore,
edge correlation e�ects in the e�ective model depend on the ratio U /λ [A2]. Estimates for the
Luttinger parameters K and v from simulations are given in �gure 5.4(a).

As characteristic for Luttinger liquids, correlation functions decay with power-laws. In par-
ticular, the equal-time spin correlation functions are given by [A2]3

Sxx (x ) = 〈Ŝx (x )Ŝx (0)〉 ∼
cos(2kFx )

x2K
, (5.3)

Szz (x ) = 〈Ŝz (x )Ŝz (0)〉 ∼
1
x2
, (5.4)

whereas charge correlations decay as [A2]

N (x ) = 〈n̂(x )n̂(0)〉 ∼
1
x2
. (5.5)

While the decay of Szz andN is predicted to remain unchanged in the presence of interactions,
transverse spin correlations (Sxx ) should be enhanced by repulsive interactionsU > 0 for which
the exponent 2K decreases with increasingU . Similar to chapter 4, the asymmetry between Sxx

and Szz is due to spin-orbit coupling.
2For a Hubbard interaction and weak-coupling [A2]

K =

√
vF −U /2π
vF +U /2π

, v =
√
v2
F − (U /2π )2 .

3There are no logarithmic corrections to these correlation functions [A2].
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Figure 5.3: Excitation spectra for (a) single-particle, (b) charge, (c) longitudinal spin, and (d) transverse
spin excitations from projective CT-INT simulations of the e�ective model (5.1). Here, λ/t = 0.2, L = 24,
and U /t = 2. Figure adapted from [1].

The bosonisation predictions can be tested using the e�ective model (5.1). Figure 5.2 shows
spin and charge correlation functions for di�erent values ofU /t . To reveal the expected power-
laws, the results are plotted in terms of the conformal distance ξ = L sin(πx/L) [266]. For
U /t = 0 we see the 1/x2 decay characteristic of noninteracting fermions. With increasing U /t ,
the transverse spin correlations decay more slowly with distance, while the charge correlations
retain the same power-law exponent. The numerical results are hence fully consistent with
equations (5.3) and (5.5). Power-law �ts to Sxx at large distances produced K = 0.882(1) for
U /t = 1 and K = 0.774(2) for U /t = 2 for the parameters of �gure 5.2. While Sxx does not
exhibit any oscillations in the half-�lled case shown in �gure 5.2, the cos(2kFx ) contribution
in equation (5.3) becomes visible upon doping [A2]. Within the e�ective model, the magnetic
correlations are ferromagnetic along the chain of interacting sites shown in �gure 5.1. Finally,
the numerical results in �gure 5.2 reveal no signi�cant impact of the Rashba spin-orbit term
(∼ λ′), even for sizeable values λ′ = λ; the correlation functions are virtually identical, in
accordance with the fact that the Rashba term is an irrelevant perturbation of the Luttinger
liquid �xed point at weak coupling. Our results show that the edge states are indeed well
described by the helical Luttinger model, even for interactionsU larger than the bulk band gap.

Using the maximum entropy method [267] for the analytic continuation from imaginary
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5.3. Edge-Mo� transition

time to real frequencies,4 we also calculated spectral functions. Figure 5.3(a) shows the single-
particle spectral function forU /t = 2, revealing the expected crossing of the edge states atk = π
as well as the high-energy bulk states not captured by the bosonisation. The absence of any
features related to spin-charge separation is a generic feature of one-dimensional systems with
spin-orbit coupling [269]. Interaction e�ects manifest themselves in terms of a reduced Fermi
velocityv < vF [see also �gure 5.4(a)] and a suppression of spectral weight near the Fermi level
[A1]. The single-particle spectrum of edge states of correlated topological insulators has also
been obtained with quantum cluster methods [197, 198, 262, 265, 270].

Figures 5.3(b)–(d) show results for two-particle excitation spectra. The charge structure
factor in �gure 5.3(b) and the longitudinal spin structure factor in �gure 5.3(c) exhibit a lin-
ear mode at long wavelengths with the renormalised velocity v , which can be related to spin-
conserving excitations within the helical low-energy branches. In contrast, excitations at higher
energies involve bulk states and are not spin-selective. The spectral weight at low energies is
smaller for charge than for spin excitations. In particular, the spectral weight Z for low-energy
charge excitations5 is continuously suppressed with increasingU , see �gure 5.4(a). Finally, the
transverse spin structure factor in �gure 5.3(d) involves excitations between the two helical
modes and therefore exhibits a continuum of low-energy excitations near q = 0.

5.3 Edge-Mo� transition
The e�ects of forward scattering discussed in the previous section are generic for correlated
helical liquids. Correlation functions change via the parameters K and v , but the edge states
remain gapless and critical even for strong coupling. Under special conditions, namely for a
half-�lled band and in the presence of Rashba spin-orbit coupling, a helical liquid can undergo
a Mott transition to a state with long-range magnetic order at zero temperature [102, 103, 108].
At this edge-Mott transition, time-reversal symmetry is spontaneously broken at the edge at
T = 0. Since interaction e�ects are generally stronger at the edge than in the bulk, this allows
for a quantum spin Hall insulator with gapped edge states, and hence a breakdown of the bulk-
boundary correspondence in interacting systems [108, 234]. The Mott transition at the edge is
to be contrasted with the opening of a gap in the edge states driven by the onset of long-range
magnetic order in the bulk. In the latter case, time-reversal symmetry is broken in the entire
system, and the quantum spin Hall state is destroyed. A bulk magnetisation m acts as a trans-
verse magnetic �eld at the edge, leading to a relevant mass term (single-particle backscattering)
∼m(ψ †

↑
ψ
↓
+ψ †
↓
ψ
↑
) and a gap in the edge states [103, 197].

The edge-Mott transition is the result of umklapp scattering [102],

Hu =

∫
dx
[
e−i4kFxψ †

↑
(x )ψ †

↑
(x + a)ψ

↓
(x + a)ψ

↓
(x ) + H.c.

]
, (5.6)

corresponding to scattering of two electrons from the ↑ to the ↓ branch (or vice versa) and a
momentum transfer ±4kF. Such processes do not conserve spin, and hence require a Rashba
4 The results shown here were obtained with the so-called stochastic maximum-entropy method [268].
5Z is related to the Drude weight via D = Zv [A2].
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Figure 5.4: (a) Luttinger parameter K , renormalised velocity v , and charge spectral weight Z . (b) Real-
space transverse spin correlations. Results obtained from projective CT-INT simulations of the e�ective
model (5.1). The solid line in (b) illustrates the 1/x decay expected for K = 1/2, see equation (5.3). Here,
λ/t = 0.2, and L = 13. Figure adapted from [A2, A9].

spin-orbit term to be present. This is the case in most experimental situations, and Rashba
coupling was also taken into account within the e�ective model (5.1). The second condition for
umklapp scattering to play a role is for the band to be half-�lled (the case usually considered in
numerical simulations but not generic for experiments), so that the total change of momentum
equals a reciprocal lattice vector, 4kF = 2π .

A renormalisation group analysis [102, 108] reveals that umklapp scattering becomes a relev-
ant perturbation of the helical Luttinger liquid for K < 1/2, that is, beyond a critical interaction
strength. At K = 1/2, the transverse spin correlations Sxx become long-ranged (formally de-
scribed by K = 0). The order breaks time-reversal symmetry and opens a Mott gap in the edge
states. Because the edge states are one-dimensional at su�ciently low energies, the possibility
of long-range magnetic order crucially relies on the reduced, discrete (Z2) spin symmetry of the
model in the presence of Rashba coupling which permits Ising long-range order at T = 0.6

While the renormalisation group analysis of the helical Luttinger liquid clearly predicts a
Mott transition at K = 1/2, we investigated to what extent this transition can be observed nu-
merically, and how the Mott regime di�ers from generic correlation e�ects at strong coupling.
To this end, we compared simulation results with and without Rashba coupling λ′. Whereas the
helical liquid remains gapless even for strong interactions in the absence of umklapp scattering
for λ′ = 0, a gapped Mott state is expected for λ′ , 0 and U large enough to achieve K < 1/2.
Previous numerical results for K in the Kane-Mele-Hubbard model imply that the Mott regime
is realised in a wide region of parameters [A2, 166], see also �gure 5.4(a).

Because K > 1/2 for the results in �gure 5.2, Rashba coupling was irrelevant. Figure 5.4(b)
shows results for the transverse spin correlations for stronger interactions U . Because the nu-

6For graphene (typically modelled with λ = λ′ = 0), the Mermin-Wagner theorem [187] has been argued to
be invalid because the unscreened interaction is momentum-dependent, thereby allowing for a spontaneous
breaking of the continuous U (1) spin symmetry at the edge [257, 258].
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Figure 5.5: Single-particle spectral function from CT-INT simulations of the e�ective model (5.1). Here,
λ/t = 0.2, U /t = 6, and L = 12. Figure adapted from [A9].

merical e�ort for solving the e�ective model with the CT-INT method scales asU 3, the system
size in the periodic direction (along the edge) is signi�cantly smaller (L = 13) than in �gure 5.2
(L = 65). To estimate the Luttinger parameter K , the solid line in �gure 5.4(b) illustrates the 1/x
decay expected for K = 1/2. For the parameters chosen, the critical value for the Mott phase
appears to be reached between U /t = 4 and U /t = 6. Interestingly, the correlations are again
comparable for simulations with and without Rashba coupling. However, for the system size
used and for large U , we cannot reliably distinguish between a slow power-law decay (slower
than 1/x ) and potential long-range order.

To detect the expected Mott gap, we considered the single-particle spectral function

A(k,ω) = −
1
π
ImG (k,ω) , G (k,ω) =

1
2
[
G↑↑(k,ω) +G↓↓(k,ω)

]
, (5.7)

with the spin-diagonal single-particle Green functionsGss . Figure 5.5 shows the single-particle
spectral function at very low temperature (βt = 60) for strong coupling U /t = 6. In contrast
to the weak-coupling spectral function in �gure 5.3(a), we see a correlation-induced gap at the
Fermi level both for λ′ = 0 and λ′ , 0. Although the gap is slightly smaller than for λ′ , 0,
its existence for λ′ = 0 has to be reconciled with the fact that umklapp scattering and hence a
Mott phase are absent in helical liquids without Rashba coupling.

Because the calculation of the full spectral function was restricted to a small system size L =
12 in order to ensure high-quality data and a reliable analytic continuation with the maximum
entropy method, a �nite-size scaling of the spectral weight at the Fermi level is required. The
analytic continuation can be avoided by considering only the spectral function at the Fermi
energy, A(k, 0), which can be obtained from the relation

A(k, 0) =
1
2
lim
β→∞

βG (k, β/2) . (5.8)

Because the spectrum of a �nite, gapless system has a δ -peak at the Fermi level, we expect
βG (kF, β/2) to diverge in the limit β → ∞ (T → 0). In contrast, for a gapped system, this
quantity should approach zero.
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Results for βG (kF, β/2) as a function of βt are shown in �gure 5.6. For L = 12, the results
are indeed consistent with the gaps observed in the spectra in �gure 5.5 (the spectral weight is
smaller for nonzero Rashba coupling). However, for a larger system size L = 20, the data for
λ′ = 0 suggest the absence of a gap, as expected for the case without umklapp scattering. For
λ′ , 0, the spectral weight is much larger for L = 20 than for L = 12, but the slight decrease
with increasing βt is compatible with a Mott gap at T = 0.

The numerical results are reconciled with theoretical expectations as follows. In the absence
of Rashba coupling, the bosonisation predicts an increasingly slow decay of transverse correl-
ations with increasingU but no long-range order even atT = 0. However, a decay slower than
1/x is hard to discern numerically from long-range order. For small system sizes and low tem-
peratures, the length scale of spin-wave �uctuations exceeds L, and the system appears to be in
an ordered Mott state, reminiscent of the gapped and ordered state observed for any U > 0 in
mean-�eld theory. However, once the �uctuation length scales become smaller than the system
size (as achieved by either increasing L or T ), the expected gapless edge states become visible,
albeit with slowly decaying spin correlations and a suppression of spectral weight at the Fermi
level [A2]. For nonzero Rashba coupling λ′, a Mott state with Ising magnetic order is expected
for K < 1/2 atT = 0. However, the additional e�ects of umklapp scattering seem to be masked
to a large extent by the quasi-long-range order driven by forward scattering and already present
for λ′ = 0. For example, the spin correlations in �gure 5.4(b) are almost identical for λ′ = 0 and
λ′ , 0, and the gap in �gure 5.5 is only slightly larger for λ′ , 0. Similar to the spin-wave �uc-
tuations that destroy the mean-�eld order, the thermal �uctuations (domain walls) that destroy
the Ising order atT > 0 can have length scales beyond the numerically accessible system sizes.
In contrast to the bulk magnetic transition studied in chapter 4, and to Ising quantum phase
transitions in one dimension, the Mott transition in helical liquids is hence much more di�cult
to pin down numerically.
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6 Topological Mo� insulators

In chapters 4 and 5 we considered the impact of electronic interactions on the topological insu-
lator phase of the Kane-Mele model. As discussed in chapter 2, this phase arises from spin-orbit
coupling in a noninteracting Hamiltonian and can be fully understood in terms of topological
band theory. The correlated topological insulator is adiabatically connected to the noninter-
acting limit, and persists up to Uc (λ) > 0. Dramatic changes in the form of quantum phase
transitions only take place at strong coupling.1 In this chapter, we explore the fascinating pos-
sibility of topological insulators that are dynamically generated from electron-electron interac-
tions via symmetry breaking. Such a mechanism, which would lift the requirement of strong
intrinsic spin-orbit coupling, was �rst demonstrated for interacting electrons on the honey-
comb lattice [44]. Dynamically generated spin-orbit coupling from interactions had previously
been discussed in [271]. These �ndings inspired a search for similar phases in other settings.
At least at the mean-�eld level, interaction-generated topological insulators or topological Mott
insulators2 exist in a variety of other models, including interacting electrons on π -�ux [273],
checkerboard [274], Kagomé [275, 276], and decorated honeycomb lattices [276], as well as in
three dimensions [277]. Possible experimental realisations of this idea include transition-metal
oxide heterostructures [61], pyrochlore iridate thin �lms [59], and honeycomb superlattices
[278]. Fractional interaction-generated Chern insulators have also been predicted [277].

The mean-�eld predictions of topological Mott insulators have spurred investigations of the
impact of quantum �uctuations and competing orders. Most of these activities focussed on the
simplest case, spinless fermions on the honeycomb lattice with extended interactions [equa-
tion (2.20) with t2 = 0 combined with equation (2.31)]. For the latter, mean-�eld theory predicts
a Chern insulator or integer quantum Hall phase arising from an interaction-generated complex
bond order parameter 〈c†i cj 〉 = χij = χ ∗ji = ±i|χ | that exactly mimics the t2-term of the Haldane
model (2.20) with ϕij = ±π/2 and t2 = |χ | [44], see �gure 6.2(a). Therefore, the mean-�eld to-
pological Mott insulator is adiabatically connected to the Chern insulator phase of the Haldane
model. The corresponding �eld-theory order parameter, 〈Ψγ 35Ψ〉, breaks time-reversal sym-
metry but preserves chiral symmetry [25, 81] [80, 81].3 Importantly, in addition to the nonzero
Chern number, quantised Hall conductance, and chiral edge states (see chapter 2), it has an or-
der parameter χij . While similar physics can also arise from the spontaneous ordering of spins
[60–63] or complex orbitals [60–63], we focus on the simplest case of Haldane-type bond order.

1The interacting edge Luttinger liquid is in principle orthogonal to the noninteracting Fermi liquid but, for ex-
ample, the spin correlation functions evolve continuously with the Luttinger parameter K (see chapter 5).

2While other de�nitions are in use in the literature [272], we follow [44] and de�ne a topological Mott insulator
as an insulating state with an interaction-generated bulk gap and protected gapless edge states.

3In the spinless case considered here, the �eld Ψ has four components corresponding to the sublattice and
pseudospin degrees of freedom, see discussion before equation (2.12).
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Figure 6.1: Phase diagrams of the spinless-fermion honeycomb model with interactions V1 and V2. (a)
Mean-�eld phase diagram based on the results of [44]. The solid (dashed) line indicates a second (�rst)
order transition. (b) Improved mean-�eld phase diagram taken from [279], including semimetallic (SM),
charge-density-wave (CDW), Chern insulator (CI), charge-modulated (CMs), and Kekulé phases.

Mean-�eld phase diagrams for spinless fermions on the honeycomb lattice are shown in
�gure 6.1. As in the spinful case (see chapter 4), the semimetal is stable at weak coupling
[81]. Strong nearest-neighbour repulsionV1 favours a charge-density-wave phase with broken
inversion symmetry. This phase is the spinless analogue of the charge-density wave illustrated
in �gure 4.3(b), and is adiabatically connected to the ground state of noninteracting spinless
Dirac fermions with a staggered potential [2], see discussion in chapter 2. It is characterised by a
charge imbalance 〈n̂A〉−〈n̂B〉 , 0 between sublattices; the corresponding order parameter 〈ΨΨ〉
breaks chiral symmetry but preserves time-reversal symmetry [81]. The interaction-driven
semimetal to charge-density-wave transition has recently become accessible to exact quantum
Monte Carlo simulations [167, 175, 280, 281], allowing for a con�rmation of the expected Gross-
Neveu-Ising universality [81, 180].

Within a two-site mean-�eld theory [44], a large V2 gives rise to the Chern insulator phase,
see �gure 6.1(a). More complex mean-�eld treatments with larger unit cells and additional
order parameters [273, 282] yield a richer phase diagram, see �gure 6.1(b). Most importantly
for the present discussion, these results suggest that the topological Mott phase is only stable
at intermediate V2, whereas a charge-modulated phase is favoured at strong coupling [282].
Additionally, the phase diagram contains a Kekulé-ordered4 region forV1 ∼ V2 [273, 282] whose
existence was con�rmed in recent numerical work [279, 286, 287]. The competition of di�erent
ordered phases plays a signi�cant role for the selection of the ground state in this problem.
While the charge-density-wave, Chern-insulator and Kekulé phases were previously expected
based on �eld-theory arguments [81], the charge-modulated phase was �rst discussed in [282].

For spinful fermions, interaction-generated quantum spin Hall phases (adiabatically connec-
4Kekulé order is a two-dimensional analogue of the Peierls dimerisation [283]. It breaks translation symmetry,
and in Dirac systems supports topological zero modes associated with defects in the order parameter [284, 285].
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Chapter 6. Topological Mo� insulators

Figure 6.2: (a) Bond order in the mean-�eld topological Mott phase, showing the directed hops with
magnitude χi j = +i|χ |. For the opposite direction, χji = −i|χ |. (b) Deviations ±δ from the average
charge 1/2 in the charge-density-wave phase. The symbol size indicates the charge density. (c) The
main clusters used to obtain the exact diagonalisation results.

ted to the ground state of the noninteracting Kane-Mele model) arise [44]. The latter have a
bond order parameter 〈Ψsγ 35Ψ〉 with opposite sign for spin-up and spin-down electrons and
preserve time-reversal symmetry [44, 79, 80]. Other phases in the spinful case include the
spin– and charge-density-wave phases discussed in chapter 4 [44]. While the dominant non-
local interactions required for a topological Mott state on the honeycomb lattice [V2 > V1 in
�gure 6.1(a)] appear to be di�cult to realise experimentally, the phase was also observed for
more realistic interactions on lattices with larger unit cells [61].

Quantum �uctuations may play a crucial role due to the low coordination number and the
competition between di�erent order parameters. Their impact has been investigated using
nonperturbative �eld theory [81, 180] and the functional renormalisation group method on the
one hand [44, 288], and numerical methods such as exact diagonalisation [A5, 279, 286, 287], the
density-matrix renormalisation group [289], and quantum Monte Carlo [153] on the other hand.
As discussed in more detail below, several of these works (including the case of the π -�ux model
[290, 291]) challenge the existence of a topological Mott phase. Numerical evidence for a stable
interaction-generated topological insulator has been given for models with a quadratic band
crossing point [292, 293]. In contrast to Dirac systems, the latter have a nonzero density of states
at the Fermi level that permits weak-coupling instabilities [274]. For the honeycomb lattice,
the full phase diagram as a function of V1 and V2 based on exact diagonalisation and density-
matrix renormalisation group results contains further charge-ordered phases not previously
seen in mean-�eld theory [287, 289]. Despite the recent development of quantum Monte Carlo
methods for fermions with nonlocal interactions [A7, 167, 175, 280, 281] (see also chapter 4), the
parameter regimes of the topological Mott and charge-modulated phases remain inaccessible
due to the sign problem [153].

We �rst discuss numerical results regarding the stability of the mean-�eld topological Mott
insulator (section 6.1) which suggest that such a phase is absent if quantum �uctuations are
taken into account. Instead, strong repulsions V2 favour the charge-modulated phase. The
transition between the semimetal and the charge-modulated phase, as well as the properties of
the latter will be discussed in section 6.2. To restrict the parameter space, we focus on the case
V1 = 0, V2 > 0 [cf. equation (2.31)], which provides the most favourable setting for the topo-
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logical Mott insulator [44]. We only considered honeycomb lattices with periodic boundaries.
While the topological Mott phase has ordering wavevectorQ = 0 and hence �ts on any cluster,
the charge-modulated phase has a six-site unit cell [see �gure 6.2(b)]. Moreover, the cluster
geometry should be chosen such that the allowed wavevectors include the Dirac points. Most
results were obtained for the clusters 24A and 18A in [229] illustrated in �gure 6.2(c). A more
detailed discussion of the impact of the cluster geometry can be found in [287].

6.1 Existence of a topological Mo� insulator
Even restricting our attention to the simple spinless-fermion model on the honeycomb lattice,
the question of the stability of the mean-�eld quantum spin Hall phase has turned out to be
a remarkably rich problem. Here, we discuss results from exact diagonalisation and cluster
perturbation theory [A5].

In the thermodynamic limit, the topological Mott insulator spontaneously breaks time-reversal
symmetry. Numerically, symmetry breaking is absent in �nite-size simulations, but can be cap-
tured with the in�nite-size DMRG method [289]. Using exact diagonalisation as in [A5], a
potential Chern-insulating phase would appear as a superposition of the two possible ground
states with reversed circulating currents related by time reversal. Therefore, a calculation of
the Chern number is expected to give zero, and the topological Mott state has to be detected by
other means. A �nite-size scaling of bond-bond (or current-current) correlations is complicated
by the relatively small system sizes and the in�uence of cluster geometry [287]. Other possible
diagnostics include the ground-state degeneracy, level crossings, and energy spectra. In the
following, we present two key arguments for the absence of a topological phase [A5].

In mean-�eld theory [44], the topological Mott phase is equivalent to the Chern insulator
phase of the Haldane model (2.20). Therefore, it is possible to adiabatically connect the non-
interacting ground state of the Haldane model and the interaction-generated Chern insulator.
Such a connection can be achieved by de�ning the Hamiltonian

Ĥ (t2,V2) = ĤH(t2) + ĤV1V2 (V1 = 0,V2) , (6.1)

where ĤH(t2) is the noninteracting Haldane Hamiltonian (2.20), and ĤV1V2 (V1 = 0,V2) is the
interaction term (2.31) with V1 = 0. We explicitly set ϕij = ±π/2 in ĤH(t2), the value found for
the mean-�eld ground state [44]. Upon variation of t2 and V2, Ĥ (t2,V2) interpolates between
the Haldane model [86] (t2 > 0, V2 = 0) and the spinless-fermion model of [44] (t2 = 0, V2 > 0).

At the mean-�eld level, the Chern-insulator ground state of Ĥ (0,V2) is adiabatically connec-
ted to the Chern phase of Ĥ (t2, 0) = ĤH. In the simpler mean-�eld theory of [44], the topological
Mott phase exists for anyV2/t & 1.4, see �gure 6.1(a). Mean-�eld theory with a larger unit cell
gives a semimetal for V2/t . 1.6, a topological Mott state for 1.6 . V2/t . 2.4, and a charge-
modulated phase for V2/t & 2.4 [282], see �gure 6.1(b). Nevertheless, an adiabatic connection
persists for suitable paths in the parameter space spanned by t2 and V2.

Turning now to the full quantum problem, we expect an adiabatic connection between the
noninteracting Haldane model Ĥ (t2, 0) and the spinless-fermion honeycomb model Ĥ (0,V2) if
the topological Mott insulator exists. In particular, switching on t2 should act as a symmetry
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Figure 6.3: (a) Di�erent paths in the parameter space of Ĥ (t2,V2) [equation (6.1)] connecting the
Haldane model (t2/t = 0.3, V2 = 0, bottom right) and the spinless-fermion honeycomb model (t2 = 0).
Filled grey symbols indicate the parameter sets considered. Solid blue and open black symbols indicate
level crossings where the �delity F = 0, while red symbols correspond to points where F changes signi-
�cantly. For the meaning of the di�erent symbol types see the text. SM (CM) indicates the semimetallic
(charge-modulated) phase. (b) The lowest two energy levels along the path indicated by the solid grey
line in (a). Results are for the 24A cluster shown in �gure 6.2(c). Figure adapted from [A5].

breaking �eld and select one of the two degenerate topological ground states potentially gen-
erated by V2. If a topological phase exists, it should be reinforced by the additional Haldane
hopping t2. To verify if this scenario is indeed realised, we considered the quantum �delity

F = 〈Φ0(t2,V2) | Φ0(t2 + ∆t2,V2 + ∆V2)〉 , (6.2)

which measures the overlap between ground states of Ĥ (t2,V2) for slightly di�erent values of
the parameters t2 and V2. It represents an unbiased diagnostic to detect transitions between
di�erent phases without assuming a speci�c order parameter [294, 295], and is particularly
suitable for transitions between phases with di�erent topological invariants5 since the latter
involve a level crossing even on �nite systems [229, 230].

Figure 6.3(a) shows exact diagonalisation results for the �delity obtained on the 24A cluster.
The grey symbols indicate points in parameter space (t2,V2) for which Ĥ (t2,V2) was solved. The
point on the bottom right corresponds to the Haldane model with t2/t = 0.3 and V2 = 0, while
the points on the ordinate correspond to the spinless-fermion honeycomb model with t2 = 0
and repulsion V2. The red and blue symbols indicate quantum phase transitions, as indicated
either by a level crossing (where F → 0) or a substantial change of the �delity.

Let us �rst consider paths in parameter space that connect the Haldane model to the spinless-
fermion honeycomb model with aV2/t > 2.5, for which the charge-modulated phase is expected
[282]. The �rst four paths starting from the top of �gure 6.3(a) ful�l this condition. Upon
increasing V2 and decreasing t2 along the paths indicated, we initially observe that the gapped
5More precisely, between phases whose Chern numbers di�er by an odd number.
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topological phase of the Haldane model is stable with respect to small V2. Further along these
parameter paths we encounter a level crossing (solid blue symbol) that indicates a transition to
a topologically trivial ground state. We will show below that this nontopological phase is the
charge-modulated phase, in accordance with mean-�eld theory. The level crossing is shown
in �gure 6.3(b) for a �nal value V2/t = 3 [the path indicated by the grey line in �gure 6.3(a)].
E0 is the ground-state energy for small V2/t where the system is in the topological phase. E1
is the energy of the �rst excited state for small V2/t , but becomes the lowest energy level for
large V2/t corresponding to the charge-modulated phase. Level crossings are also observed for
paths with a smaller �nalV2, for which the critical point moves to smaller values of t2. For �nal
values V2/t in the interval [2, 2.5], a transition (level crossing) at small but �nite t2 remains
(open symbols), but the latter involves a change of the ground-state momentum sector. We
have veri�ed that this is a cluster-dependent feature which is absent, e.g., on the 18A and 30A
clusters. Finally, for V2/t . 2, we �nd that the overlap of |Φ0(t2,V2)〉 and |Φ0(0,V2)〉 (i.e., the
�delity F ) is signi�cantly smaller than 1 for any t2 > 0.6 This implies that the ground state for
t2 = 0 is the semimetal which undergoes a transition to the topological phase of the Haldane
model at t2 = 0+ (red symbols), similar to the noninteracting Haldane model (see chapter 2).

Our results for the �delity reveal that there exists no adiabatic connection between the
ground states of Ĥ (t2 = 0,V2) and Ĥ (t2,V2 = 0) for any value of V2. This strongly suggests
that the topological Mott insulator found in mean-�eld theory is not stable when quantum �uc-
tuations are taken into account. The importance of �uctuations can be further substantiated
by systematically adding them to the mean-�eld solution. This can be done using a variation
of cluster perturbation theory [296, 297]. This method treats hopping and interactions within
a �nite cluster of Nc sites exactly in terms of an exact calculation of the single-particle Green
function. Interactions beyond the cluster can be decoupled by a mean-�eld approximation [298].
Here, the next-nearest-neighbour repulsion was decoupled as

n̂in̂j 7→ 〈n̂i〉n̂j + n̂i〈n̂j〉 − 〈n̂i〉〈n̂j〉 − 〈c
†
i cj 〉c

†
j ci − c

†
i cj 〈c

†
j ci 〉 + |c

†
i cj |

2 , (6.3)

and only the imaginary bond-order terms χij = 〈c
†
i cj 〉 = ±i|χ | relevant for the topological

Mott phase were kept. Within cluster perturbation theory, the decoupled interactions together
with hopping processes beyond the cluster are treated in �rst-order perturbation theory. This
approach becomes exact in the noninteracting case, and also for an in�nitely large cluster [296].
As a function of cluster size Nc , the results systematically approach the exact results for the
thermodynamic limit.

For a two-site cluster, all V2 interaction terms are treated at the mean-�eld level, and the
resulting cluster perturbation theory is equivalent to the mean-�eld theory of [44] with van-
ishing charge order parameter. Accordingly, the ground-state energy in �gure 6.4(a) for Nc = 2
exhibits a clear minimum at a nonzero value of χ , corresponding to a stable topological Mott
phase. For larger Nc, we treat some of the interaction terms exactly [see inset of �gure 6.4(a)],
and thereby include quantum �uctuations. Crucially, the energy minimum quickly moves from
χ > 0 to χ = 0 with increasing cluster size, and the topological ground state is destroyed by
�uctuations already for Nc = 6.
6We �nd F = 1/

√
2 ≈ 0.7 for V2 > 0 and F ≈ 0.45 for V2 = 0.
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Figure 6.4: (a) Rescaled ground-state energy from cluster perturbation theory for di�erent cluster sizes
Nc. Here, V2/t = 2. The inset shows the clusters used, with dashed lines indicating interaction terms
that were treated exactly. (b) Bond susceptibility T2 [equation (6.4)] for Ĥ (t2,V2) with t2/t = 0.01 from
exact diagonalisation using the 24A cluster. Figure adapted from [A5].

Although we did not �nd a stable interaction-generated topological phase, the bond-bond
correlation function (calculated with ϕij = ±π/2 and a small symmetry-breaking t2 = 0.01t )

T2 =
1
L2

〈[ ∑
〈〈i,j〉〉

(
e iϕi jc†i cj + e

−iϕi jc†j ci
)]2〉

(6.4)

is initially enhanced by switching on V2 [�gure 6.4(b)]. This tendency toward the formation of
complex bond order provides an explanation for the existence of the topological phase in mean-
�eld theory. However, because the semimetal is stable at weak coupling, no phase transition
takes place at small V2, whereas the charge-modulated phase dominates and T2 is suppressed
at larger V2. A weak-coupling topological Mott phase has been reported for models with a
quadratic band crossing point [292, 293].

The absence of the interaction-generated topological phase on the honeycomb lattice has
been con�rmed by several other investigations. The absence of a doubly-degenerate ground
state (expected due to the two possible bond-order patterns related by time-reversal) was shown
in [279]. A �nite-size scaling of the bond order parameter on clusters with up to 42 sites [287]
reveals that the correlations observed in �gure 6.4(b) and in [263] are short-ranged.7 These res-
ults also agree with the �ndings of a recent in�nite-size density-matrix renormalisation group
study [289]. While short-range bond order of the Haldane-type is again observed, the topolo-
gical Mott state is not a stable ground state, even if the system is initialised in such a con�gura-
tion [289]. Whereas the mean-�eld results were supported by earlier functional renormalisation
group results in the spinful case [44], it has recently been shown that an improved patching
close to the Dirac points yields the opposite conclusion, namely the absence of a topological
7The authors of [263] argue that the topological phase may only be observable for suitable clusters and boundary
conditions. This seems to contradict the fact that the ordering wavevector is Q = 0, and that the Chern insulator
phase of the Haldane model is readily visible on small clusters with or without edges [229]. The two level crossings
observed as a function of V2 on an 18-site cluster with open boundaries in [263] are absent on the 32-site cluster
[287], similar to the discussion of �gure 6.3(a) above.
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Figure 6.5: (a) Charge-density wave in the classical limit with maximal next-nearest-neighbour energy.
(b) Degenerate con�gurations with one charge moved to the other sublattice. (c) Charge modulation
suggested by mean-�eld theory [282]. (d) Charge modulation found numerically in [289]. The symbol
size in (c) and (d) indicates the charge density.

Mott phase in the spinless model in the coupling range where the method is reliable [288].
Similarly, improved functional-renormalisation-group results for the spinful case �nd no stable
topological Mott phase, although enhanced bond correlations were observed [185, 186]. In-
stead, the ground state for dominant V2 is a spinful analogue of the charge-modulated phase
[185, 186].

6.2 Charge-modulated phase

While the perhaps most interesting phase predicted for the spinless-fermion honeycomb model—
the topological Mott insulator—appears to be absent, large values of V2 instead give rise to a
novel charge-ordered phase [282]. As �rst shown in mean-�eld theory [282], it has a six-site
unit cell and an associated dominant ordering wavevector Q = ±K . The charge order in the
charge-modulated phase is di�erent from that in the charge-density-wave phase illustrated in
�gure 6.2(b). In the classical limit t = 0, the energy penalty due toV1 is minimised by con�gura-
tions with all charges on one sublattice, see �gure 6.5(a). However, such a charge-density wave
maximises the interaction energy due toV2. SettingV1 = 0, the energy is minimised by moving
one of the charges to the other sublattice, leading to con�gurations as shown in �gure 6.5(b).
For t = V1 = 0, the system decouples into two triangular lattices with repulsionV2, correspond-
ing to a frustrated Ising model [287]. The classical ground state is highly degenerate [A5, 279,
287]; in addition to the possible charge con�gurations on a given sublattice, degeneracies also
arise from the various ways of distributing the charges among the two sublattices [A5].

Although the enormous degeneracy is lifted by the hopping t (i.e., quantum �uctuations), a
charge modulation remains. Two possible charge patterns are shown in �gures 6.5(c) and 6.5(d),
parameterised in terms of the deviations (0 < ∆ < ρ < 1/2) from 〈n̂i〉 = 1/2. The pattern in
�gure 6.5(c) was obtained in mean-�eld theory [282], while the pattern in �gure 6.5(d) was
recently observed in density-matrix renormalisation group calculations [289]. In contrast to
the charge-density wave with a modulation between sublattices, the charge-modulated phase
also exhibits charge modulation within each sublattice. The phase has also been observed in
functional renormalisation group studies of honeycomb models [288, 299, 300].
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Figure 6.6: (a) Charge structure factor S (K ) [equation (6.5)]. The inset shows S (q) for di�erent momenta
q at a �xed V2/t = 5 in the charge-modulated phase. (b) Charge structure factor S− (Γ ) [equation (6.6)].
Here, t2 = V1 = 0. Results obtained by exact diagonalisation. Figure adapted from [A5].

Here, we tracked the onset of charge modulation by calculating the structure factor

S (q) =
1
2
[
S+(q) + S−(q)

]
(6.5)

with
S±(q) =

1
N

∑
ij

e−iq·(r i−r j )
〈[(

n̂Ai −
1
2
)
±
(
n̂Bi −

1
2
)] [(

n̂Aj −
1
2
)
±
(
n̂Bj −

1
2
)]〉
. (6.6)

Figure 6.6(a) shows results as a function of V2 for the 18A and 24A clusters. Starting from the
semimetallic phase, we observe a continuous increase of S (q) for q = ±K , as expected for the
charge-modulated phase. The 24A cluster exhibits a jump in S (K ) at intermediate V2/t related
to the aforementioned cluster-speci�c level crossing. In contrast, a smooth increase is found
for the 18A cluster. Although charge order is predominantly described by q = ±K [see inset of
�gure 6.6(a)], subdominant correlations persist also for otherq, suggesting that the true ground
state does not have a unique ordering wavevector but instead retains some of the frustration of
the classical limit [A5, 287]. The charge-modulated phase is hence intrinsically �uctuating and
partially disordered, as expected for frustrated interactions. In particular, charge-density-wave
order [measured by S−(Γ ) shown in �gure 6.6(b) and identical to S (Γ ) in the inset of �gure 6.6(a)]
is suppressed but remains nonzero even for large V2/t . While in [A5] we concluded that the
comparable signals at q = Γ and other q , ±K suggest equal charge on the two sublattices, a
nonzero S−(Γ ) is compatible with the �nite charge-imbalance between the sublattices reported
in later work [287, 289].8

From the results in �gure 6.3(a), we estimate the transition from the semimetal to charge-
modulated phase to occur in the range 2 . V2/t . 2.5. A continuous quantum phase transition
in the same range has been observed in the thermodynamic limit in terms of the entanglement
entropy [289]. Similar estimates were obtained in other numerical studies [279, 287].

Using exact diagonalisation we could also calculate the single-particle density of states, see
�gure 6.7. The results are consistent with gapless, semimetallic behaviour for V2/t . 2, and
8For the charge modulation in �gure 6.5(c) [6.5(d)], the sublattices have equal charge for ρ = 2∆ [ρ = 3∆].
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Figure 6.7: Density of states for di�erent values ofV2/t obtained from exact diagonalisation with twisted
boundary conditions on the 24A cluster. Here, t2 = V1 = 0. Figure adapted from [A5].

a gap in the charge-modulated phase at larger V2/t . As shown in �gure 6.7(b), in the strong-
coupling regime V2/t � 1 where the sublattices essentially decouple, the single-particle gap
becomes independent ofV2/t and the gapped low-energy excitations have energy ω ∼ t . While
the insulating state emerges from the interaction V2 and is hence a type of Mott insulator, a
gap that scales with the bare tight-binding parameter t is typical of band insulators. In the
strong-coupling limit, the charge-modulated phase may be regarded as the insulating analogue
of pinball liquids [A5]. The latter correspond to systems in which a fraction of the charge
carriers is charge-ordered, whereas the remaining particles form a metal [301].
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Summary
The role of electron-electron interactions for two-dimensional topological insulators was in-
vestigated using numerical methods. The focus was on the following three topics: (i) The im-
pact of correlations on the bulk properties of time-reversal invariant topological insulators,
and on the Dirac semimetal as realised in graphene [A1, A3, A4, A7]. (ii) Interaction e�ects
on the helical edge states of topological insulators [A1, A2, A8, A9]. (iii) The possibility of an
interaction-generated topological Mott or Chern insulator state [A5] as predicted from mean-
�eld theory [44]. All three problems were de�ned in terms of fermionic models on the hon-
eycomb lattice either with or without complex hopping terms, and with local and/or nonlocal
electron-electron repulsion. In particular, the Kane-Mele model was used, which describes elec-
tron hopping and spin-orbit coupling [8, 9]. Topics (i) and (ii) were investigated by auxiliary-
�eld and interaction-expansion quantum Monte Carlo methods, respectively, whereas topic (iii)
was studied by means of exact diagonalisation and cluster perturbation theory [296, 297].

(i) Bulk correlation e�ects were studied in the framework of the Kane-Mele model with addi-
tional electron-electron interaction. The Dirac semimetal (for zero spin-orbit coupling) and the
topological insulator (for nonzero spin-orbit coupling) of the noninteracting case both remain
stable for weak to intermediate electron-electron interactions, but undergo magnetic phase
transitions at strong coupling. The resulting antiferromagnetic order is of the Heisenberg type
without spin-orbit coupling, and of the easy-plane type with spin-orbit coupling. The univer-
sality of the semimetal-Mott insulator transition is modi�ed by the presence of gapless fermi-
onic excitations [180]. Similar to previous results for a Hubbard repulsion [195], the numerical
data for a long-range Coulomb repulsion are consistent with the critical exponents of the SU(2)
Gross-Neveu class obtained from the ϵ-expansion [79]. In contrast, the magnetic transition at
nonzero spin-orbit coupling is purely bosonic, and the data support 3D XY universality. For
the topological insulator, a long-range Coulomb interaction gives qualitatively the same results
as a local Hubbard repulsion. The critical value for the magnetic transition is larger due to en-
hanced charge-density-wave �uctuations, but no new phases arise and the universality remains
unchanged. The transition from the topological insulator to the antiferromagnet involves the
spontaneous breaking of the protecting time-reversal symmetry but no closing of the single-
particle gap. The change of the topological invariant at the transition was successfully detected
by measuring the response to magnetic π -�uxes, an approach that is valid in the presence of
interactions and can be combined with quantum Monte Carlo methods.

(ii) While mean-�eld theory qualitatively captures bulk interaction e�ects in topological in-
sulators [82], a description of correlation e�ects on the quasi-one-dimensional edge states re-
quires a bosonisation approach. However, the latter is only valid at low energies because it
neglects the bulk states. Considering the two-dimensional Kane-Mele-Hubbard model with
interactions only at the edge, and solving it exactly with the CT-INT quantum Monte Carlo
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method, correlated helical edge states were simulated on large lattices. For weak to intermedi-
ate interactions (including values larger than the bulk gap), complete agreement with the bo-
sonisation results for the real-space correlation functions was observed. In this regime, Rashba
spin-orbit coupling was shown to be an irrelevant perturbation of the Luttinger liquid �xed
point. At strong coupling and for a half-�lled band, umklapp scattering is expected to be relev-
ant and to give rise to an edge-Mott transition with Ising universality [102, 108]. However, on
the accessible system sizes, this transition could not be distinguished from the generic correla-
tion e�ects. The latter are associated with a mean-�eld magnetic instability which gives rise to
very long length scales for the decay of magnetic correlations that are di�cult to distinguish
from long-range order numerically.

(iii) A topological Mott insulator—a phase with a bulk gap due to interactions but protected
gapless edge states—was �rst found in a mean-�eld analysis of fermions on the honeycomb
lattice with dominant next-nearest-neighbour repulsion [44]. In the simplest case of spinless
fermions, a bond order parameter mimics the complex hopping of the Haldane model [86], giv-
ing rise to a Chern insulator state with quantised Hall conductivity. The corresponding spinful
model supports an interaction-generated quantum spin Hall phase. In order to assess the role
of quantum �uctuations and the competition with other order parameters, the spinless model
was studied numerically. The absence of a topological phase from the exact phase diagram was
demonstrated by showing that there exists no adiabatic connection between the ground states
of the interacting model and the Haldane model. Moreover, the bond order parameter found in
mean-�eld theory is quickly suppressed to zero upon including quantum �uctuations. Instead,
the gapped strong-coupling phase is a novel charge-modulated insulator with a six-site unit
cell and interesting connections to frustrated systems.
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Zusammenfassung
Die Rolle von Elektron-Elektron-Wechselwirkung für zweidimensionale topologische Isolato-
ren wurde mit Hilfe von numerischen Methoden untersucht. Die Resultate lassen sich folgen-
den drei Themenkomplexen zuordnen. (i) Den Ein�uss von Korrelationen auf das Innere von
topologischen Isolatoren mit Zeitumkehrsymmetrie, sowie auf das Dirac-Semimetall wie es ex-
perimentell in Graphen realisiert ist [A1, A3, A4, A7]. (ii) Wechselwirkungse�ekte im Zusam-
menhang mit den helikalen Randzuständen von topologischen Isolatoren [A1, A2, A8, A9]. (iii)
Topologische Mott-Isolatoren bzw. Chern-Isolatoren deren Existenz basierend auf Molekular-
feldnäherungen [44] vorhergesagt wurde [A5]. Alle drei Fragestellungen lassen sich im Rah-
men von Modellen für Fermionen auf dem hexagonalen Honigwabengitter de�nieren, entweder
mit oder ohne komplexem Hüpfen sowie mit lokaler oder langreichweitiger Elektron-Elektron-
Wechselwirkung. Insbesondere wurde das Kane-Mele-Modell betrachtet, welches elektroni-
sches Hüpfen und Spin-Bahn-Kopplung beschreibt [8, 9]. Die Themen (i) und (ii) wurden mit
Hilfe von Quanten-Monte-Carlo-Methoden untersucht, während für Punkt (iii) exakte Diago-
nalisierung und Cluster-Störungstheorie [296, 297] zum Einsatz kamen.

(i)Bulk-Korrelationse�ekte wurden im Rahmen des Kane-Mele-Modells mit zusätzlicher Elek-
tron-Elektron-Wechselwirkung untersucht. Für schwache bis mittlere Wechselwirkungen blei-
ben die freien Grundzustände – das Dirac-Semimetall im Fall ohne Spin-Bahn-Kopplung und
der topologische Isolator im Fall mit Spin-Bahn-Kopplung – stabil. Hingegen verursachen star-
ke Wechselwirkungen magnetische Phasenübergänge zu antiferromagnetischen Phasen. Die
magnetische Ordnung ist ohne Spin-Bahn-Kopplung vom Heisenberg-Typ, während sich im
Fall mit Spin-Bahn-Kopplung Ordnung in der transversalen Richtung einstellt. Die Kopplung
zwischen dem Ordnungsparameter und lückenlosen fermionischen Anregungen ändert die Uni-
versalitätsklasse des Übergangs vom Semimetall zum Mott-Isolator [180]. Wie schon zuvor für
eine lokale Hubbard-Abstoßung gezeigt [195], sind die numerischen Daten für das Modell mit
langreichweitiger Coulomb-Abstoßung in Übereinstimmung mit den Werten der kritischen Ex-
ponenten für die SU(2)-Gross-Neveu-Klasse aus der ϵ-Entwicklung [79]. Im Gegensatz dazu fällt
der Phasenübergang vom topologischen Isolator zum Antiferromagneten in die erwartete 3D-
XY-Universalitätsklasse. Hubbard- und Coulomb-Wechselwirkungen ergeben im Rahmen des
Kane-Mele-Modells qualitativ identische Physik. Zwar führen die durch den nichtlokalen Teil
der Wechselwirkung verstärkten Ladungsdichtewellen�uktuationen zu deutlich größeren kriti-
schen Werten für den magnetischen Phasenübergang, aber es wurden weder neue Phasen noch
anderes kritisches Verhalten gefunden. Der Übergang vom topologischen Isolator zum topolo-
gisch trivialen Antiferromagneten erfolgt ohne das Schließen der Einteilchenlücke, aber mit der
spontanen Brechung der zugrunde liegenden Zeitumkehrsymmetrie. Die entsprechende Ände-
rung der topologischen Invarianten konnte anhand der Antwort des Systems auf magnetische
π -Flüsse im Rahmen von Quanten-Monte-Carlo-Simulationen gezeigt werden.

63



(ii) Während die Molekularfeldtheorie elektronische Korrelationen im Inneren von topolo-
gischen Isolatoren qualitativ richtig erfasst, bedarf es für die analytische Beschreibung von
Wechselwirkungse�ekten auf die quasi-eindimensionalen Randzustände anderer Methoden.
Insbesondere die Bosonisierung lässt aber die Bulk-Zustände bei höheren Energien außer Acht.
Stattdessen kann eine Beschreibung dieses Problems im Rahmen des Kane-Mele-Modells mit
Hubbard-Wechselwirkung nur am Rand erfolgen, welches mit Hilfe von Quanten-Monte-Carlo-
Simulationen numerisch exakt lösbar ist. Insbesondere bietet die Verwendung der CT-INT-
Methode die Möglichkeit große Systeme mit oder ohne Rashba-Spin-Bahn-Kopplung zu un-
tersuchen. Für schwache bis mittelstarke Wechselwirkungen wurde vollständige Übereinstim-
mung zwischen den Korrelationsfunktionen der zweidimensionalen Simulationen und jenen
der eindimensionalen Bosonisierung gefunden. Wie erwartet ist die Rashba-Kopplung in die-
sem Regime irrelevant. Für starke Wechselwirkungen und ein halbgefülltes Band sagt die Bo-
sonisierung einen Mott-Übergang mit Ising-Universalität vorher, welcher durch relevante Um-
klappstreuung verursacht wird [102, 108]. Allerdings zeigen die Simulationen, dass dieser Über-
gang numerisch nur schwer von generischen Korrelationse�ekten zu unterscheiden ist.

(iii) Topologische Mott-Isolatoren zeichnen sich durch eine Mott-Anregungslücke im Inne-
ren und geschützte metallische Randzustände aus. Ihre Existenz wurde zuerst basierend auf
Molekularfeldnäherungen für Modelle von Fermionen auf dem Honigwabengitter vorhergesagt
[44]. Im einfachsten Fall von spinlosen Fermionen führt eine dominante Abstoßung zwischen
übernächsten Nachbarn zu einem komplexen Bond-Ordnungsparameter der genau dem kom-
plexen Hüpfen des Haldane-Modells [86] entspricht und einen Chern-Isolator mit quantisierter
Hall-Leitfähigkeit erzeugt. In einem entsprechenden Modell mit Spin generieren die Wechsel-
wirkungen einen Quanten-Spin-Hall-Grundzustand. Um den Ein�uss von Quanten�uktuatio-
nen und das Wechselspiel mit anderen Ordnungsparametern zu verstehen, wurde dieses Modell
numerisch untersucht. Das Fehlen einer adiabatischen Verbindung zwischen dem wechselwir-
kenden Modell und dem freien Haldane-Modell zeigt, dass die topologische Phase nicht stabil
ist. Entsprechend verschwindet der Bond-Ordnungsparameter sehr schnell wenn Quanten�uk-
tuationen um die Molekularfeldlösung in Betracht gezogen werden. Stattdessen handelt es sich
bei der isolierenden Phase, welche durch Wechselwirkungen aus dem Semimetall hervorgeht,
um eine neuartige ladungsgeordnete Phase. Diese hat eine Einheitszelle mit sechs Gitterplätzen
und weist interessante Verbindungen zu frustrierten System auf.
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